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Preface

For the design of prestressed concrete structures, a sound understanding of
structural behaviour at all stages of loading is essential. Also essential is a
thorough knowledge of the design criteria specified in the relevant design
standard, including the rules and requirements and the background to
them. The aim of this book is to present a detailed description and expla-
nation of the behaviour of prestressed concrete members and structures
both at service loads and at ultimate loads and, in doing so, provide a
comprehensive guide to structural design. Much of the text is based on
first principles and relies only on the principles of mechanics and the prop-
erties of concrete and steel, with numerous worked examples. Where the
design requirements are code specific, this book refers to the provisions of
Eurocode 2 (EN 1992-1-1:2004) and other relevant EN Standards, and,
where possible, the notation is the same as in the Eurocode. A companion
edition in accordance with the requirements of the Australian Standard for
Concrete Structures AS 3600-2009 is also available, with the same nota-
tion as in the Australian Standard.

The first edition of the book was published over 25 years ago, so a com-
prehensive update and revision is long overdue. This edition contains the
most up-to-date and recent advances in the design of modern prestressed
concrete structures, as well as the fundamental aspects of prestressed con-
crete behaviour and design that were well received in the first edition. The
text is written for senior undergraduate and postgraduate students of civil
and structural engineering and also for practising structural engineers. It
retains the clear and concise explanations and the easy-to-read style of the
first edition.

Between them, the authors have almost 100 years of experience in the
teaching, research and design of prestressed concrete structures, and this
book reflects this wealth of experience.

The scope of the work ranges from an introduction to the fundamentals
of prestressed concrete to in-depth treatments of the more advanced topics
in modern prestressed concrete structures. The basic concepts of prestressed

XV



xvi Preface

concrete are introduced in Chapter 1, and the limit states design philoso-
phies used in European practice are outlined in Chapter 2. The hardware
required to pretension and post-tension concrete structures is introduced in
Chapter 3, including some construction considerations. Material properties
relevant to design are presented and discussed in Chapter 4. A comprehen-
sive treatment of the design of prestressed concrete beams for serviceability
is provided in Chapter 5. The instantaneous and time-dependent behaviour
of cross-sections under service loads are discussed in considerable detail,
and methods for the analysis of both uncracked and cracked cross-sections
are considered. Techniques for determining the section size, the magnitude
and eccentricity of prestress, the losses of prestress and the deflection of
members are outlined. Each aspect of design is illustrated by numerical
examples.

Chapters 6 and 7 deal with the design of members for strength in bend-
ing, shear and torsion, and Chapter 8 covers the design of the anchorage
zones in both pretensioned and post-tensioned members. A guide to the
design of composite prestressed concrete beams is provided in Chapter 9
and includes a detailed worked example of the analysis of a composite
through girder footbridge. Chapter 10 discusses design procedures for stat-
ically determinate beams. Comprehensive self-contained design examples
are provided for fully-prestressed and partially prestressed, post-tensioned
and pretensioned concrete members.

The analysis and design of statically indeterminate beams and frames is
covered in Chapter 11 and provides guidance on the treatment of second-
ary effects at all stages of loading. Chapter 12 provides a detailed discus-
sion of the analysis and design of two-way slab systems, including aspects
related to both strength and serviceability. Complete design examples are
provided for panels of an edge-supported slab and a flat slab. The behav-
iour of axially loaded members is dealt with in Chapter 13. Compression
members, members subjected to combined bending and compression, and
prestressed concrete tension members are discussed, and design aspects
are illustrated by examples. Guidelines for successful detailing of the
structural elements and connections in prestressed concrete structures are
outlined in Chapter 14.

As in the first edition, the book provides a unique focus on the treatment
of serviceability aspects of design. Concrete structures are prestressed to
improve behaviour at service loads and thereby increase the economi-
cal range of concrete as a construction material. In conventional pre-
stressed structures, the level of prestress and the position of the tendons
are usually based on considerations of serviceability. Practical methods
for accounting for the non-linear and time-dependent effects of cracking,
creep, shrinkage and relaxation are presented in a clear and easy-to-
follow format.
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The authors hope that Design of Prestressed Concrete to Eurocode 2
will be a valuable source of information and a useful guide for students and
practitioners of structural design.

Ian Gilbert
Neil Mickleborough
Gianluca Ranzi
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Notation and sign convention

All symbols are also defined in the text where they first appear. Throughout
the book we have assumed that tension is positive and compression is nega-
tive and that positive bending about a horizontal axis causes tension in the
bottom fibres of a cross-section.

Latin upper-case letters

A
A

Ac,eff

C

o
a

o o
= o

a9

T o

o
I}

B s s s

»

Cross-sectional area or accidental action
Cross-sectional area of concrete

Effective area of concrete in tension surrounding the
tendons with depth b _ equal to the lesser of 2.5(h-d),
(h-x)/3 or h/2

Area of the concrete in the tensile zone just before
cracking

Bearing area

Largest area of the concrete supporting surface that is
geometrically similar to and concentric with A,

Gross cross-sectional area

Area of the age-adjusted transformed section at time #,
Cross-sectional area of prestressing steel
Cross-sectional area of the prestressing steel at the
i-th level

Cross-sectional area of the precast member
Cross-sectional area of non-prestressed steel rein-
forcement or cross-sectional area of a single bar being
anchored

Cross-sectional areas of non-prestressed steel reinforce-
ment at the i-th level

Area of transverse reinforcement in the end zone of a
pretensioned member (Equation 8.6)

Cross-sectional area of non-prestressed steel reinforce-
ment in the compressive zone

xXiii



xxiv  Notation and sign convention

sw,max

sw,min

e o>

jec]l
2

E (subscript)
Ec,eff(t’ tO)S Ec,eff

Ec,eff (ta tO), Ec,cff

Cross-sectional area of non-prestressed transverse steel
reinforcement or cross-sectional area of non-prestressed
reinforcement in the tension zone

The minimum area of bonded longitudinal reinforcement
in the tensile zone (Equation 14.9) or minimum area of
longitudinal reinforcement in a column (Equation 14.16)
Cross-sectional area of the vertical legs of each stirrup
or area of the single leg of transverse steel in each wall
of the idealised thin-walled section in torsion
Maximum cross-sectional area of shear reinforcement
(Equations 7.13 and 7.14)

Minimum cross-sectional area of shear reinforcement
(Equation 7.17)

Area of the transformed section at time ¢,

First moment of the concrete part of the cross-section
about the reference axis

First moment of the age-adjusted transformed section at
time

First moment of area of the transformed section about
the reference axis at time ¢,

Strength class of concrete or carry-over factor or Celsius
Matrix of cross-sectional rigidities at time #, (Equation
5.42)

Effect of actions

Effective modulus of concrete at time ¢ for concrete first
loaded at #, (Equations 4.23 and 5.56)

Age-adjusted effective modulus of concrete at time ¢ for
concrete first loaded at ¢, (Equations 4.25 and 5.57)
Secant modulus of elasticity of concrete

Secant modulus of elasticity of concrete at time ¢,
Design value of modulus of elasticity of prestressing steel
Design value of modulus of elasticity of the i-th level of
prestressed steel

Design value of modulus of elasticity of reinforcing
steel

Design value of modulus of elasticity of the i-th level of
non-prestressed steel

Transverse compressive force due to bursting moment in
a post-tensioned end block

Transverse tensile force due to bursting in a post-tensioned
end block (the bursting force)

Force carried by the concrete

Compressive force carried by the concrete

Design force carried by the concrete or design compres-
sive force in a strut



Notation and sign convention xxv

S~

b

Design force carried by the concrete flange (Equation 6.36)
Design force carried by the concrete web of a flanged
beam (Equation 6.37)

Age-adjusted creep factor (Equation 5.60)

Tensile force carried by the prestressing steel

Design tensile force carried by the prestressing steel at
the ultimate limit state

Force carried by non-prestressed steel reinforcement
Force carried by non-prestressed compressive steel
reinforcement

Design force carried by non-prestressed steel
reinforcement

Force «carried by non-prestressed tensile steel
reinforcement

Resultant tensile force carried by the steel reinforcement
and tendons

Matrix relating applied actions to strain at time f,
(Equation 5.102)

Matrix relating applied actions to strain at time ¢,
(Equation 5.46)

Permanent action

Characteristic permanent action

Second moment of area (moment of inertia) of the
cross-section

Average second moment of area after cracking

Second moment of area of the concrete part of the
cross-section about the reference axis

Second moment of area of a cracked cross-section
Effective second moment of area after cracking

Second moment of area of the gross cross-section
Second moment of area of the age-adjusted transformed
section at time #,

Second moment of area of the uncracked cross-section
Second moment of area of the transformed section about
reference axis at time #,

Creep function at time ¢ due to a sustained unit stress
first applied at ¢,

Slab system factor or factor that accounts for the position
of the bars being anchored with respect to the transverse
reinforcement (Figure 14.14)

Length of draw-in line adjacent to a live-end anchorage
(Equation 5.150)

Bending moment

Virtual moment

Bursting moment in a post-tensioned anchorage zone
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MC,O
M

cr

Moment resisted by the concrete at time ¢,

Cracking moment

Design value of the applied internal bending moment
Design moments in a two-way slab spanning in the
x- and y-directions, respectively

Externally applied moment about reference axis at time #,
Externally applied moment about reference axis at time #,
Moment caused by the permanent loads

Internal moment about reference axis

Internal moment about reference axis at time ¢,
Internal moment about reference axis at time ¢,

Total static moment in a two-way flat slab or decom-
pression moment

Moment caused by the live loads

Design moment resistance

Spalling moment in a post-tensioned anchorage zone
Moment caused by the sustained loads

Moment caused by the self-weight of a member
Moment caused by total service loads

Ultimate moment capacity

Moment caused by variable loads

Moment at a cross-section at transfer

Axial force

Axial forces resisted by the concrete at time #,

Axial forces resisted by the concrete at time ¢,

Design value of the applied axial force (tension or
compression)

Externally applied axial force

Externally applied axial force at time #,

Externally applied axial force at time ¢,

Internal axial force

Internal axial force at time #,,

Internal axial force at time ¢,

Axial force resisted by the prestressing steel at time #,
Axial force resisted by the prestressing steel at time ¢,
Design axial resistance of a column

Design axial resistance of a tension member

Axial force resisted by the non-prestressed reinforce-
ment at time £,

Axial force resisted by the non-prestressed reinforce-
ment at time %,

Prestressing force; applied axial load in a column
Horizontal component of prestressing force

Initial prestressing force at the i-th level of prestressing steel
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Prestressing force during jacking (the jacking force)
Effective force in the tendon at time ¢ after the long-term
losses

Initial force in the tendon immediately after transfer
after the short-term losses

Prestressing forces in a slab in the x- and y-directions,
respectively

Vertical component of prestressing force

Initial force at the active end of the tendon immediately
after stressing

Variable action

Characteristic variable action

Cross-sectional rigidities at time #, (Equations 5.84,
5.85 and 5.89)

Contribution to section rigidities provided by the bonded
tendons (Equations 5.125 through 5.127)

Contribution to section rigidities provided by the steel
reinforcement (Equations 5.122 through 5.124)
Cross-sectional rigidities at time ¢, (Equations 5.35, 5.36
and 5.39)

First moment of area

Torsional moment

Design value of the applied torsional moment

Torsion required to cause first cracking in an otherwise
unloaded beam

Maximum design torsional resistance (Equation 7.34)
Internal work

Shear force

Shear component of compressive force in an inclined
compression chord

Nett design shear force

Design strength in shear

Design shear strength of a beam without shear rein-
forcement (Equations 7.2 and 7.4)

Maximum design shear strength for a beam with shear
reinforcement (Equation 7.8)

Design strength provided by the yielding shear reinforce-
ment (Equation 7.7)

External work

Elastic energy (Figure 6.20)

Plastic energy (Figure 6.20)

Section modulus of uncracked cross-section

Bottom fibre section modulus (I/y,,,,)

Top fibre section modulus (I/y,,,)



XXViii
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Latin lower-case letters
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fbd

I
fec

cc,0

fea

o

fem
fe
fctd
fctm.ﬂ

fctk,0.0S
fctk,O.95

Distance

Overall width of a cross-section or actual flange width
ina T or L beam

Effective width of the flange of a flanged cross-section
Width of the web on T, I or L beams

Concrete cover

Effective depth of a cross-section, that is the depth from
the extreme compressive fibre to the resultant tensile
force in the reinforcement and tendons at the ultimate
limit state

Depth to neutral axis

Depth to neutral axis at time ¢,

Depth from the extreme compressive fibre to the centroid
of the outermost layer of tensile reinforcement

Depth from the top fibre of a cross-section to the
prestressing steel

Depth from the top fibre of a cross-section to the i-th level
of prestressing steel

Depth from the top fibre of a cross-section to the refer-
ence axis

Depth from the top fibre of a cross-section to the non-
prestressed steel reinforcement

Depth from the top fibre of a cross-section to the i-th level
of non-prestressed steel reinforcement

Effective depths to the tendons in the orthogonal x- and
y-directions, respectively

Eccentricity of prestress; eccentricity of axial load in a
column; axial deformation

Design value of the average ultimate bond stress
(Equation 14.5)

Compressive strength of concrete

Compressive stress limits for concrete under full load
Compressive stress limits for concrete immediately after
transfer

Design value of the compressive strength of concrete
Characteristic compressive cylinder strength of concrete
at 28 days

Mean value of concrete cylinder compressive strength
Uniaxial tensile strength of concrete

Design value of the tensile strength of concrete

Mean flexural tensile strength of concrete

Lower characteristic axial tensile strength of concrete
Upper characteristic axial tensile strength of concrete
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ferm
fct,t

fct,O

ok
pr,lk

f;

fya
fy
frwa

cp,0

Mean value of axial tensile strength of concrete

Tensile stress limits for concrete under full load

Tensile stress limits for concrete immediately after transfer
Tensile strength of prestressing steel

Characteristic tensile strength of prestressing steel
Characteristic 0.1% proof-stress of prestressing steel
Tensile strength of reinforcement

Yield strength of reinforcement

Design yield strength of reinforcement

Characteristic yield strength of reinforcement

Design yield strength of shear reinforcement

Vector of actions to account for unbonded tendons at
time ¢, (Equation 5.100)

Vector of actions at time ¢, that accounts for creep dur-
ing previous time period (Equation 5.96)

Vector of actions at time #, that accounts for shrinkage
during previous time period (Equation 5.97)

Vector of initial prestressing forces (Equation 5.44)
Vector of relaxation forces at time #, (Equation 5.99)
Overall depth of a cross-section

Depth of the symmetric prism

Dimension of a post-tensioning anchorage plate
Notional size or hypothetical thickness

Radius of gyration

Integers

Coefficient or factor or angular deviation (in radians/m)
or stiffness coefficient

Shrinkage curvature coefficient

Length or span

Anchorage length required to develop the design stress
in a tendon at the ultimate limit state

Required anchorage length (Equation 14.4)

Effective span of a slab strip; longer of the two effective
spans on either side of a column

Length of plastic hinge

Clear span as defined in Figure 2.1

Transmission length

Transverse span

Longer and shorter orthogonal span lengths, respec-
tively, in two-way slabs

Distance along a beam between the points of zero moment
or effective length of a column or design lap length
Number of layers of prestressed steel

Number of layers of non-prestressed reinforcement
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dx
I

I
r
s
S¢

ext,k
ext,0

int,k

Sl,max

-

<

r,max

“n n »n »n

t,max

Characteristic uniformly distributed variable action
Vector of applied actions at time #, (Equation 5.75)
Vector of applied actions at time #, (Equation 5.41)
Vector of internal actions at time ¢, (Equation 5.76)
Spacing between fitments

Spacing between transverse reinforcement in a flange
(Figure 7.10)

Maximum spacing between stirrups (or stirrup assem-
blies) measured along the longitudinal axis of the member
(Equation 14.13)

Stirrup spacing required for torsion

Stirrup spacing required for shear

Maximum crack spacing (Equation 5.201)

Maximum transverse spacing of the legs of a stirrup
(Equation 14.14)

Thickness or time

The age of concrete at the time of loading

Perimeter of concrete cross-section

Deflection or shear stress

Deflection due to creep

Deflection due to shrinkage

Deflection of the column strip and the middle strip in the
x-direction

Deflection of the column strip and the middle strip in the
y-direction

Deflection immediately after transfer

Maximum permissible total deflection or maximum
final total deflection

Minimum shear stress

Short-term deflection at transfer caused by the sustained
loads

Total deflection

Uniformly distributed load or crack width

Uniformly distributed balanced load

Factored design load at the ultimate limit state
Uniformly distributed permanent load

Calculated crack width; design crack width

Distributed transverse load exerted on a member by a
draped tendon profile

Transverse loads exerted by tendons in the x- and
y-directions, respectively

Uniformly distributed live load

Uniformly distributed service load

Uniformly distributed load due to self-weight of the
member
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wl_l
w
w

unbal

unbal.sus
X,,2
Ybtm

Ve

Vn,0

Yol

Vsii)
Y top

<4

Collapse load

Uniformly distributed unbalanced load

Sustained part of the uniformly distributed unbalanced
load

Neutral axis depth at the ultimate limit state
Coordinates

Distance from the centroidal axis to the bottom fibre of
a cross-section

Distance from reference axis to centroid of the concrete
cross-section

Distance from the reference axis to the neutral axis at
time £,

y-coordinate of i-th level of prestressed steel
y-coordinate of i-th level of non-prestressed reinforcement
Distance from the centroidal axis to the top fibre of a
cross-section

Lever arm between internal forces

Sag (or drape) of a parabolic tendon in a span

Greek lower-case letters

Angle or ratio or index or factor

Modular ratio (E_,,,/E..,;) in a composite member
Effective modular ratio (E,;/E ) of the i-th layer of
prestressing steel at time #,

Effective modular ratio (E,/E_ ) of the i-th layer of
non-prestressed steel at time ¢, B
Age-adjusted effective modular ratio (E,;/Ec.t) of the
i-th layer of prestressing steel at time #,, B
Age-adjusted effective modular ratio (E,,/Ecetf) of the
i-th layer of non-prestressed steel at time z,,

Modular ratio (E;/E.,) of the i-th layer of prestress-
ing steel at time #,

Modular ratio (E;/E.,,) of the i-th layer of non-
prestressed steel at time ¢,

Creep modification factors for cracked and uncracked
cross-section (Equations 5.184 and 5.185), respectively,
or fractions of the span [ shown in Figure 11.14

Angle or ratio or coefficient or slope

Function describing the development of concrete
strength with time (Equation 4.2)

Moment coefficients (Table 12.3)

Aging coefficient for concrete at time # due to a stress
first applied at #,
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Y
Yc
YG
Tr
YQ
¥s
A
Aslip
AP

C+S+1

AP,

el
AP

AP,
Aty
Ac

P,C+S+r

Partial factor

Partial factor for concrete

Partial factor for permanent actions, G

Partial factor for actions associated with prestressing, P
Partial factor for variable actions, O

Partial factor for reinforcing or prestressing steel
Increment or change

Slip of the tendon at an anchorage (Equation 5.148)
Time-dependent loss of prestress due to creep, shrinkage
and relaxation

Loss of prestress due to elastic shortening of the member
(Equation 5.146)

Loss of prestress due to draw-in at the anchorage
(Equation 5.151)

Loss of prestress due to friction along the duct (Equation
5.148)

Time interval (¢, - #,)

Time-dependent change of stress in the tendon due to
creep, shrinkage and relaxation (Equation 5.152)
Change in stress in the tendon due to creep

Change in stress in the tendon due to relaxation
Change in stress in the tendon due to shrinkage

Change in stress in the tendon immediately after transfer
Ratio of uniform compressive stress intensity of the
idealised rectangular stress block to the design com-
pressive strength of concrete (f.,)

Strain

Compressive strain in the concrete

Autogenous shrinkage strain

Creep strain component in the concrete

Drying shrinkage strain

Instantaneous strain component in the concrete
Shrinkage strain component in the concrete

Strain at time ?,,

Vector of strain at time ¢, (Equations 5.94 and 5.101)
Initial strain in the i-th layer of prestressing steel pro-
duced by the initial tensile prestressing force P,
Tensile creep strain in the i-th prestressing tendon at
time ¢, (Equation 5.73)

Strain in the prestressing steel caused by the effective
prestress (Equation 6.13)

Concrete strain at the level of the tendon (Equation 6.14)
Strain in the bonded tendon at the design resistance
(Equation 6.15)
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Sr,k
Sr,O
€ud
€uk

Strain at the level of the reference axis

Strain at the level of the reference axis at time ¢,

Strain at the level of the reference axis at time ¢,

Design strain in the non-prestressed steel reinforcement
Characteristic strain of reinforcement or prestressing
steel at maximum load

Characteristic yield strain of reinforcement or prestress-
ing steel

Strain at time ¢,

Vector of strain components at time ¢, (Equations 5.43
and 5.45)

Diameter of a reinforcing bar or of a prestressing duct
Creep coefficient of concrete, defining creep between
times ¢ and #,, related to elastic deformation at 28 days
Final value of creep coefficient of concrete

Creep coefficient of the prestressing steel at time 7,
Curvature

Creep-induced curvature (Equation 5.183)

Curvature at first cracking

Curvature induced by shrinkage (Equation 5.187)
Instantaneous effective curvature on a cracked section
Long-term curvature at time #,

Curvature of prestressing tendon

Curvature caused by the sustained loads

Curvature caused by the sustained loads at time #,
Design curvature at the ultimate limit state (Equation
6.10)

Minimum design curvature at the ultimate limit state
(Equation 6.22)

Curvature on the uncracked cross-section

Initial curvature at time ¢,

Ratio of the depth of the rectangular compressive stress
block to the depth of the neutral axis at ultimate limit state
Poisson’s ratio

Angle or sum in radians of the absolute values of succes-
sive angular deviations of the tendon over the length x
or slope

Angle of inclination of prestressing tendon

Rotation available at a plastic hinge

Angle between the axis of the concrete compression
strut and the longitudinal axis of the member
Reinforcement ratio for the bonded steel (A, + A,)/bd,
Longitudinal compressive reinforcement ratio related to

the web width A, /(b,, d)
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Pw

(o}
O,

c
Gc,btm

Gc0s Gc<t0)
Gc,ka cc(tk)
Ocp

(]

Cs

Gc,top

Ccz

Gp,max

Gy, Oy

W, Wo, Wi, W
g

Longitudinal reinforcement ratio for the tensile steel
related to the web width (A, + A, )/(b,, d) or shear rein-
forcement ratio

Stress

Compressive stress in the concrete

Stress in the concrete at the bottom of a cross-section
Stress in the concrete at time ¢,

Stress in the concrete at time #,

Compressive stress in the concrete from axial load or
prestressing

Maximum shrinkage-induced tensile stress on the
uncracked section (Equation 5.179)

Stress in the concrete at the top of a cross-section (in
positive bending)

Normal compressive stresses on the control section in
the orthogonal y- and z-directions, respectively

Stress in the prestressing steel

Stress in the i-th layer of prestressing steel at time #,
Stress in the i-th layer of prestressing steel at time 7,
Initial stress in the prestressing steel immediately after
tensioning

Stress in the prestressing steel at the jack (before losses)
Maximum permissible stress in the prestressing during
jacking (Equation 5.1)

Design stress in the prestressing steel

Initial stress in the prestressing steel immediately after
transfer

Stress in the non-prestressed steel reinforcement

Stress in the i-th layer of non-prestressed steel at time #,
Stress in the i-th layer of non-prestressed steel at time #,
Design stress in a steel reinforcement bar

Principal stresses in concrete

A factor that depends on the time-dependent loss of
prestress in the concrete (Equation 5.112)

Factors defining representative values of variable actions
A distribution coefficient that accounts for the moment
level and the degree of cracking on the effective moment
of inertia (Equation 5.181)
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Basic concepts

1. INTRODUCTION

For the construction of mankind’s infrastructure, reinforced concrete is the
most widely used structural material. It has maintained this position since
the end of the nineteenth century and will continue to do so for the foresee-
able future. Because the tensile strength of concrete is low, steel bars are
embedded in the concrete to carry the internal tensile forces. Tensile forces
may be caused by imposed loads or deformations, or by load-independent
effects such as temperature changes and shrinkage.

Consider the simple reinforced concrete beam shown in Figure 1.1a,
where the external loads cause tension in the bottom of the beam leading
to cracking. Practical reinforced concrete beams are usually cracked under
the day-to-day service loads. On a cracked section, the applied bending
moment M is resisted by compression in the concrete above the crack and
tension in the bonded reinforcing steel crossing the crack (Figure 1.1b).

Although the steel reinforcement provides the cracked beam with flex-
ural strength, it prevents neither cracking nor loss of stiffness during crack-
ing. Crack widths are approximately proportional to the strain, and hence
stress, in the reinforcement. Steel stresses must therefore be limited to some
appropriately low value under in-service conditions in order to avoid exces-
sively wide cracks. In addition, large steel strain in a beam is the result of
large curvature, which in turn is associated with large deflection. There
is little benefit to be gained, therefore, by using higher strength steel or
concrete, since in order to satisfy serviceability requirements, the increased
capacity afforded by higher strength steel cannot be utilised.

Prestressed concrete is a particular form of reinforced concrete.
Prestressing involves the application of an initial compressive load to the
structure to reduce or eliminate the internal tensile forces and thereby con-
trol or eliminate cracking. The initial compressive load is imposed and sus-
tained by highly tensioned steel reinforcement (tendons) reacting on the
concrete. With cracking reduced or eliminated, a prestressed concrete sec-
tion is considerably stiffer than the equivalent (usually cracked) reinforced
concrete section. Prestressing may also impose internal forces that are of
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Figure I.I A reinforced concrete beam. (a) Elevation and section. (b) Free-body diagram,
stress distribution and resultant forces F_and F,.

opposite sign to the external loads and may therefore significantly reduce
or even eliminate deflection.

With service load behaviour improved, the use of high-strength steel
reinforcement and high-strength concrete becomes both economical and
structurally efficient. As we will see subsequently, only steel that can accom-
modate large initial elastic strains is suitable for prestressing concrete. The
use of high-strength steel is therefore not only an advantage to prestressed
concrete, it is a necessity. Prestressing results in lighter members, longer
spans and an increase in the economical range of application of reinforced
concrete.

Consider an unreinforced concrete beam of rectangular section, simply-
supported over a span /, and carrying a uniform load w, as shown in Figure
1.2a. When the tensile strength of concrete (f.,) is reached in the bottom
fibre at mid-span, cracking and a sudden brittle failure will occur. If it
is assumed that the concrete possesses zero tensile strength (i.e. £, = 0),
then no load can be carried and failure will occur at any load greater than
zero. In this case, the collapse load w, is zero. An axial compressive force
P applied to the beam, as shown in Figure 1.2b, induces a uniform com-
pressive stress of intensity P/A on each cross-section. For failure to occur,
the maximum moment caused by the external collapse load w, must now
induce an extreme fibre tensile stress equal in magnitude to P/A. In this
case, the maximum moment is located at mid-span and, if linear-elastic
material behaviour is assumed, simple beam theory gives (Figure 1.2b):

M_wl _P
Z 8Z A
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Figure 1.2 Effect of prestress on the load carrying capacity of a plain concrete beam.
(a) Zero prestress. (b) Axial prestress (e = 0). (c) Eccentric prestress (e = h/6).

based on which the collapse load can be determined as:

_8ZP

T

If the prestressing force P is applied at an eccentricity of b/6, as shown in
Figure 1.2c, the compressive stress caused by P in the bottom fibre at mid-
span is equal to:

P_Pe_P Phlg _2P

AT Z AT e A

and the external load at failure w, must now produce a tensile stress of
2P/A in the bottom fibre. This can be evaluated as follows (Figure 1.2¢):

M _w/* 2P

zZ 8Z A
and rearranging gives:

b 16Z P
PP A
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By locating the prestressing force at an eccentricity of h/6, the load
carrying capacity of the unreinforced plain concrete beam is effectively
doubled.

The eccentric prestress induces an internal bending moment Pe which is
opposite in sign to the moment caused by the external load. An improve-
ment in behaviour is obtained by using a variable eccentricity of prestress
along the member using a draped cable profile.

If the prestress counter-moment Pe is equal and opposite to the load-
induced moment along the full length of the beam, each cross-section is
subjected only to axial compression, i.e. each section is subjected to a uni-
form compressive stress of P/A. No cracking can occur and, if the curvature
on each section is zero, the beam does not deflect. This is known as the
balanced load stage.

1.2 METHODS OF PRESTRESSING

As mentioned in the previous section, prestress is usually imparted to a con-
crete member by highly tensioned steel reinforcement (in the form of wire,
strand or bar) reacting on the concrete. The high-strength prestressing steel
is most often tensioned using hydraulic jacks. The tensioning operation
may occur before or after the concrete is cast and, accordingly, prestressed
members are classified as either pretensioned or post-tensioned. More
information on prestressing systems and prestressing hardware is provided
in Chapter 3.

1.2.1 Pretensioned concrete

Figure 1.3 illustrates the procedure for pretensioning a concrete member.
The prestressing tendons are initially tensioned between fixed abutments
and anchored. With the formwork in place, the concrete is cast around the
highly stressed steel tendons and cured. When the concrete has reached its
required strength, the wires are cut or otherwise released from the abut-
ments. As the highly stressed steel attempts to contract, it is restrained by
the concrete and the concrete is compressed. Prestress is imparted to the
concrete via bond between the steel and the concrete.

Pretensioned concrete members are often precast in pretensioning beds
that are long enough to accommodate many identical units simultaneously.
To decrease the construction cycle time, steam curing may be employed to
facilitate rapid concrete strength gain, and the prestress is often transferred
to the concrete within 24 hours of casting. Because the concrete is usu-
ally stressed at such an early age, elastic shortening of the concrete and
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Figure 1.3 Pretensioning procedure. (a) Tendons stressed between abutments.
(b) Concrete cast and cured. (c) Tendons released and prestress transferred.

subsequent creep strains tend to be high. This relatively high time-dependent
shortening of the concrete causes a significant reduction in the tensile strain
in the bonded prestressing steel and a relatively high loss of prestress occurs
with time.

1.2.2 Post-tensioned concrete

The procedure for post-tensioning a concrete member is shown in Figure 1.4.
With the formwork in position, the concrete is cast around hollow ducts
which are fixed to any desired profile. The steel tendons are usually in
place, unstressed in the ducts during the concrete pour, or alternatively may
be threaded through the ducts at some later time. When the concrete has
reached its required strength, the tendons are tensioned. Tendons may be
stressed from one end with the other end anchored or may be stressed from
both ends, as shown in Figure 1.4b. The tendons are then anchored at each
stressing end. The concrete is compressed during the stressing operation,
and the prestress is maintained after the tendons are anchored by bearing
of the end anchorage plates onto the concrete. The post-tensioned tendons
also impose a transverse force on the member wherever the direction of the
cable changes.
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Hollow duct

()

Figure 1.4 Post-tensioning procedure. (a) Concrete cast and cured. (b) Tendons stressed
and prestress transferred. (c) Tendons anchored and subsequently grouted.

After the tendons have been anchored and no further stressing is
required, the ducts containing the tendons are often filled with grout under
pressure. In this way, the tendons are bonded to the concrete and are more
efficient in controlling cracks and providing ultimate strength. Bonded ten-
dons are also less likely to corrode or lead to safety problems if a tendon
is subsequently lost or damaged. In some situations, however, tendons are
not grouted for reasons of economy and remain permanently unbonded. In
this form of construction, the tendons are coated with grease and encased
in a plastic sleeve. Although the contribution of unbonded tendons to the
ultimate strength of a beam or slab is only about 75% of that provided
by bonded tendons, unbonded post-tensioned slabs are commonly used in
North America and Europe.

Most in-situ prestressed concrete is post-tensioned. Relatively light and
portable hydraulic jacks make on-site post-tensioning an attractive proposi-
tion. Post-tensioning is also used for segmental construction of large-span
bridge girders.

1.2.3 Other methods of prestressing

Prestress may also be imposed on new or existing members using exter-
nal tendons or such other devices as flat jacks. These systems are useful
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for temporary prestressing operations but may be subject to high time-
dependent losses. External prestressing is discussed further in Section 3.7.

1.3 TRANSVERSE FORCES INDUCED
BY DRAPED TENDONS

In addition to the longitudinal force P exerted on a prestressed member
at the anchorages, transverse forces are also exerted on the member wher-
ever curvature exists in the tendons. Consider the simply-supported beam
shown in Figure 1.5a. It is prestressed by a cable with a kink at mid-span.
The eccentricity of the cable is zero at each end of the beam and equal to e
at mid-span, as shown. The slope of the two straight segments of cable is 6.
Because 0 is small, it can be calculated as:

0 ~sinf~tan@= - (1.1)
/2

In Figure 1.5b, the forces exerted by the tendon on the concrete are shown.
At mid-span, the cable exerts an upward force F;, on the concrete equal to
the sum of the vertical component of the prestressing force in the tendon on
both sides of the kink. From statics:

K =2P sinez# (1.2)

/2 1/2

—
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(c)

Figure 1.5 Forces and actions exerted by prestress on a beam with a centrally depressed
tendon. (a) Elevation. (b) Forces imposed by prestress on concrete. (c) Bending
moment diagram due to prestress.
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At each anchorage, the cable has a horizontal component of P cos 6
(which is approximately equal to P for small values of 6) and a vertical
component equal to P sin 6 (approximated by 2Pe/l).

Under this condition, the beam is said to be self-stressed. No external
reactions are induced at the supports. However, the beam exhibits a non-
zero curvature along its length and deflects upward owing to the internal
bending moment caused by the prestress. As illustrated in Figure 1.5¢c, the
internal bending moment at any section can be calculated from statics and
is equal to the product of the prestressing force P and the eccentricity of the
tendon at that cross-section.

If the prestressing cable has a curved profile, the cable exerts trans-
verse forces on the concrete throughout its length. Consider the pre-
stressed beam with the parabolic cable profile shown in Figure 1.6. With
the x- and y-coordinate axes in the directions shown, the shape of the
parabolic cable is:

X X :
y= -4 {z‘(zj } (1.3)

and its slope and curvature are, respectively:

d 4 2
and
d? 8
T};}:+TSZKP (1.5)

From Equation 1.4, the slope of the cable at each anchorage, i.e. when x = 0
and x =/, is:

dy 4e
0=—2—-+"" 1.6
dx / (1.6)
y 1
P X ! P
. fe +0
12 i 12 7%77
I~ 'E‘ ql

Figure 1.6 A simple beam with parabolic tendon profile.
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Figure 1.7 Forces on a curved cable of unit length. (a) Tendon segment of unit length.
(b) Triangle of forces.

and, provided the tendon slope is small, the horizontal and vertical compo-
nents of the prestressing force at each anchorage may therefore be taken as
P and 4Pe/l, respectively.

Equation 1.5 indicates that the curvature of the parabolic cable is constant
along its length. The curvature x, is the angular change in direction of the
cable per unit length, as illustrated in Figure 1.7a. From the free-body dia-
gram in Figure 1.7b, for small tendon curvatures, the cable exerts an upward
transverse force w, = Px, per unit length over the full length of the cable. This
upward force is an equivalent distributed load along the member and, for a

parabolic cable with the constant curvature of Equation 1.5, w, is given by:

 Pr, =+ OL€ (1.7)

wy =Py =+

P

With the sign convention adopted in Figure 1.6, a positive value of w,
depicts an upward load. If the prestressing force is constant along the beam,
which is never quite the case in practice, w, is uniformly distributed and
acts in an upward direction.

A free-body diagram of the concrete beam showing the forces exerted
by the cable is illustrated in Figure 1.8. The zero reactions induced by the
prestress imply that the beam is self-stressed. With the maximum eccen-
tricity usually known, Equation 1.7 may be used to calculate the value of
P required to cause an upward force w, that exactly balances a selected

w,= 8Be/l2 )

P > T 4 4 A | o\ A A 4 f < P
4Pe/l l ‘ I 1 1 f IeT T 1 I : l4ePe/l

| 12 12 7%7/
[ i

Figure 1.8 Forces exerted on a concrete beam by a tendon with a parabolic profile.
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portion of the external load. Under this balanced load, the beam exhibits
no curvature and is subjected only to the longitudinal compressive force of
magnitude P. This is the basis of a useful design approach, sensibly known
as load balancing.

1.4 CALCULATION OF ELASTIC STRESSES

The components of stress on a prestressed cross-section caused by the pre-
stress, the self-weight and the external loads are usually calculated using
simple beam theory and assuming linear-elastic material behaviour. In
addition, the properties of the gross concrete section are usually used in
the calculations, provided the section is not cracked. Indeed, these assump-
tions have already been made in the calculations of the stresses illustrated
in Figure 1.2.

Concrete, however, does not behave in a linear-elastic manner. At best,
linear-elastic calculations provide only an approximation of the state of
stress on a concrete section immediately after the application of the load.
Creep and shrinkage strains that gradually develop in the concrete usually
cause a substantial redistribution of stresses with time, particularly on a
section containing significant amounts of bonded reinforcement.

Elastic calculations are useful, however, in determining, for example, if
tensile stresses occur at service loads, and therefore if cracking is likely, or
if compressive stresses are excessive and large time-dependent shortening
may be expected. Elastic stress calculations may therefore be used to indi-
cate potential serviceability problems.

If an elastic calculation indicates that cracking may occur at service loads,
the cracked section analysis presented subsequently in Section 5.8.3 should
be used to determine appropriate section properties for use in serviceabil-
ity calculations. A more comprehensive picture of the variation of concrete
stresses with time can be obtained using the time analyses described in
Sections 5.7 and 5.9 to account for the time-dependent deformations caused
by creep and shrinkage of the concrete.

In the following sections, several different approaches for calculating
elastic stresses on an uncracked concrete cross-section are described to pro-
vide insight into the effects of prestressing. Tensile (compressive) stresses
are assumed to be positive (negative).

1.4.1 Combined load approach

The stress distributions on a cross-section caused by prestress, self-weight
and the applied loads may be calculated separately and summed to obtain
the combined stress distribution at any particular load stage. We will first
consider the stresses caused by prestress and ignore all other loads. On a
cross-section, such as that shown in Figure 1.9, equilibrium requires that
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Figure 1.9 Concrete stress resultants and stresses caused by prestress.

the resultant of the concrete stresses is a compressive force that is equal and
opposite to the tensile force in the steel tendon and located at the level of
the steel, i.e. at an eccentricity e below the centroidal axis. This is statically
equivalent to an axial compressive force P and a moment Pe located at the
centroidal axis, as shown.

The stresses caused by the prestressing force of magnitude P and the
hogging (-ve) moment Pe are also shown in Figure 1.9. The resultant stress
induced by the prestress is given by:

o=-L Py (1.8)
AT

where A and I are the area and second moment of area about the centroidal
axis of the cross-section, respectively, and y is the distance from the centroi-
dal axis (positive upwards).

It is common in elastic stress calculations to ignore the stiffening effect
of the reinforcement and to use the properties of the gross cross-section.
Although this simplification usually results in only small errors, it is not
encouraged here. For cross-sections containing significant amounts of
bonded steel reinforcement, the steel should be included in the determina-
tion of the properties of the transformed cross-section.
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Figure 1.10 Combined concrete stresses.

The elastic stresses caused by an applied positive moment M on the
uncracked cross-section are:

_My

i (1.9)

o=

and the combined stress distribution due to prestress and the applied
moment is shown in Figure 1.10 and given by:

oo_L  Pey My (1.10)
AT I

1.4.2 Internal couple concept

The resultant of the combined stress distribution shown in Figure 1.10 is
a compressive force of magnitude P located at a distance z, above the level
of the steel tendon, as shown in Figure 1.11. The compressive force in the
concrete and the tensile force in the steel together form a couple, with mag-

nitude equal to the applied bending moment and calculated as:

M = Pz, (1.11)

Figure 1.1l Internal couple.
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When the applied moment M = 0, the lever arm z, is zero and the resultant
concrete compressive force is located at the steel level. As M increases, the
compressive stresses in the top fibres increase and those in the bottom fibres
decrease, and the location of the resultant compressive force moves upward.

It is noted that provided the section is uncracked, the magnitude of P
does not change appreciably as the applied moment increases and, as a
consequence, the lever arm z, is almost directly proportional to the applied
moment. If the magnitude and position of the resultant of the concrete

stresses are known, the stress distribution can be readily calculated.

1.4.3 Load balancing approach

In Figure 1.8, the forces exerted on a prestressed beam by a parabolic ten-
don with equal end eccentricities are shown and the uniformly distributed
transverse load w, is calculated from Equation 1.7. In Figure 1.12, all the
loads acting on such a beam, including the external gravity loads w, are
shown.

If w = w,, the bending moment and shear force on each cross-section
caused by the gravity load w are balanced by the equal and opposite values
caused by w,. With the transverse loads balanced, the beam is subjected
only to the longitudinal prestress P applied at the anchorage. If the anchor-
age is located at the centroid of the section, a uniform stress distribution of
intensity P/A occurs on each section and the beam does not deflect.

If w # w,, the bending moment M, caused by the unbalanced load
(w — w,) must be calculated and the resultant stress distribution (given
by Equation 1.9) must be added to the stresses caused by the axial
prestress (—P/A).

1.4.4 Introductory example

The elastic stress distribution at mid-span of the simply-supported beam
shown in Figure 1.13 is to be calculated. The beam spans 12 m and is
post-tensioned by a single cable with zero eccentricity at each end and
e =250 mm at mid-span. The prestressing force in the tendon is assumed to
be constant along the length of the beam and equal to P = 1760 kN.

P
s L S SO S S S S B B D
I e S e
syal o
"l
2
|«

7 2

Figure 1.12 Forces on a concrete beam with a parabolic tendon profile.
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Figure .13 Beam details (Introductory example). (Notes: P is assumed constant on every
section; all dimensions are in millimetres.)

Each of the procedures discussed in the preceding sections is illustrated
in the following calculations.

1.4.4.1 Combined load approach

The extreme fibre stresses at mid-span (c,,,, Gy,) due to P, Pe and M are
calculated separately in the following and then summed.
At mid-span: P = 1760 kN; Pe =1760 x 250 x 103 = 440 kNm and

2 2
M= “’81 230127 _ 546 kNm
3

Duc to P: 6y = Oy = - = — 200107 g o \MPa

A~ 220x10

6
Due to Pe: oy = er - 440107485 _ 5 o\ iy
I 20,000x10

6

O = — L Doim AN _ g 434,

I 20,000x10°

My, 540x10°x485

Due to M : Gtop = I - 20 OOOX106

=-13.10MPa

_ Mypm  540x10°x415

Giem = > =+11.21MPa
I 20,000x 10
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Figure 1.14 Component stress distributions in introductory example.

The corresponding concrete stress distributions and the combined elastic stress
distribution on the concrete section at mid-span are shown in Figure 1.14.

1.4.4.2 Internal couple concept

From Equation 1.11:

6
gy = M A0 304 gmm
P T 1760x10

The resultant compressive force on the concrete section is 1760 kN, and it is
located 306.8 — 250 = 56.8 mm above the centroidal axis. This is statically
equivalent to an axial compressive force of 1760 kN (applied at the cen-
troid) plus a moment M, = 1760 x 56.8 x 10-3 = 100 kNm. The extreme
fibre concrete stresses are therefore:

P MypaYeop _ 1,760x10°  100x10° x 485

Gop =~ = 3 5 -10.43MPa
A I 220x10 20,000x10
3 6
oy =~ Dy Mutsdn __1,760x10°  100x10°x415 g )\ o
A I 220x10 20,000x10

and, of course, these are identical with the extreme fibre stresses calculated
using the combined load approach and shown in Figure 1.14.
1.4.4.3 Load balancing approach

The transverse force imposed on the concrete by the parabolic cable is
obtained using Equation 1.7 as:

w _8Pe _8x1,760x10’x250
PP 12,0007

=24.44 kN/m (upward)
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The unbalanced load is therefore:
Wynbal = 30.0-24.44 = 5.56 kN/m (downward)

and the resultant unbalanced moment at mid-span is:

Wbt I© 5.56x127

Mun)a =
bal 8 8

=100kNm

This is identical to the moment M, calculated using the internal couple
concept and, as determined previously, the elastic stresses at mid-span are
obtained by adding the P/A stresses to those caused by M

unbal*

£ _ Munbalytop
A I

=-10.43MPa

Oiop = —

pn = — L MunbatYom _ 5 95 \1py
A I

1.5 INTRODUCTION TO STRUCTURAL
BEHAVIOUR: INITIAL TO ULTIMATE LOADS

The choice between reinforced and prestressed concrete for the construc-
tion of a particular structure is essentially one of economics. Aesthetics
may also influence the choice. For relatively short-span beams and slabs,
reinforced concrete is usually the most economical alternative. As spans
increase, however, reinforced concrete design is more and more controlled
by the serviceability requirements. Strength and ductility can still be eco-
nomically achieved but, in order to prevent excessive deflection, cross-
sectional dimensions become uneconomically large. Excessive deflection is
usually the governing limit state.

For medium- to long-span beams and slabs, the introduction of pre-
stress improves both serviceability and economy. The optimum level of
prestress depends on the span, the load history and the serviceability
requirements. The level of prestress is often selected so that cracking at
service loads does not occur. However, in many situations, there is no
valid reason why controlled cracking should not be permitted. Insisting on
enough prestress to eliminate cracking frequently results in unnecessarily
high initial prestressing forces and, consequently, uneconomical designs. In
addition, the high initial prestress often leads to excessively large camber
and/or axial shortening. Members designed to remain uncracked at service
loads are commonly termed fully prestressed.

In building structures, there are relatively few situations in which it is
necessary to avoid cracking under the full service loads. In fact, the most
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economic design often results in significantly less prestress than is required
for a fully-prestressed member. Frequently, such members are designed to
remain uncracked under the sustained or permanent load, with cracks open-
ing and closing as the variable live load is applied and removed. Prestressed
concrete members generally behave satisfactorily in the post-cracking load
range, provided they contain sufficient bonded reinforcement to control the
cracks. A cracked prestressed concrete section under service loads is signifi-
cantly stiffer than a cracked reinforced concrete section of similar size and
containing similar quantities of bonded reinforcement. Members that are
designed to crack at the full service load are often called partially-prestressed.

The elastic stress calculations presented in the previous section are
applicable only if material behaviour is linear-elastic and the principle of
superposition is valid. These conditions may be assumed to apply on a pre-
stressed section prior to cracking, but only immediately after the loads are
applied. As was mentioned in Section 1.4, the gradual development of creep
and shrinkage strains with time in the concrete can cause a marked redis-
tribution of stress between the bonded steel and the concrete on the cross-
section. The greater the quantity of bonded reinforcement, the greater is the
time-dependent redistribution of stress. This is demonstrated subsequently
in Section 5.7.3 and discussed in Section 5.7.4. For the determination of the
long-term stress and strain distributions, elastic stress calculations are not
meaningful and may be misleading.

A typical moment versus instantaneous curvature relationship for a pre-
stressed concrete cross-section is shown in Figure 1.15. Prior to the application
of moment (i.e. when M = 0), if the prestressing force P acts at an eccentric-
ity e from the centroidal axis of the uncracked cross-section, the curvature
is k) = —Pel(E,I,,,), corresponding to point A in Figure 1.15, where E_, is
the elastic modulus of the concrete and I, is the second moment of area of
the uncracked cross-section. The curvature x, is negative because the internal
moment caused by prestress is negative (—Pe). When the applied moment M is
less than the cracking moment M_,, the section is uncracked and the moment—
curvature relationship is linear (from point A to point B in Figure 1.15) and x =
(M - Pe/(E, 1) < % It is only in this region (i.e. when M < M_,) that elastic
stress calculations may be used and then only for short-term calculations.

If the external loads are sufficient to cause cracking (i.e. when the extreme
fibre stress calculated from elastic analysis exceeds the tensile strength of
concrete), the short-term behaviour becomes non-linear and the principle of
superposition is no longer applicable.

As the applied moment on a cracked prestressed section increases (i.e. as
the moment increases above M_, from point B to point C in Figure 1.15),
the crack height gradually increases from the tension surface towards the
compression zone and the size of the uncracked part of the cross-section
in compression above the crack decreases. This is different to the post-
cracking behaviour of a non-prestressed reinforced concrete section, where
at first cracking the crack suddenly propagates deep into the beam and
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Figure 1.15 Typical moment versus instantaneous curvature relationship.

the crack height and the depth of the concrete compression zone remain
approximately constant as the applied moment is subsequently varied.

As the moment on a prestressed concrete section increases further into the
overload region (approaching point D in Figure 1.15), the material behav-
iour becomes increasingly nonlinear. Permanent deformation occurs in the
bonded prestressing tendons as the stress approaches its ultimate value,
the non-prestressed conventional reinforcement yields (at or near point C
where there is a change in direction of the moment curvature graph) and the
compressive concrete in the ever decreasing region above the crack enters
the nonlinear range. The external moment is resisted by an internal couple,
with tension in the reinforcement crossing the crack and compression in the
concrete and in any reinforcement in the compressive zone. At the ultimate
load stage (i.e. when the moment reaches the ultimate resistance M, at a
curvature k), the prestressed section behaves in the same way as a rein-
forced concrete section, except that the stress in the high-strength steel ten-
don is very much higher than in conventional reinforcement. A significant
portion of the very high steel stress and strain is due to the initial prestress.
For modern prestressing steels, the initial stress in the tendon immediately
after the transfer of prestress is often about 1400 MPa. If the same higher
strength steel were to be used without being initially prestressed, excessive
deformation and unacceptably wide cracks may result at only a small frac-
tion of the ultimate load (well below normal service loads).
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The ultimate strength of a prestressed section depends on the quantity
and strength of the steel reinforcement and tendons. The level of pre-
stress, however, and therefore the quantity of prestressing steel are deter-
mined from serviceability considerations. In order to provide a suitable
factor of safety for strength, additional conventional reinforcement may
be required to supplement the prestressing steel in the tension zone. This
is particularly so in the case of partially-prestressed members and may
even apply for fully-prestressed construction. The avoidance of cracking
at service loads and the satisfaction of selected elastic stress limits do not
ensure adequate strength. Strength must be determined from a rational
analysis which accounts for the nonlinear material behaviour of both the
steel and the concrete. Flexural strength analysis is described and illus-
trated in Chapter 6, and analyses for shear and torsional strength are
presented in Chapter 7.
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Chapter 2

Design procedures
and applied actions

2.1 LIMIT STATES DESIGN PHILOSOPHY

The broad design objective for a prestressed concrete structure is that it
should satisfy the needs for which it was designed and built. In doing so,
the structural designer must ensure that it is safe and serviceable so that
the chances of it failing during its design lifetime are sufficiently small. The
structure must be strong enough and sufficiently ductile to resist, without
collapsing, the overloads and environmental extremes that may be imposed
on it. It must also be serviceable by performing satisfactorily under the day-
to-day service loads without deforming, cracking or vibrating excessively.
The two primary structural design objectives are therefore strength and
serviceability.

Other structural design objectives are stability and durability. A struc-
ture must be stable and resist overturning or sliding, reinforcement must
not corrode, concrete must resist abrasion and spalling and the structure
must not suffer a significant reduction of strength or serviceability with
time. Further, it must have adequate fire protection, and it must be robust,
resist fatigue loading and satisfy any special requirements that are related
to its intended use. A non-structural, but important, objective is aesthet-
ics and, of course, an overarching design objective is economy. Ideally, the
structure should be in harmony with, and enhance, the environment, and
this often requires collaboration between the structural engineer, the envi-
ronmental engineer, the architect and other members of the design team.
The aim is to achieve, at minimum cost, an aesthetically pleasing and func-
tional structure that satisfies the structural objectives of strength, service-
ability, stability and durability.

For structural design calculations, the design objectives must be trans-
lated into quantitative terms called design criteria. For example, the maxi-
mum acceptable deflection for a particular beam or slab may be required,
or the maximum crack width that can be tolerated in a concrete floor or
wall. Also required are minimum numerical values for the strength of

21
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individual elements and connections. It is also necessary to identify and
quantify appropriate design loads for the structure depending on the prob-
ability of their occurrence. Reasonable maximum values are required so
that a suitable compromise is reached between the risk of overload and
consequent failure and the requirement for economical construction.

Codes of practice specify design criteria that provide a suitable margin
of safety (called the safety index) against a structure becoming unfit for
service in any way. The specific form of the design criteria depends on the
philosophy and method of design adopted by the code and the manner
in which the inherent variability in both the load and the structural per-
formance is considered. Modern design codes for structures have gener-
ally adopted the limit states method of design, whereby a structure must
be designed to simultaneously satisfy a number of different limit states
or design requirements, including adequate strength and serviceability.
Minimum performance requirements are specified for each of these limit
states, and any one may become critical and govern the design of a par-
ticular member.

If a structure becomes unfit for service in any way, it is said to have
entered a limit state. Limit states are the undesirable consequences asso-
ciated with each possible mode of failure. In order to satisfy the design
criteria set down in codes of practice, methods of design and analysis
should be used which are appropriate to the limit state being considered.
For example, if the strength of a cross-section is to be calculated, ultimate
strength analysis and design procedures are usually adopted. Collapse
load methods of analysis and design (plastic methods) may be suitable for
calculating the strength of ductile indeterminate structures. If the service-
ability limit states of excessive deflection (or camber) or excessive cracking
are considered, an analysis that accounts for the non-linear and inelas-
tic nature of concrete is usually required. The sources of these material
non-linearities include cracking, tension stiffening, creep and shrinkage.
In addition, creep of the highly stressed, high-strength prestressing steel
(more commonly referred to as relaxation) may affect in-service structural
behaviour.

Each limit state must be considered and designed for separately.
Satisfaction of the requirements for one does not ensure satisfaction of the
requirements for others. All undesirable consequences must be avoided. In
this chapter, the design requirements for prestressed concrete in Europe are
discussed, including the loads and load combinations for each limit state
specified in the loading codes EN 1991 Parts 1-1, 1-3 and 1-4 [1-3] and the
relevant design criteria in EN 1990 [4] and EN 1992-1-1 [5]. If required,
other design actions may need to be considered in design as specified in
EN 1991 Part 1-2 [6] for structures exposed to fire, EN 1991 Part 1-5 [7]
for thermal actions, EN 1991 Part 1-6 [8] for actions during construction
and EN 1991 Part 1-7 [9] for accidental actions.
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2.2 STRUCTURAL MODELLING AND ANALYSIS

2.2.1 Structural modelling

Structural modelling involves the development of simplified analytical mod-
els of the load distribution, the geometry of the structure and its supports
and the deformation of the structure. It is an essential part of the design
process. A concrete structure is extremely complex, if it is considered from
a microscopic point of view. Even from a more macroscopic viewpoint, the
degree of complexity is very high. The cross-sectional dimensions vary along
individual members, with relatively high tolerances on the specified dimen-
sions being accepted. Concrete material properties depend on the degree
of compaction of the concrete and the location in the structure and vary
significantly through the thickness of beams and slabs and over the height
of columns. The location of reinforcement and the concrete cover vary from
point to point in a structure. Some regions are cracked and others are not.
It is not possible to account for all these variations and uncertainties in the
modelling and analysis of structures and, fortunately, it is not necessary.

An idealised analytical model of a concrete structure must be simple
enough to allow the structural analysis to proceed and the mathematics
to be tractable. It must also be accurate enough to provide a reasonable
approximation of the behaviour of the real structure, including the flow of
forces through the structure. This includes a reasonable quantitative esti-
mate of the internal actions and deformations of the real structure.

As an example of a simplified structural model, consider the design of a
two-way floor slab in a framed building under gravity loads using the so-
called equivalent frame method. The floor is divided into wide design strips
centred on column lines in each orthogonal direction. Each one-way design
strip, together with the columns immediately above and below the floor, is
then modelled as a two-dimensional frame. The columns above and below
the slab are usually assumed to be fixed at their far ends. The horizontal
design strip consists of the slab of width /, (equal to the transverse distance
between the centrelines of adjacent panels) plus any beams located along the
column line in question. The effective length of a typical span of the design
strip [ is defined in EN 1992-1-1 [5] as shown in Figure 2.1. The frame is
then analysed, usually using a linear-elastic frame analysis and appropri-
ate estimates of member stiffness, and moments and shears in the design
strip are determined. The design strip is next divided into the column strip
(of width usually about [/2 and centred on the column line) and the mid-
dle strips (those portions of the design strip outside the column strip). For
more details, refer to Section 12.9 (Figure 12.14). The design strip moments
are then distributed to the column and middle strip, with the column strip
attracting a greater share than the middle strip (see Table 12.4).

Depending on the degree of accuracy required, a range of possible analyti-
cal models of varying complexity are generally available. Different analytical
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right
models may need to be adopted depending on the limit state under consid-
eration. For example, for the two-way floor slab, the simplified structural
model consisting of one-way design strips spanning in orthogonal directions
described earlier with actions determined from a linear-elastic analysis may
be appropriate for an assessment of flexural strength (provided the individ-
ual cross-sections are appropriately ductile). A more complex model, such
as a finite element model that accounts for cracking, creep and shrinkage of
concrete, may be more appropriate for an accurate prediction of deforma-
tion at service loads.

Irrespective of the method chosen for the structural analysis or the type
of structural model selected, when considering and interpreting the results
of the analysis, the simplifications, idealisations and assumptions implied
in the analysis and inherent in the structural model must be considered in
relation to the real three-dimensional concrete structure.

2.2.2 Structural analysis

The structural analysis of an idealised structural model is the process by
which the distribution of internal actions and the deformational response of
the model are determined (see Reference [11]). Classical methods of struc-
tural analysis were developed for hand calculation, but today the analysis of
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members and frames is commonly carried out in design offices using commer-
cial software involving the stiffness method or the finite element approach.
Most often, the analysis is based on the assumption that material behaviour
is linear and elastic, even though the response of a concrete structure is
not linear with respect to load, even under in-service conditions. Concrete
cracks at relatively low load levels causing a non-linear structural response.
Under service loads, concrete undergoes creep and shrinkage deformations
and, at the ultimate limit state, steel yields and concrete behaviour in com-
pression is non-linear and inelastic. Nevertheless, linear-elastic analysis still
forms the basis for the analysis of most concrete structures, with adjust-
ments made in design to include both material and geometric non-linearities
when predicting either the ultimate strength or the in-service deformations.

Over the last few decades, significant advances have been made in
the development of methods for including both material and geometric
non-linearities in the analysis of concrete structures. Numerous commer-
cial software packages are now available for the non-linear analysis of
concrete structures under both service loads and ultimate loads. For many
applications, these packages are unnecessarily complex and time-consuming,
but in some situations, non-linear analysis is appropriate and its use for the
analysis of complex structures is likely to increase.

If linear-elastic analysis is used in the design for adequate strength, the
internal actions caused by the design ultimate loads are determined at the
critical cross-sections of each structural member. Each critical section is
then designed to ensure that its design ultimate strength exceeds the design
ultimate actions. Although a linear-elastic analysis of a particular structural
model will give a single distribution of internal actions that is in equilib-
rium, it must be understood that this is not the distribution of actions in the
real structure, where material behaviour under ultimate loads will be non-
linear and inelastic. The use of linear-elastic analysis is only valid provided
individual cross-sections and members are ductile so that redistribution of
internal actions can take place as the ultimate load is approached and the
linear-elastic distribution of actions assumed in design can develop in the
actual structure.

Alternative methods for the design for adequate strength include plastic
methods of analysis (or collapse load analysis) and strut-and-tie modelling.
These are simple forms of non-linear analysis. In plastic analysis, plastic
hinges with large rotational capacities are assumed to occur at the critical
regions in a continuous beam or frame, and either upper or lower bound
estimates of the collapse load may be made. If plastic methods are used,
ductility of the critical regions is an essential requirement. Strut-and-tie
modelling is a lower bound method of plastic analysis where a designer
selects an internal load path and then designs the internal concrete struts
and steel ties that have been selected to transfer the applied loads through
the structure. A range of other methods of analysis, including methods
based on stress analysis, are also available for use in strength design.
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Linear-elastic analysis and various forms of non-linear analysis may also
be used to predict the actions and deformations of a concrete structure at
service loads, but account must be taken of the loss of stiffness caused by
cracking (due to both the applied loads and the restraint to shrinkage and
temperature changes), the tension stiffening effect and the time-dependent
effects of creep and shrinkage. These sources of material non-linearity
complicate structural analysis at service loads. A comprehensive treatment
of the serviceability of concrete structures is provided in Reference [12],
and Chapter 5 outlines in some detail appropriate methods for the analysis
of prestressed concrete structures at service loads.

Codes of practice, including Eurocode 2 [5], provide guidance for
design using linear-elastic analysis, non-linear analysis, plastic methods,
strut-and-tie modelling, stress analysis and more approximate methods
based on moment coefficients.

2.3 ACTIONS AND COMBINATIONS OF ACTIONS

2.3.1 General

In the design of concrete structures, the internal actions arising from appli-
cable combinations of the applied loads should be considered, including where
appropriate, permanent or dead loads, imposed or live loads, wind loads, snow
loads, prestressing forces, and loads caused by earthquake, earth pressure
and liquid pressure. In addition, possible accidental loading due to impact or
blast should be considered where necessary. Loads arising during construction
should also be considered where they may adversely affect the various limit
states’ requirements. Other actions that may cause either stability, strength or
serviceability failures include creep of concrete; shrinkage of concrete; other
imposed deformations, such as may result from temperature changes and gradi-
ents, support settlements and foundation movements; fire and dynamic effects.

In the Eurocodes [1-4], the term action is used to describe any effect that
influences the performance of a structure, and appropriate combinations of
actions are specified to check the structure at each limit state. Also specified
are appropriate representative values for each action at each limit state. The
main actions to be considered are classified as either [4]:

® permanent actions (given the symbol G and including the self-weight
of the structure and its permanently supported elements);

® wariable actions (given the symbol Q and including imposed or live loads
on floors, wind loads on walls and roofs, snow loads and so on); or

® uaccidental actions (given the symbol A and including impact loads,

blast loads and fire).

The magnitude of a particular load (action) for use in design is its char-
acteristic value (G,, Q, or A,). Where the statistical distribution of the
loading is known, the upper (lower) characteristic load is the value with a
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5% (95%) probability of being exceeded. For a particular load combination,
either the upper or lower characteristic load is used, whichever produces the
most adverse effect. Where the statistical distribution of a particular load is
not known, the characteristic load is an appropriate estimate of either the
maximum value that should not be exceeded or the minimum value that
should definitely occur during the lifetime of the structure.

The permanent actions are the permanent dead loads imposed by both
the structural and non-structural components of the structure, such as the
self-weight of the structure and the forces imposed by all walls, floors,
roofs, ceilings, permanent partitions, service machinery and other perma-
nent construction. Permanent actions are usually fixed in position and can
be estimated reasonably accurately from the mass of the relevant mate-
rial or type of construction. For example, normal-weight concrete weighs
about 24 kN/m? and lightweight concrete can be anywhere between 15 and
20 kN/m?. Unit weights of a range of materials are provided in Table 2.1.

The variable actions are the imposed (live) loads that are attributed to the
intended use or purpose of the structure, and all other externally imposed loads
that may reasonably be assumed to act on the structure during its lifetime. The
specified live load depends on the expected use or occupancy of the structure
and usually includes allowances for impact and inertia loads (where applicable)
and for possible overload. Both uniformly distributed and concentrated vari-
able loads for a variety of activities/occupancies are specified in EN 1991-1-1
[1] and the characteristic values for some common usages are given in Table 2.2.

Table 2.1 Weights of common construction materials
and building materials [I]

Material Weight (kN/m?)
Aluminium 27.0
Bitumin 10.0-14.0
Concrete — normal weight 24.020
Glass, in sheets 25.0
Granite 27.0-30.0
Iron, cast 71.0-72.5
Lead 112.0-114.0
Limestone (dense) 20.0-29.0
Masonry (solid brick) 19.0
Plywood (softwood) 5.0

Sand (dry) 15.0-16.0
Sandstone 225

Steel 77.0-78.5
Timber — softwood (hardwood) 5-7 (8-11)

2 Increase by | kN/m? for normal percentage of reinforcing and
prestressing steel.
® Increase by | kN/m3 for unhardened (wet) concrete.
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Table 2.2 Some characteristic imposed (live) loads specified in EN 1991-1-1 [I]

Uniformly
distributed load, Concentrated
Type of activityloccupancy qi (kNIm?) load, Q, (kN)
Category A: areas for domestic and residential
activities
Floors 1.5-2.0 2.0-3.0
Stairs 2.0-4.0 2.0-4.0
Balconies 2.5-40 2.0-3.0
Category B: office areas 2.0-3.0 1.5-4.5
Category C:areas where people may congregate
(not considered in Categories A, B and D)
Cl:areas with tables 2.0-3.0 3.0-4.0
C2: areas with fixed seats 3.0-4.0 2.5-7.0 (4.0
C3:areas without obstacles for moving people 3.0-5.0 4.0-7.0
C4: areas with possible physical activities 45-5.0 3.5-7.0
C5: areas susceptible to large crowds 5.0-75 3.5-45
Category D: shopping areas
D1:areas in general retail shops 4.0-5.0 3.5-7.0 (4.0)
D2:areas in department stores 4.0-5.0 3.5-7.0
Category E: Storage areas 6.5 7.0
Category F: traffic and parking areas for light 1.0-2.5 10.0-20.0
vehicles (<30 kN gross vehicle weight and <8 seats
not including driver)
Category G: traffic and parking areas for medium 5.0 40.0-90.0
vehicles (>30, <160 kN gross weight on two axles)
Category H: roofs not accessible except for normal 0.0-1.0 (0.4) 0.9-1.5 (1.0

maintenance and repair (roof slope <30°)

Notes: When a range is given in the table, the value may be set by the National Annex. Recommended
values, intended for separate applications, are underlined. Category E loads vary depending on
the storage height and the nature of what is being stored, refer EN 1991-1-1 [1].The minimum
values for general storage are shown.

The distributed and concentrated characteristic live loads should be considered
separately and design carried out for the most adverse effect.

At the time the structure is being designed, the magnitude and distribution
of the actual imposed load are never known exactly and it is not certain that
the specified imposed load will not be exceeded at some stage during the life-
time of the structure. Imposed loads may or may not be present at any partic-
ular time, they are not constant and their position can vary. Although part of
the imposed load is transient (short-term), some portion may be applied for
extended periods (long-term) and have effects similar to dead loads. Imposed
loads also arise during construction due to stacking of building materi-
als, equipment or the construction procedure (such as the loads induced by
floor-to-floor propping in multi-storey buildings). These construction loads
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must be anticipated and considered by the designer. Other variable actions
include the specified wind, earthquake, snow and temperature loads, and
these depend on the geographical location and the relative importance of the
structure (the mean return period). Wind loads on structures also depend on
the surrounding terrain and the height of the structure above the ground, and
characteristic values are specified in EN 1991-1-4 [3].

In design according to the Eurocodes, when different types of variable
actions are combined and assumed to act simultaneously, the characteristic
values are multiplied by combination factors, y,, y, or y,. The action y,Q,
is the combination value used for checking ultimate limit states and the
irreversible serviceability limit states to account for the reduced probability
that two or more independent variable actions will act simultaneously. The
action y, O, is termed the frequent value used to check both the ultimate
limit states when variable actions are combined with accidental actions and
the serviceability limit states under frequent levels of variable load.

The action ,Q, is the quasi-permanent value representing that por-
tion of Q, that is acting permanently or over a considerable part of each
day (more than 50%). It is used to check the ultimate limit states involving
accidental loads and for long-term serviceability limit states. Values of the
combination factors for some variable actions are given in Table 2.3.

2.3.2 Load combinations for the strength
limit states

The design loads used in the design for strength are the specified values dis-
cussed earlier multiplied by specified minimum load factors. With the built-
in allowance for overloads, the specified loads will not often be exceeded in

Table 2.3 Combination factors for some variable actions on buildings [4]

Variable action Yo v, v,

Imposed loads in buildings
Category A: domestic, residential areas 0.7 0.5 0.3
Category B: office areas 0.7 0.5 0.3
Category C:areas where people may congregate 0.7 0.7 0.6
Category D: shopping areas 0.7 0.7 0.6
Category E: storage areas, industrial use, access areas 1.0 0.9 0.8
Category F: traffic areas — light vehicles (<30 kN) 0.7 0.7 0.6
Category G: traffic areas — heavy vehicles (<160 kN) 0.7 0.5 0.3
Category H:roofs that are not accessible (except for 0.0 0.0 0.0

normal maintenance and repair)
Snow loads on buildings
For sites at altitudes >1000 m 0.7 0.5 0.2
For sites at altitudes <1000 m 0.5 0.2 0.0
Wind loads on buildings 0.6 0.2 0.0
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the life of a structure. The load factors applied to each load type, together
with factors of safety applied to the material strength (discussed subse-
quently), ensure that the probability of strength failure is extremely low. The
load factors depend on the type of load and the load combination under con-
sideration. For example, the load factors associated with permanent actions
(dead loads) are generally less than those for the variable actions (such as live
or wind loads) because the dead load is known more reliably and therefore
less likely to be exceeded. Load factors for the strength limit states are gener-
ally greater than 1.0. The exception is where one load type opposes another
load type. For example, when considering uplift caused by wind on a roof
member, the load factor on the weight of the roof is equal to 1.0.

The most common design load combination used to assess the strength
of a structural member in a building is the factored combination of the
permanent action G, and the imposed action (termed the primary variable
action Q,,) given by:

Y6Gi + Y1 Ok (2.1)

where v, is the partial safety factor to be applied to the permanent actions
and equals 1.35 when the permanent action is in the same direction as the
variable action (i.e. the unfavourable case) and 1.0 when the permanent
action opposes the variable action (i.e. the favourable case) and v is the
partial safety factor to be applied to the primary variable action and equals
1.5 for the unfavourable case and 0.0 for the favourable case.

More generally, EN 1990 [4] specifies that the design load at the ultimate
limits state should be taken as:

ZVG,in,/ +vpP + 71Ok + ZYQ,i\Vo,iQk,i (2.2)
i1 i1
where:

+ implies ‘to be combined with’
¥ implies ‘the combined effect of’
Yc,; is the partial safety factor for the j-th permanent action (G, )
Ye,; = 1.35 (unfavourable)
Ye,; = 1.0 (favourable)
Yp is the partial safety factor for the prestress (P)
vp = 1.3 for local effects (unfavourable)
vp = 1.0 for persistent and transfer design situations (favourable)
Yq.1 is the partial safety factor for the primary variable action (Q, ;)
Yq.1 = 1.5 (unfavourable)
Yq.1 = 0.0 (favourable)
Yq.i1s the partial safety factor for the i-th accompanying variable action (Q, ;)
Yq,; = 1.5 (unfavourable)
Yq,; = 0.0 (favourable)
Wo.;is the combination factor associated with i-th accompanying vari-
able action
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Where the magnitudes of the permanent actions vary from place to place
in a structure, the unfavourable and favourable parts should be considered
individually. EN 1990 [4] notes that the characteristic values of all per-
manent actions from one source are multiplied by ys = 1.35, if the total
resulting action effect is unfavourable, and by y = 1.0, if the total resulting
action effect is favourable. It is further noted that all actions originating
from the self-weight of the structure may be considered as coming from one
source even if different construction materials are involved.

An alternative to Equation 2.2, EN 1990 [4] specifies that the design
load may be taken as the lesser of the values given by the following
equations:

ZYG,ij,j +ypP + YQ,1\|10,1Q1<,1 + ZYQ,i\VO,iQk,i (2.3)
j=1 i>1

D &16,Gui + 1P +7iQur + D Ya, W0,k (2.4)
i>1 i>1

where & = 0.85 is a reduction factor for any unfavourable permanent action
so that &y ; = 1.15.

2.3.3 Load combinations for the stability
or equilibrium limit states

All structures should be designed so that the factor of safety against insta-
bility due to overturning, uplift or sliding is suitably high. EN 1990 [4]
requires that the structure remains stable under the design load given in
Equation 2.2, except that for the stability limit states:

Ye,; = 1.10 (unfavourable), y; ; = 0.90 (favourable)

Yq.1 = 1.5 (unfavourable), yq ; = 0.0 (favourable)

Yq,; = 1.5 (unfavourable), yq,; = 0.0 (favourable)

vp = 1.3 for global analysis (unfavourable), y, = 1.0 (favourable)

The loads causing instability should be separated from those tending to
resist it. The design action effect is then calculated from the loads and
forces tending to cause a destabilising effect (with unfavourable factors).
The design resistance effect is calculated from the permanent actions or
loads tending to cause a stabilising effect, i.e. resisting instability (with
favourable factors). The structure should be so proportioned that its design
resistance effect is not less than the design action effect.

Consider, for example, the case of a standard cantilever retaining wall.
The overturning moment caused by both the lateral earth pressure and the
lateral thrust of any permanent and imposed action surcharge is calculated
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using load factors 1.10 for all permanent actions and 1.50 for all imposed
loads. To provide a suitable margin of safety against stability failure, the
factored overturning moment should not be greater than 0.9 times the sum
of the restoring moments caused by the self-weight of the wall, the weight of
the backfill and any other permanent surcharge above the wall.

2.3.4 Load combinations for the serviceability
limit states

The design actions to be used in serviceability calculations are the day-to-day
service loads, and these may be less than the specified actions. For example,
the specified imposed actions Q have a built-in allowance for overload and
impact. There is a low probability that they will be exceeded. It is usually
not necessary, therefore, to ensure acceptable deflections and crack widths
under the full specified loads. The use of the actual load combinations under
normal conditions of service (i.e. the expected loads) is more appropriate.

The combinations of actions for the serviceability limit states also utilise
the combination factors vy, y, and y, as specified in Table 2.3 and are as
follows [4]:

1. Characteristic combination:

ZGk,/ +P+ Qi + Z\Vo,iQk,i (2.5)

i1 i>1

The characteristic combination is used for the irreversible limit states,
i.e. the serviceability limit states where some consequences of actions
exceeding the specified service requirements will remain when the
actions are removed.

2. Frequent combination:

ZGk,/ +P+yi O + Z\Vz,i O (2.6)

i>1 i>1

The frequent combination is used for the reversible limit states, i.e.
the serviceability limit states where no consequence of actions exceed-
ing the specified service requirements will remain when the actions
are removed.

3. Quasi-permanent combination:

ch,,- +P+ Z"’Z”' O (2.7)

=1 i>1

The quasi-permanent combination is used for long-term effects and
the appearance of the structure.
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2.4 DESIGN FOR THE STRENGTH LIMIT STATES

2.4.1 General

The design strength of a member or connection must always be greater
than the design action effect produced by the most severe factored load
combination (as outlined in Section 2.3.2). On a particular cross-section,
the design action effect may be the design axial load Ny, the design shear
force Vi, the design bending moment My, a design twisting moment Ty,
or a combination of these. The design strength of a cross-section is a con-
servative estimate of the actual strength of the cross-section obtained using
partial safety factors applied to the strengths of the concrete, tendons and
conventional reinforcement.

2.4.2 Partial factors for materials

The design value X, of a material property is expressed in general terms as:

X
Xy =n2k (2.8)

Ym

where X, is the characteristic material property (see Chapter 4); 1 is the
mean value of the conversion factor taking into account volume and scale
effects, the effects of moisture and temperature and any other relevant
parameter and vy, is the partial factor for the material property taking
account of the possibility of an unfavourable deviation of a material prop-
erty from its characteristic value and the random part of the conversion
factor 1.

Alternatively, in appropriate cases, the conversion factor n may be implic-
itly taken into account within the characteristic value itself or by using y,,
instead of y,:

_ X
M

Xy (2.9)

The design value X, can be determined by using values of X, obtained
from measured physical properties, empirical estimates from known chem-
ical composition, previous experience, or from values given in European
Standards or other appropriate documents.

The partial factors for materials account for the inherent uncertainties
in the estimation of material strengths, variations in member sizes and
steel positions, uncertainties in the accuracy of the method used to predict
member or cross-sectional behaviour, uncertainties in construction and
workmanship and the ductility of the material. The recommended partial
factors for materials specified in EN 1992-1-1 [5] for use in Equation 2.9
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Table 2.4 Partial factors for materials for ultimate limit states [5]

Design situation Yc for concrete s for reinforcing steel vy for prestressing steel

Persistent and 1.5 I.15 I.15
transient

Accidental 1.2 1.0 1.0

for ‘persistent and transient’ design situations and for ‘accidental’ design
situations are given in Table 2.4.

In certain situations, where measures are taken to reduce the uncertainty
in the calculated design strength, reduced values for y. and y may be used.
For example, for persistent and transient design situations, y. may be reduced
to 1.4 and yq reduced to 1.1, if the construction is to be subject to quality con-
trol sufficient to satisfy the tolerances given in Table A.1 in EN 1992-1-1 [5].

2.5 DESIGN FOR THE SERVICEABILITY LIMIT STATES

2.5.1 General

When designing for serviceability, the designer must ensure that the
structure behaves satisfactorily and can perform its intended function at
service loads. Deflection (or camber) must not be excessive, cracks must be
adequately controlled and no portion of the structure should suffer exces-
sive vibration. Design for serviceability usually first involves a linear-elastic
analysis of the structure to determine the internal actions under the most
severe combination of actions for the serviceability limit states (see Section
2.3.4) and then the determination of the deformation of the structure
accounting for the non-linear and inelastic behaviour of concrete under
in-service conditions.

The design for serviceability is possibly the most difficult and least
well-understood aspect of the design of concrete structures. Service load
behaviour depends primarily on the properties of the concrete, which are
often not known reliably. Moreover, concrete behaves in a non-linear man-
ner at service loads. The non-linear behaviour of concrete that complicates
serviceability calculations is caused by cracking, tension stiffening, creep
and shrinkage.

In modern concrete structures, serviceability failures are relatively
common. The tendency towards higher-strength materials and the use of
ultimate strength design procedures for the proportioning of structures has
led to shallower, more slender elements, and consequently, an increase in
deformations at service loads. As far back as 1967 [13], the most common
cause of damage in concrete structures was due to excessive slab deflec-
tions. If the incidence of serviceability failure is to decrease, the design for
serviceability must play a more significant part in routine structural design,
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and the structural designer must resort more often to analytical tools that
are more accurate than those found in most building codes. The analytical
models for the estimation of in-service deformations outlined in Chapter §
provide designers with reliable and rational means for predicting both the
short-term and time-dependent deformations in prestressed concrete struc-
tures. A comprehensive treatment of the in-service and time-dependent
analysis of concrete structures is provided in Reference [12].

The level of prestress in beams and slabs is generally selected to satisfy
the serviceability requirements. The control of cracking in a prestressed
concrete structure is usually achieved by limiting the stress increment in the
bonded reinforcement (caused by the application of the full service load) to
some appropriately low value and ensuring that the bonded reinforcement
is suitably distributed.

2.5.2 Deflection limits

The design for serviceability, particularly the control of deflections, is fre-
quently the primary consideration when determining the cross-sectional
dimensions of beams and floor slabs in concrete structures. This is par-
ticularly so in the case of slabs, as they are typically thin in relation to
their spans and are therefore deflection sensitive. It is stiffness rather than
strength that usually controls the design of slabs.

EN 1992-1-1 [5] specifies two basic approaches for deflection control.
The first and simplest approach is deflection control by the satisfaction of a
maximum span-to-depth ratio. However, the code only provides guidance
on limiting span-to-depth ratios for reinforced concrete beams and slabs in
buildings and does not cover prestressed concrete. The second approach is
deflection control by the calculation of deflection (or camber) using appro-
priate models of material and structural behaviour. This calculated deflec-
tion should not exceed the deflection limits that are appropriate to the
structure and its intended use. The deflection limits should be selected by
the designer and are often a matter of engineering judgement.

There are three main types of deflection problem that may affect the
serviceability of a concrete structure:

1. where excessive deflection causes either aesthetic or functional
problems;

2. where excessive deflection results in unintended load paths or damage
to either structural or non-structural elements attached or adjacent to
the member; and

3. where dynamic effects due to insufficient stiffness cause discomfort to
occupants.

Examples of deflection problems of Type 1 include visually unacceptable
sagging (or hogging) of slabs and beams and ponding of water on roofs.
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Type 1 problems are generally overcome by limiting the magnitude of the
final long-term deflection (here called total deflection) to some appropri-
ately low value. The total deflection of a beam or slab in a building is
usually the sum of the short-term and time-dependent deflections caused
by the permanent actions (including self-weight), the prestress (if any), the
expected imposed actions and the load-independent effects of shrinkage
and temperature change.

EN 1992-1-1 [5] supports the ISO 4356 [14] recommendation that the
appearance of a structure or its ability to perform its intended function may
be impaired, if the calculated final sag of a beam or slab under the quasi-
permanent loads exceeds span/250. However, the total deflection limits
that are appropriate for a particular member and its intended function will
vary from member to member and structure to structure depending on its
use and purpose. For example, a total deflection limit of span/250 may be
appropriate for the floor of a car park but would be entirely inadequate
for a gymnasium floor that is required to remain essentially plane under
service conditions and where functional problems arise at very small total
deflections.

Examples of Type 2 problems include, among others, deflection-induced
damage to ceiling or floor finishes, cracking of masonry walls and other
brittle partitions, improper functioning of sliding windows and doors, tilt-
ing of storage racking and so on. To avoid these problems, a limit must be
placed on that part of the total deflection that occurs after the attachment
of the non-structural elements in question, i.e. the incremental deflection.
The incremental deflection that occurs after construction is the sum of the
long-term deflection due to all the sustained loads and shrinkage, the short-
term deflection due to the transitory imposed actions and the short-term
deflection due to any permanent actions applied to the structure after the
attachment of the non-structural elements under consideration, together
with any temperature-induced deflection.

EN 1992-1-1 [5] confirms the recommendation of ISO 4356 [14] that
the deflection that occurs after construction under the quasi-permanent
loads should normally not exceed span/500. However, the deflection that
could damage adjacent parts of the structure (including brittle partitions
and finishes) should be assessed and limited depending on the sensitivity
of the adjacent elements. In many cases, a limiting deflection of span/500
will be acceptable, but in some situations a more onerous requirement may
be appropriate depending on the provisions made to minimise the effect of
movement. Incremental deflections of span/500 can, in fact, cause crack-
ing in supported masonry walls, particularly when doorways or corners
prevent arching and when no provisions are made to minimise the effect
of movement.

Type 3 deflection problems include the perceptible springy vertical motion
of floor systems and other vibration-related problems. Very little quantita-
tive information for limiting this type of deflection problem is available in
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codes of practice. For a member subjected to vehicular or pedestrian traf-
fic, the Australian Standard AS3600-2009 [15] requires that the deflection
caused by imposed actions be less than span/800. For a floor that is not
supporting or attached to non-structural elements likely to be damaged
by large deflection, ACI 318M-14 [16] places a limit of span/360 on the
short-term deflection due to imposed actions. These limits provide mini-
mum requirements for the stiffness of members that may, in some cases,
be sufficient to avoid Type 3 problems. Such problems are potentially the
most common for prestressed concrete floors, where load balancing is often
employed to produce a nearly horizontal floor under the permanent actions
and the bulk of the final deflection is due to the transient imposed actions.
Such structures are generally uncracked at service loads, the total deflection
is small and Types 1 and 2 deflection problems are easily avoided.

2.5.3 Vibration control

Where a structure supports vibrating machinery or is subjected to any other
significant dynamic load (such as pedestrian traffic), or where a structure
may be subjected to ground motion caused by earthquake, blast or adjacent
road or rail traffic, vibration control becomes an important design require-
ment. This is particularly so for slender structures, such as tall buildings or
long-span beams or slabs.

Vibration is best controlled by isolating the structure from the source of
vibration. Where this is not possible, vibration may be controlled by limit-
ing the frequency of the fundamental mode of vibration of the structure
to a value that is significantly higher than the frequency of the source of
vibration. The minimum frequency of the fundamental mode of vibration
of a beam or slab depends on the function of the building and the source of
the vibration. For example, when the only source of vibration is pedestrian
traffic, 5 Hz is often taken as the minimum frequency of the fundamental
mode of vibration of a beam or slab [17,18]. For detailed design guidance
on dealing with floor vibrations, reference should be made to specialist
literature such as [19-22].

2.5.4 Crack width limits

In the design of a prestressed concrete structure, the calculation of crack
widths is rarely required. Crack control is deemed to be provided by
appropriate detailing of the reinforcement and by limiting the stress in
the reinforcement crossing the crack to some appropriately low value (see
Section 5.12). The limiting steel stress depends on the maximum acceptable
crack width for the structure and that in turn depends on the structural
requirements and the local environment. The maximum crack widths rec-
ommended in EN 1992-1-1 [5] are given in Table 2.5 for the various expo-
sure classes defined in the code and outlined in Table 2.6.
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Table 2.5 Recommended values for maximum final design crack width, w, ., (mm) [5]

Reinforced members and

prestressed members with Prestressed members with
unbonded tendons bonded tendons
Quasi-permanent load Frequent load combination
Exposure class combination
X0, XCl 0.4 0.2
XC2,XC3,XC4 0.3 0.2b
XDI,XD2, XSI, XS2, XS3 0.3 Decompression©

2 In exposure classes X0 and XCl, the crack width does not influence durability. This limit is set
to ensure acceptable appearance. In the absence of appearance requirements, this limit may be
relaxed.

® For exposure classes XC2, XC3 and XC4, in addition to this limit, decompression should be
checked under the quasi-permanent load combination.

¢ The decompression limit requires that all parts of the bonded tendons or duct lie at least 25 mm
within the compressive concrete.

2.5.5 Partial factors for materials

EN 1992-1-1 [5] recommends that the values of the partial factors to be
applied to the material properties used in calculations to verify the service-
ability limit states should be taken as 1.0 for both concrete and steel, except
if specified differently elsewhere in the code [5] or in the National Annex
of the relevant country.

2.6 DESIGN FOR DURABILITY

A durable structure is defined in EN 1992-1-1 [5] as one that meets ‘the
requirements of serviceability, strength and stability throughout its design
working life, without significant loss of utility or excessive unforeseen
maintenance’. Design for durability is an important part of the design pro-
cess. The design life for most concrete structures is typically 50-100 years,
but prestressed concrete structures are often required to have a design
life in excess of 100 years, particularly for large bridges and monumental
structures. It is important to ensure that the concrete and the steel do not
deteriorate significantly during the design life of the structure so that main-
tenance and repair costs are kept to a minimum. Of course, for a structure
in service for 100 years, some maintenance costs are inevitable, but exces-
sive repair and maintenance can result in uneconomical life-cycle costs.
Accurate and reliable models for the deterioration of concrete with time
and for the initiation and propagation of corrosion in the steel reinforce-
ment and tendons are difficult to codify. According to EN 1992-1-1 [5], the
design for durability begins with the selection of an exposure class for the
various regions and surfaces of the structure (see Table 2.6). This is then
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Table 2.6 Exposure classes for reinforced and prestressed concrete [5]

Class Environment

No risk of corrosion

X0 Very dry, e.g. inside buildings with very low air humidity

Corrosion induced by carbonation

XCl Dry or permanently wet, e.g. inside buildings with low air humidity;
permanently submerged in water

XC2 Wet, rarely dry, e.g. surfaces subjected to long-term water contact; many
foundations

XC3 Moderate humidity, e.g. inside buildings with moderate to high air

humidity; external (sheltered from rain)

XC4 Cyclic wet and dry, e.g. surfaces subjected to water contact (not within
exposure class XC2)

Corrosion induced by chlorides (not from sea water)

XDl Moderate humidity, e.g. surfaces exposed to airborne chlorides

XD2 Wet, rarely dry, e.g. swimming pools; surfaces exposed to industrial
waters containing chlorides

XD3 Cyclic wet and dry, e.g. parts of bridges exposed to spray containing

chlorides; pavements; car park slabs

Corrosion induced by chlorides from sea water

XSI Exposed to airborne salt but not in direct contact with sea water,
e.g. structures near to or on the coast

XS82 Permanently submerged, e.g. parts of marine structures

XS3 Tidal, splash and spray zones, e.g. parts of marine structures

Freeze/thaw attack

XFl Moderate water saturation, without de-icing agents, e.g. vertical surfaces
exposed to rain and freezing
XF2 Moderate water saturation, with de-icing agents, e.g. vertical surfaces of

road structures exposed to freezing and airborne de-icing agents

XF3 High water saturation, without de-icing agents, e.g. horizontal surfaces
exposed to rain and freezing

XF4 High water saturation, with de-icing agents or sea-water, e.g. road and
bridge decks exposed to de-icing agents; surfaces exposed to direct
spray containing de-icing agents and freezing; splash zones of marine
structures and freezing

Chemical attack

XAl Slightly aggressive environment, e.g. natural soils and ground water
XA2 Moderately aggressive environment, e.g. natural soils and ground water
XA3 Highly aggressive environment, e.g. natural soils and ground water
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followed by the satisfaction of a range of deemed-to-comply design require-
ments, including requirements relating to concrete quality (both in terms of
minimum compressive strength and restrictions on the chemical content),
concrete cover to the steel reinforcement (and tendons) and curing of the
concrete.

Good quality, well-compacted concrete, with low permeability and ade-
quate cover to the reinforcement and tendons are the essential prerequi-
sites for durable structures. In Table 2.7, the minimum strength class for
concrete (see Section 4.3.2) specified in EN 1992-1-1 [5] is provided for
each of the exposure classes in Table 2.6 for a design life of 50 years and a
design life of 100 years. Also provided in Table 2.7 is the minimum cover
Cmindur NECEssary to protect the steel reinforcement and tendons against
corrosion.

These durability requirements may result in higher concrete strength and
higher cover to the reinforcement and tendons than are required for other
aspects of the structural design. In addition, design requirements are also
specified in the code to ensure structures resist unacceptable deterioration
due to abrasion from traffic, cycles of freezing and thawing and contact
with aggressive soils.

2.7 DESIGN FOR FIRE RESISTANCE

In addition to satisfying the other design requirements, prestressed concrete
structures must be able to fulfil their required functions when exposed to
fire for at least a specified period. This means that a structure should main-
tain its structural adequacy (load carrying capacity) for a specified period
(called the Standard fire resistance period). In the case of walls and slabs,
the structure must also maintain its integrity for a specified period so as to
prevent the passage of flames or hot gases through the structure. In addi-
tion, a wall or slab must maintain its ability to prevent ignition of combus-
tible material in the compartment beyond the surface exposed to the fire
(structural insulation).

Fire resistance depends on the cover to the steel reinforcement and ten-
dons and the member thickness. The requirements for the fire resistance of
concrete structures are specified in EN 1992-1-2 [10], where the minimum
fire resistance periods for concrete structures and structural components
are specified, together with a range of deemed-to-comply provisions that
ensure their satisfaction. For example, Table 2.8 provides possible combi-
nations of minimum values of the beam width b at the level of the bottom
tensile reinforcement and the average axis distance a for the bottom tensile
reinforcing bars in beams exposed to fire for various fire resistance peri-
ods, together with the minimum web width &, (for webs of varying width).
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Table 2.7 Minimum concrete strength and concrete cover for durability for normal
weight concrete [5]

Minimum Minimum concrete cover for durability, ¢, 4. (MM)
Exposure E:rrz;rgettﬁ 50-year design life 100-year design life
class class Reinforcing steel Tendons Reinforcing steel ~ Tendons
X0 Cl2/15 10 10 20 20
XCl C20/25 15 25 25 35
XC2 C25/30 25 35 35 45
XC3 C30/37 25 35 35 45
XC4 C30/37 30 40 40 50
XDl C30/37 35 45 45 55
XD2 C30/37 40 50 50 60
XD3 C35/45 45 55 55 65
XSI C30/37 35 45 45 55
XS2 C35/45 40 50 50 60
XS3 C35/45 45 55 55 65
XFI C30/37
XF2 C30/37 Special at.tgntion should be givgn to the concrete

composition and to the selection of concrete cover.

XF3 C30/37 In most situations, concrete covers specified for class XD
XF4 C30/37 will be satisfactory for classes XFI, XF2 and XAl, concrete
XAl C30/37 covers specified for class XD2 will be satisfactory for
XA2 C30/37 classes XF3, XF4, XA2 and concrete covers specified for

XA3 C35/45 class XD3 will be satisfactory for classes XA3.

Similarly, Table 2.9 provides possible combinations of minimum values
for the smallest dimension b of a column cross-section and average axis
distance a for the reinforcing bars in columns exposed to fire. The axis
distance is the minimum distance from the axis of a reinforcing bar to the
nearest concrete surface. In preparing Table 2.8, it has been assumed that
the flexural resistance in a fire is not less than 70% of the flexural resis-
tance under normal conditions of service. Table 2.10 shows the minimum
dimension b, of a slab exposed to fire, where b, is the sum of the thickness
of the slab and the thickness of any non-combustible flooring on top of the
slab. Also shown in Table 2.10 is the minimum axis distance to the bottom
tensile reinforcement in the slab. In the absence of more detailed calcula-
tions, the minimum axis distances specified in Tables 2.8 and 2.10 should
be increased by 10 mm for prestressing bars and 15 mm for prestressing
wires and strand.
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Table 2.8 Minimum dimensions b, b, and a (in mm) for beams exposed to fire [5]

Standard fire Simply-supported beams Continuous beams
resistance (min) b a b, b a b,,
30 80 25 80 80 15 80
160 I5 160 12
60 120 40 100 120 25 100
200 30 200 12
90 150 55 1o 150 35 1o
300 40 250 25
120 200 65 130 200 45 130
300 55 300 35
500 50 500 30
180 240 80 150 240 60 150
300 70 400 50
600 60 600 40
240 280 90 170 280 75 170
350 80 500 60
700 70 700 50

Table 2.9 Minimum dimensions b and a (in mm) for columns in a fire [5]

Columns exposed

Columns exposed on more than one side on one side
Standard fire pst = 0.2 pet = 0.51 a2 =0.71 pe2 = 0.7
resistance (min) b a b a b a b a
30 200 25 200 25 200 32 155 25
300 27
60 200 25 200 36 250 46 155 25
300 31 350 40
90 200 31 300 45 350 53 155 25
300 25 400 38 450 40
120 250 40 3500 45> 3506 57° 175 35
350 35 4500 40° 450>  5|°
180 3500 45> 3500 63° 450>  70° 230 55
240 3500 61° 4500 75° - - 295 70

2 1y, is the ratio of axial load in a fire to design resistance of the column at normal temperatures.
5 Column must contain a minimum of eight bars.
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Table 2.10 Minimum dimensions h, and a (in mm) for a slab exposed to fire [5]

Axis distance, a

Two-way slab (I, > 1)

Standard fire Floor thickness,

resistance (min) hy One-way slab I < 1.5 1.5<I/I, <20
30 60 10 10 10
60 80 20 10 I5
90 100 30 I5 20

120 120 40 20 25

180 150 55 30 40

240 175 65 40 50

In design, the cover to the reinforcing bars and tendons must satisfy both
the requirements for fire and the requirements for durability.

2.8 DESIGN FOR ROBUSTNESS

Robustness is the requirement that a structure should be able to withstand
damage to an element without total collapse of the structure or a signifi-
cant part of the structure in the vicinity of the damaged element. A struc-
ture should be designed so that should a local accident occur, then the
damage should be contained within an area local to the accident. Should
one member be removed, for example, the remainder of the structure
should hang together and not precipitate a progressive collapse. For this
requirement to be satisfied, the members and materials of construction
must have adequate ductility. In particular, the reinforcement and tendons
assumed in design to constitute the ties in the structure, must obviously be
highly ductile. Robustness reduces the consequences of gross errors or of
local structural failures.

EN 1992-1-1 [5] requires that structures that are not specifically designed
to withstand accidental actions should have a suitable tying system to pre-
vent progressive collapse and to provide an alternative load path after
accidental damage. Structures should be designed and detailed such that
adjacent parts of the structure are tied together in both the horizontal and
vertical planes so that the structure can withstand an event without being
damaged to an extent disproportionate to that event.
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Chapter 3

Prestressing systems

3.1 INTRODUCTION

Prestressing systems used in the manufacture of prestressed concrete have
developed over the years, mainly through research and development by spe-
cialist companies associated with the design and execution of prestressed
concrete structures. These companies are often involved in other associated
works, including soil and rock anchors, lifting of heavy structures, cable-
stayed bridges and suspension bridges that require specialist expertise and
patented materials, equipment and design. Information on the products of
each company is generally available directly from the respective company
or from its website.

This chapter describes and illustrates the basic forms of prestressing and
the components used for prestressing. These include the steel tendons used
to prestress the concrete, namely the wire, strand and bar, together with
the required anchorages, ducts and couplers. The specialised equipment
required for stressing and grouting of the ducts in post-tensioning appli-
cations is illustrated, and the basic principles and concepts of the various
systems are provided, including illustrations of the various prestressing
operations. The material properties of both the concrete and steel used in
the design of prestressed concrete are detailed and discussed in Chapter 4.

3.2 TYPES OF PRESTRESSING STEEL

There are three basic types of high-strength steel commonly used as ten-
dons in prestressed concrete construction.

1. Cold-drawn stress-relieved round wire;

2. Stress-relieved strand; and
3. High-strength alloy steel bars.

47
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The term tendon is generally defined as a wire, strand or bar (or any dis-
crete group of wires, strands or bars) that is intended to be either pretensioned
or post-tensioned.

Wires are cold-drawn solid steel elements, circular in cross-section, with
diameter usually in the range of 2.5-12.5 mm. Cold-drawn wires are pro-
duced by drawing hot-rolled medium to high carbon steel rods through
dies to produce wires of the required diameter. The drawing process cold
works the steel, thereby altering its mechanical properties and increasing its
strength. The wires are then stress-relieved by a process of continuous heat
treatment and straightening to improve ductility and produce the required
material properties (such as low-relaxation). The typical characteristic ten-
sile strength £, for wires is in the range of 1570-1860 MPa. Wires are
sometimes indented or crimped to improve their bond characteristics.
Wires’ diameters vary from country to country, but most commonly, wire
diameters are in the range of 4—8 mm. In recent years, the use of wires in
prestressed concrete construction has declined, with 7-wire strand being
preferred in most applications.

Stress-relieved strand is the most commonly used prestressing steel. Both
7-wire and 19-wire strands are available. Seven-wire strand consists of six
wires tightly wound around a seventh, slightly larger diameter, central core
wire, as shown in Figure 3.1a. The pitch of the six spirally wound wires
is between 12 and 18 times the nominal strand diameter. The nominal

Figure 3.1 Types of strand. (a) 7-wire strand. (b) 19-wire strand — alternative cross-
sections. (c) Cable consisting of seven 19-wire strands.
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diameters of the 7-wire strands in general use are in the range of 7-15.2 mm,
with typical characteristic tensile strength in the range of 1760-2060 MPa.
Seven-wire strand is widely used in both pretensioned and post-tensioned
applications. Nineteen-wire strand consists of two layers of 9 wires or alter-
natively two layers of 6 and 12 wires spirally wound around a central wire.
The pitch of the spirally wound wires is 12-22 times the nominal strand
diameter. The nominal diameters of 19-wire strands in general use are in
the range of 17-22 mm, and typical cross-sections are shown in Figure 3.1b.
Nineteen-wire strand is used in post-tensioned applications, but because of
its relatively low surface area to volume ratio, it is not recommended for
pretensioned applications, where the transfer of prestress relies on the sur-
face area of the strand available for bond to the concrete.

Strand may be compacted by drawing the strand through a compact-
ing die, thereby reducing the diameter, while maintaining the same cross-
sectional area of steel. Compacting strand also facilitates the gripping of
the strand at its anchorage.

The mechanical properties of the strand are slightly different from those
of the wire from which it is made. This is because the stranded wires tend
to straighten slightly when subjected to tension, thus reducing the appar-
ent elastic modulus. For design purposes, the yield stress of stress-relieved
strand is about 0.86f, and the elastic modulus is E, = 195 x 10° MPa.

Cables consist of a group of tendons often formed by multiwire strands
woven together as shown in Figure 3.1c. Stay cables used extensively in
cable-stayed and suspension bridges are generally made directly from
strands.

High-strength alloy steel bars are hot rolled with alloying elements intro-
duced into the steel making process. Some bars are ribbed to improve bond.
Bars are single straight lengths of solid steel of greater diameter than wire,
with diameters typically in the range of 20—50 mm and with typical char-
acteristic minimum breaking stresses in the range of 1030-1230 MPa.

3.3 PRETENSIONING

As the name implies, pretensioning involves the tensioning of steel strands
prior to casting of the concrete and was introduced in Section 1.2.1. The
prestressing operation requires an appropriate tensioning bed for the pre-
cast elements, bulk heads at both ends to anchor the individual strands
and formwork for the precast concrete elements. A typical pretensioning
bed is shown in Figure 3.2a. Pretensioning is often carried out in a factory
environment where the advantages of quality control and mass production
can be achieved. Pretensioning the strands can be achieved by stressing
multiple strands or wires simultaneously or by stressing each strand or wire
individually. Set-ups for multi-strand stressing and single-strand stressing
are shown in Figure 3.2a and b, respectively.
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Figure 3.2 Pretensioning beds. (Courtesy of VSL International Limited, Hong Kong,
China.) (a) Multi-strand pretensioning. (b) Single-strand pretensioning.

The application of prestress to the structure or structural element, for
most practical cases, involves the use of a hydraulic jack to stress either
single-strand tendons or groups of strands in a tendon (multi-strand ten-
dons). Prestressing jacks are hydraulically operated by pumping oil under
pressure into a piston device, thereby elongating the tendon and increasing
the tension in the tendon. When the required tendon elongation is achieved,
each end of the tendon is anchored to the bulkhead using wedges that grip
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the strand at the anchorage. The following sequence of operations is typical
for multi-strand pretensioning:

1. The strands are laid out in a pretensioning bed, as illustrated in Figure
3.2, where ram jacks are positioned next to the bulkhead and are
extended to ensure that sufficient distance is available for the defor-
mations to take place at transfer. The stroke of the ram jacks must be
longer than the desired elongation of the strands.

2. The formwork moulds are closed and the strands are then stressed.

. Concrete is poured.

4. When the concrete reaches its transfer strength, the load from the
strands is transferred to the concrete by allowing the ram jacks to
gradually retract, and the load is transferred to the concrete members.
The strands are cut after the ram jacks are fully retracted. The pre-
stressing force is transferred by a combination of friction and bond
between the concrete and the steel.

o8]

Whilst not now in common use, deflection or harping of the strands, if
required in design, can be achieved by either anchoring the strand or wire
in the bed of the unit, or by the use of a hydraulic ram or harping device to
hold the pretensioned strand in the desired position whilst the concrete is
cast and cured, prior to the transfer of the prestressing force to the precast
elements. The harping device deflects the strands and provides a varying
eccentricity of the prestressing force within the concrete member.

3.4 POST-TENSIONING

Post-tensioning of concrete was introduced in Section 1.2.2 and is used in a
wide range of structures to apply prestress, usually on-site. Post-tensioning
offers significant flexibility in the way the prestress is applied to a structure,
with the tendon profiles readily adjusted to suit the applied loading and the
support conditions. Post-tensioning lends itself to stage stressing, whereby
increments of prestress are applied as required at different stages of con-
struction as the external loads progressively increase.

Post-tensioned systems consist of corrugated galvanised steel or plastic
ducts (with grout vents for bonded tendons), prestressing strands, anchor-
ages and grout for bonded tendons. The post-tensioned tendon profile is
achieved by fixing the ducts to temporary supports (often attached to the
non-prestressed reinforcement in a beam) at appropriate intervals within the
formwork. For slabs on ground, the strands are generally supported on bar
chairs, as can be seen in Figure 3.3. The ducts that house the prestressing
tendons may be fabricated from corrugated steel sheathing or, in more recent
developments, plastic ducting, as shown in Figure 3.4a and b, respectively.
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Figure 3.3 Examples of post-tensioned slabs before concrete casting. (Courtesy of
VSL Australia Limited, Sydney, New South Wales, Australia.)

(b)

Figure 3.4 Post-tensioning ducts. (Courtesy of VSL International Limited, Hong Kong,
China.) (a) Corrugated metal duct. (b) Plastic ducting.

Figure 3.5 illustrates a schematic of the layout of a post-tensioning strand in
a typical continuous floor slab. The details would also apply for a continuous
beam. The prestressing tendon follows a profile determined from the design
loading, and the location and type of supports. After casting, the concrete
is allowed to cure until it reaches the required transfer strength. Depending
on the system being used, or the requirement of the structural design, an
initial prestressing force is sometimes applied when the concrete compressive
strength reaches about 10 MPa (to facilitate the removal of forms), with the
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Grouting tube Grout vent
\ Duct / Grout vent ~
|:| Live-end (or stressing) |:|
anchorage Dead-end anchorage

Figure 3.5 Tendon layout and details in a continuous post-tensioned slab.

strands re-stressed up to the initial jacking force at a later stage when the
concrete has gained its required strength at transfer.

In many parts of the world, it is a usual practice for the ducts to be
grouted after the post-tensioning operation has been completed. Grout is
pumped into the duct at one end under pressure. Grout vents are located at
various locations along the duct (as shown in Figure 3.5) to ensure that the
wet grout completely fills the duct during the grouting operation.

After the grout has set, the post-tensioned tendon is effectively bonded
to the surrounding concrete. The grout serves several purposes including
higher utilisation of the prestressing steel in bending under ultimate limit
state conditions, better corrosion protection of the tendon and, importantly,
the prevention of failure of the entire tendon due to localised damage at the
anchorage or an accidental cutting of the strand. Further discussion of the
advantages and disadvantages of both bonded and unbonded prestressed
concrete is presented in Section 3.5.

The prestress is applied by a hydraulic jack (Figures 3.6a and b) reacting
against the concrete at the stressing anchorage located at one end of the
member, usually referred to as the live end. A small handheld jack stressing
the individual strands in a slab duct is shown in Figure 3.6c. The live end
of a post-tensioning anchorage system has several basic components com-
prising an anchor head, associated wedges required to anchor the strands
and an anchorage casting or bearing plate. While these anchorages come
in many shapes and sizes, the load transfer mechanism of these anchorages
remains essentially the same. The stressing operation involves the hydraulic
jack pulling the strands protruding behind the anchorage until the required
jacking force is reached. Typical live-end anchorages for a flat ducted ten-
don are shown in Figures 3.6d and e.

Prestressing strands at the live end of a slab tendon before post-tension-
ing are shown in Figure 3.7a, and the wedges used to clamp the strand are
shown in Figure 3.7b. It is common practice to paint the strands before
post-tensioning (as shown in Figure 3.7¢) to enable the elongation of each
strand to be readily measured after the stressing operation (Figure 3.7d).
After jacking, the post-tensioned strands are anchored by the wedges in the
anchor head, and the load is transferred from the jack to the structure via
the anchor casting or bearing plate.
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(e)

Figure 3.6 Typical hydraulic jacks and live-end anchorage details. (Courtesy of VSL
International Limited, Hong Kong, China; VSL Australia Limited, Sydney,
New South Wales, Australia.) (a) Hydraulic jacks for multi-strand stressing.
(b) Hydraulic jacks for individual strand stressing. (c) Post-tensioning indi-
vidual strands in a slab duct. (d) Live-end anchorage components. (e) Live-end
anchorage with confining steel and grout vent.

Although the live anchorage can also be used at an external non-stressing
end, when stressing is only required from one end of the member, the non-
stressing end often takes the form of an internal dead-end anchorage where
the ends of the strands are cast in the concrete. Whilst many forms of
this anchorage exist, the principle is to create a passive anchorage block
by either spreading out the exposed strand bundle to form local anchor
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(c) (d)

Figure 3.7 Post-tensioning of strands. (Courtesy of VSL International Limited, Hong
Kong, China; VSL Australia Limited, Sydney, New South Wales, Australia.)
(@) Strands before post-tensioning. (b) Anchorage wedge components.
(c) Painting of strands before post-tensioning. (d) Stressing the first of the
painted strands.

nodules/bulbs at the extremities beyond the duct (Figure 3.8a) or by means
of swaged barrels clamped on the strands and bearing against a steel plate
(Figure 3.8b). The duct is sealed to prevent the ingress of concrete during
construction. The tendon is stressed only after the surrounding concrete
has reached its required transfer strength.

Typical anchorage systems for use with multi-strand arrangements are
shown in Figure 3.9, and a typical post-tensioning installation is shown in
Figure 3.10a, with the end anchorage after completion of the prestressing
operation shown in Figure 3.10b. Figure 3.10c shows the grinding of the
strands after the stressing is completed.

Tendon couplers and intermediate anchorages can be used to connect
tendons within a member. Typical examples of coupling and intermediate
anchorages are shown in Figure 3.11.

A well-designed grout mix and properly grouted tendons are important to
the durability of the structure. The success of a grouting operation depends
on many factors, including the correct placement of the grout vents for the
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Figure 3.8 Dead-end anchorage arrangements. (Courtesy of VSL Australia Limited,
Sydney, New South Wales, Australia.) (a) Strands with crimped wires (onion
end). (b) Swaged barrel end plate.

Figure 3.9 Typical multi-strand tendon anchorages. (Courtesy of VSL Australia Limited,
Sydney, New South Wales, Australia.)

injection of grout and for expelling the air in the duct at the grout outlets.
Vents are required at the high points of the tendon profile to expel the air in
the ducts as the grout is injected into the duct at the tendon end or anchor-
age point of the tendon. Vents at or near the high points allow air and water
to be removed from the crest of the duct profile. Grout emitted from the
vent at the far end of the duct signals that the duct is completely filled with
grout. The use of temporary or permanent grout caps ensures complete
filling of the anchorages and permits the verification of the grouting at a
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(a) (b)

Figure 3.10 Multi-strand jack and anchorage operations. (Courtesy of VSL Australia
Limited, Sydney, New South Wales, Australia.) (a) Jacking the strands.
(b) Anchorage before prestressing. (c) Cutting the strands after completion
of post-tensioning.

(@)

Figure 3.1 Coupling and intermediate anchorages for multi-strand systems. (Courtesy
of VSL Australia Limited, Sydney, New South Wales, Australia.) (a) Coupling
anchorage. (b) Intermediate anchorage.



58 Design of Prestressed Concrete to Eurocode 2

Figure 3.12 Grout vents and caps. (Courtesy of VSL International Limited, Hong Kong,
China.)

later stage. Grout vents are typically located at the high points of the duct
over the interior supports as well as at the end anchorages (as illustrated in
Figure 3.5). Figure 3.12 shows typical grout vents and details at a live-end
anchorage and at a point along the duct. The ducts into which the grout is
injected must be sufficiently large to allow easy installation of the strands
and unimpeded flow of grout during the grouting operation.

An air pressure test is usually undertaken before grouting the duct to
ensure the possibility of grout leakage is minimised. Grouting follows a
standard procedure and, to be effective, requires experienced personnel.
The grout is pumped into duct inlet in a continuous uninterrupted fash-
ion. As the grout emerges from the vent, the vent is not closed until the
emerging grout has the same consistency and viscosity as the grout being
pumped into the inlet. Intermediate vents along the tendon are then closed
in sequence after ensuring that the grout has the required consistency and
viscosity.

3.5 BONDED AND UNBONDED POST-TENSIONED
CONSTRUCTION

In unbonded post-tensioned construction, the strands are not grouted
inside the ducts and remain unbonded from the surrounding concrete
throughout the life of the structure. This permits the strands freedom to
move locally relative to the structural concrete member. There is no strain
compatibility between the prestressing steel and the surrounding concrete.
To ensure that the strands are able to move relatively freely within the
duct, each strand is usually coated with lithium grease, or equivalent, and
is located within an external plastic sheathing to provide corrosion protec-
tion. The force from the tensioned strands is transferred to the structural
member at the end anchorages.

There are advantages and disadvantages of bonded or unbonded con-
struction, and the use of either is dependent on the design and construction
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requirements. In some countries, the disadvantages of unbonded construc-
tion are considered to outweigh the advantages, and the use of unbonded
post-tensioning is not permitted, except for slabs on ground.

Durability is an important consideration for all forms of construction.
Therefore, the provision of active corrosion protection is of significant
importance. By grouting the tendons, an alkaline environment is provided
around the steel, thus providing active corrosion protection (passivation).

Bonded prestressing steel ensures that any change in strain at the tendon
level is the same in both the tendon and the surrounding concrete. At over-
loads, as the concrete member deforms and the strain at the tendon level
increases, the full capacity of the bonded tendon can be realised, and the
ultimate capacity of the cross-section is increased substantially by grout-
ing. The steel is capable of developing additional force, due to bond, in a
relatively short distance. The effect of tendon or anchorage failure is local-
ised after grouting, and the remainder of the tendon is largely unaffected
and remains functional. Bonded tendons are also better than unbonded
tendons for controlling cracking and for resisting progressive collapse if
local failure occurs.

With appropriate design consideration, the prestressing forces in the
unbonded tendons can theoretically be adjusted throughout the life of the
structure. Tendons may be able to be inspected, re-stressed or even replaced.
For example, some tendons for nuclear works are unbonded, as they need
to be monitored and as necessary, re-stressed. In unbonded construction,
since the prestressing force in the tendon is transmitted to the beam only
at the end anchorages, there is an almost uniform distribution of strain in
the tendon under load. Changes in the force in the tendon are only possible
due to friction and due to deformation of the member, thereby increasing
the overall length of the tendon between anchorages. At overloads, the full
strength of an unbonded tendon may not be achieved and the ultimate
strength of unbonded construction is therefore generally less than that of
bonded construction. The anchorage of the unbonded tendons is therefore
a critical component, since the entire prestressing force is transmitted at
this point throughout the life of the structure.

3.6 CIRCULAR PRESTRESSING

The term circular prestressing is applied to structures with a circular form
such as cylindrical water tanks, liquid and natural gas tanks, storage silos,
tunnels, digesters and nuclear containment vessels. In general, the term is
applied when the direction of the prestress at any point is circumferential,
i.e. in the direction of the tangent to the circumference of the circular pre-
stressed concrete surface structure. The circular prestressing compresses
the structure to counteract the tensile bursting forces or loads from within the
structure. Circular prestressing is also appropriate in cylindrical shells. The ring
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Figure 3.13 Prestressing anchorages at a buttress of a prestressed tank. (Courtesy of
VSL International Limited, Hong Kong, China.)

beams around the edges of long-span shell structures develop significant
tension forces and these can be balanced by prestressing.

Circular prestressing can take several forms, depending on the process of
prestressing and the type of structure. Circumferential prestressing may be
applied using individual tendons and multiple anchorages, or by using con-
tinuous wrapping, whereby a single tendon is wrapped around the circular
structure. For tanks and silos, it is common practice to have buttresses in
the walls, permitting easier detailing, installation and stressing. Figure 3.13
shows the prestressing buttress of a circularly prestressed tank.

3.7 EXTERNAL PRESTRESSING

Whilst the standard internal prestressing discussed in previous sections
remains the basic procedure for the majority of structures, external pre-
stressing of concrete structures has become much more popular with certain
forms of structural members. As the name suggests, external prestressing
is the application of prestress from a prestressing tendon or cable placed
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externally to the concrete elements. The cable or tendon may be placed
on the outer side of the structure or, in the case of box-type girders, inside
the structure. Since the prestressing steel is located external to the con-
crete, there is no bond between the structural concrete and the prestressing
components (unlike pretensioned concrete and bonded post-tensioned con-
crete). Early prestressed bridges were often steel structures with external
steel bars used to impart the prestress (to stiffen and strengthen the struc-
ture), but these structures are not considered here.

Since the tendons are external and unbonded to the concrete structure,
they can be removed and, if required, replaced at any time during the life
of the structure.

A significant use of external prestressing is in the construction of con-
crete box girder bridge decks. The external tendons are typically anchored
in the concrete diaphragms within the box and are deviated at carefully
designed saddles located at the bottom of the structure at the mid-spans
and at the top of the structure at the supports. These deviators can be made
of steel pipes or void formers that are integrated with the concrete box
section. Figure 3.14 shows the external tendons inside a box girder bridge,
including a saddle to locate the tendons near the bottom of the section at
mid-span.

As the tendons are placed outside the concrete section, pouring of con-
crete in the web is made easier and, as the web compression area is not
reduced by the voids created by internal tendon ducts, the web thickness
can be kept to a minimum.

Figure 3.14 External tendons in bridge box girder section. (Courtesy of VSL International
Limited, Hong Kong, China.)
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Figure 3.15 lllustration of web thickness reduction possible with external prestressing
compared to internal prestressing.

Figure 3.15 illustrates a typical reduction in web thickness of a concrete
box girder due to external prestressing. External prestressing cables also
generally have lower prestress losses. Another major advantage of external
prestressing is that it can be used in new structures as well as strengthening
or retrofitting of existing structures.

The disadvantages of external prestressing include the reduction in ten-
don eccentricity when the tendons are to be kept inside the concrete box
structure, i.e. above the bottom flange slab of the box section, and the slight
additional costs of providing replaceable anchorages, ducts and deviation
saddles for external tendons.



Chapter 4

Material properties

4.1 INTRODUCTION

The deformation of a prestressed concrete member throughout the full
range of loading depends on the properties and behaviour of the constitu-
ent materials. In order to satisfy the design objective of adequate structural
strength, the ultimate strengths of both concrete and steel need to be known.
In addition, factors affecting material strength and the non-linear behav-
iour of each material in the overload range must be considered. In order to
check for serviceability, the instantaneous and time-dependent properties
of concrete and steel at typical in-service stress levels are required.

As was mentioned in Chapter 1, the prestressing force in a prestressed
concrete member gradually decreases with time. This loss of prestress,
which is usually 10%-25% of the initial value, is mainly caused by creep
and shrinkage strains that develop with time in the concrete at the level
of the bonded steel, as well as relaxation of the tendons. Reasonable esti-
mates of the creep and shrinkage characteristics of concrete and procedures
for the time analysis of prestressed structures are essential for an accurate
prediction and a clear understanding of in-service behaviour. The loss of
prestress caused by relaxation of the prestressing steel is caused by creep
in the tendon. With the relatively low relaxation of modern prestressing
steels, however, this component of prestress loss is usually relatively small
(less than 5%).

The intention in this chapter is to present a broad outline of material
behaviour and to provide sufficient quantitative information on mate-
rial properties to complete most design tasks, with specific reference to
European guidelines [1-13].

4.2 CONCRETE
More comprehensive treatments of the properties of concrete and the fac-
tors affecting them are given by others, including Neville [14] and Metha
and Monteiro [15].

63
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4.2.1 Composition of concrete

Concrete is a mixture of cement, water and aggregates. It may also contain
one or more chemical admixtures. Within hours of mixing and placing, con-
crete sets and begins to develop strength and stiffness as a result of chemical
reactions between the cement and the water. These reactions are known as
hydration. Calcium silicates in the cement react with water to produce cal-
cium silicate hydrate and calcium hydroxide. The resultant alkalinity of the
concrete helps to provide corrosion protection for the reinforcement.

The relative proportions of cement, water and aggregates may vary con-
siderably depending on the chemical properties of each component and
the desired properties of the concrete. A typical mix used for prestressed
concrete by weight might be coarse aggregate 45%, fine aggregate 30%,
cement 18% and water 7%.

Cement is made from silica, alumina, lime and iron oxide, crushed and
blended, and then burnt in a rotary kiln. The resulting clinker is cooled,
mixed with gypsum and some other cementitious materials and ground
to a fine powder. In most countries, several different types of cement are
available, including general-purpose cements, high early strength cements,
low heat of hydration cements and cements that provide enhanced sulphate
resistance. Various cement replacement materials are often used, including
silica fume, siliceous fly ash, calcareous fly ash, blast furnace slag, lime-
stone, burnt shale and natural pozzolans. EN 197-1 [3] specifies five groups
of cements depending on their composition.

1. CEM I Portland cement (contains mainly ground clinker and up to
5% of minor additional materials);

2. CEM II Portland composite cement (seven types are specified contain-
ing ground clinker and up to 35% of another single material);

3. CEM III blast furnace cement (contains ground clinker and 36%-
95% of blast furnace slag);

4. CEM IV pozzolanic cement (comprising ground clinker and a mix-
ture of silica fume, pozzolans and fly ash); and

5. CEM V composite cement (containing clinker and a high percentage
of blast furnace slab and pozzolans or fly ash).

The standard strength of a cement is taken as the compressive strength
of mortar specimens cast, cured and tested in accordance with EN 196-1 [2].
Six different strength classes of cement are specified in EN 197-1 [3] con-
forming to the requirements in Table 4.1. Two classes are specified for each
of the three strength grades (32.5, 42.5 and 52.5 MPa), one associated
with ordinary early strength (denoted by N) and one for high early strength
(denoted by R) as indicated in Table 4.1.

The ratio of water to cement by weight required to hydrate the cement
completely is about 0.25, although larger quantities of water are often
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Table 4.1 Requirements for the different strength classes of cement [3]

Compressive strength (MPa)

Initial
Early strength
Strength class _ arystrength setting time Soundness
(CEM) 2 days 7 days  28-day strength (minutes) (expansion) (mm)
32.5N - >16.0
- >32. <52. >
32.5R >10.0 - 2325 <323 275
42.5N >10.0 -
- >42. <62. >
425R >00 - e <> 260 <10
52.5N >20.0 -
52.5R >300 - 2 - 245

required in practice in order to produce a workable mix. For the con-
crete typically used in prestressed structures, the water-to-cement ratio
is about 0.4. It is desirable to use as little water as possible, since water
not used in the hydration reaction causes voids in the cement paste that
reduce the strength and increase the permeability of the concrete.

Chemical admixtures are widely used to improve one or more properties
of concrete and code requirements are specified in EN 943-2 [4]. High-
strength concretes with low water-to-cement ratios are made more workable
by the inclusion of superplasticisers in the mix. These polymers improve the
flow of the wet concrete and allow very high-strength and low-permeability
concrete to be used with conventional construction techniques.

The rock and sand aggregates used in concrete should be inert and prop-
erly graded. Expansive and porous aggregates should not be used, and
aggregates containing organic matter or other deleterious substances, such
as salts or sulphates, should also be avoided.

4.2.2 Strength of concrete

In structural design, the quality of concrete is usually controlled by the
specification of a minimum characteristic compressive strength at 28 days.
The characteristic strength is the strength that is exceeded by 95% of the
uniaxial compressive strength measurements taken from standard compres-
sion tests on concrete cylinders and is denoted f,. Cylinders are generally
either 150 mm diameter by 300 mm long or 100 mm diameter by 200 mm
long. In Europe, 150 mm concrete cubes are also used in standard compres-
sion tests, and the characteristic compressive strength arising from cube
tests is denoted £, ... Because the restraining effect at the loading surfaces
is greater for the cube than for the longer cylinder, strength measurements
taken from cubes are higher than those taken from cylinders. The ratio
between cylinder and cube strengths is about 0.8 for low-strength concrete
(i.e. cylinder strengths of 20-30 MPa) and increases slightly as the strength
increases, as indicated subsequently in Table 4.2.



66 Design of Prestressed Concrete to Eurocode 2

In practice, the concrete used in prestressed construction is usually of
better quality and higher strength than that required for ordinary reinforced
concrete structures. Values of f,, in the range 40—-65 MPa are most often
used, but higher strengths are not uncommon. Indeed, prestressed mem-
bers fabricated from reactive powder concretes with compressive strengths
in excess of 150 MPa have been used in a wide variety of structures.

The forces imposed on a prestressed concrete section are relatively large,
and the use of high-strength concrete keeps section dimensions to a mini-
mum. High-strength concrete also has obvious advantages in the anchorage
zone of post-tensioned members where bearing stresses are large and in
pretensioned members, where a higher bond strength better facilitates the
transfer of prestress.

As the compressive strength of concrete increases, so too does its tensile
strength. The use of higher-strength concrete may therefore delay (or even
prevent) the onset of cracking in a member. High-strength concrete is con-
siderably stiffer than low-strength concrete. The elastic modulus is higher,
and elastic deformations due to both the prestress and the external loads
are smaller. In addition, high-strength concrete generally creeps less than
low-strength concrete. This results in smaller losses of prestress and smaller
long-term deformations.

The effect of concrete strength on the shape of the stress—strain curve
for concrete in uniaxial compression is shown in Figure 4.1. The modulus
of elasticity (the initial slope of the tangent to the ascending portion of
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Figure 4.1 Effect of strength on the shape of the uniaxial compressive stress—strain
curve for concrete.
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each curve) increases with increasing strength, and each curve reaches its
maximum stress at a strain in the range 0.0015-0.00285.

The shape of the unloading portion of each curve (after the peak stress
has been reached) depends, among other things, on the characteristics of
the testing machine. By applying deformation to a specimen, rather than
load, in a testing machine that is stiff enough to absorb all the energy of a
failing specimen, an extensive unloading branch of the stress—strain curve
can be obtained. Concrete can undergo very large compressive strains
and still carry load. This deformability of concrete tends to decrease with
increasing strength.

The strength of properly placed and well-compacted concrete depends
primarily on the water-to-cement ratio, the size of the specimen, the size,
strength and stiffness of the aggregate, the cement type, the curing condi-
tions and the age of the concrete. The strength of concrete increases as
the water-to-cement ratio decreases. The compressive strength of concrete
increases with time. A rapid initial strength gain (in the first day or so after
casting) is followed by a rapidly decreasing rate of strength gain thereaf-
ter. The rate of development of strength with time depends on the type of
curing, the type of cement and the temperature. In prestressed concrete
construction, a rapid initial gain in strength is usually desirable so that
the prestress may be applied to the structure as early as possible. This is
particularly so for precast pretensioned production. Steam curing and high
early strength cement are often used for this purpose.

The strength of concrete in tension is an order of magnitude less than the
compressive strength and is far less reliably known. A reasonable estimate
is required, however, in order to anticipate the onset of cracking and pre-
dict service-load behaviour in the post-cracking range. The tensile strength
of concrete f,, usually refers to the highest tensile stress reached in a con-
crete specimen subjected to concentric tensile loading, i.e. where the tensile
stress is uniform over the cross-section. The flexural tensile strength of
concrete f g (or modulus of rupture) is determined from the maximum
extreme fibre tensile stresses calculated from the results of standard flex-
ural strength tests on plain concrete prisms. The flexural tensile strength
may be significantly higher than the direct tensile strength, particularly for
members with shallow cross-sections.

In practice, concrete is often subjected to multiaxial states of stress. For
example, a state of biaxial stress exists in the web of a beam, or in a shear
wall, or a deep beam. Triaxial stress states exist within connections, in con-
fined columns, in two-way slabs and other parts of a structure. A number
of pioneering studies of the behaviour of concrete under multiaxial states
of stress, including [16,17,18], led to the formulation of material modelling
laws now used routinely in finite element software for the non-linear stress
analysis of complex concrete structures. A typical biaxial strength envelope
is shown in Figure 4.2, where o, and o, are the orthogonal stresses and 6.,
is the uniaxial compressive strength of concrete.
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Figure 4.2 Typical biaxial strength envelope for concrete.

The strength of concrete under biaxial compression is greater than that
under uniaxial compression. Transverse compression improves the longitu-
dinal compressive strength by confining the concrete, thereby delaying (or
preventing) the propagation of internal microcracks. Figure 4.2 also shows
that transverse compression reduces the tensile strength of concrete, due
mainly to Poisson’s ratio effect. Similarly, transverse tension reduces the
compressive strength. In triaxial compression, both the strength of concrete
and the strain at which the peak stress is reached are greatly increased and
even small confining pressures can increase strength significantly. Correctly
detailed transverse reinforcement provides confinement to produce a tri-
axial stress state in the compressive zone of columns and beams, thereby
improving both strength and ductility.

4.2.3 Strength specifications in Eurocode 2
4.2.3.1 Compressive strength

The strength of concrete is specified in EN 1992-1-1 [1] in terms of concrete
strength classes which relate to the lower characteristic compressive strength
at 28 days measured on cylinders f,, or on cubes f; ... These are the values
of compressive strength exceeded by 95% of all standard cylinders or cubes
tested at age 28 days after curing under standard laboratory conditions in
accordance with EN 12390:2 [7] and 12390:3 [8]. The standard strength
classes are usually expressed as C f,/fy cupe» With the minimum strength
class C,,;, = C12/15 and the maximum strength class C,,, recommended as



Material properties 69

C90/105. In EN1992-1-1 [1], the concrete strength is based on the charac-
teristic cylinder strength £, and the strength classes specified in EN1992-1-1
[1] are shown in Table 4.2, together with the corresponding mechanical
properties of concrete required for design.

The mean compressive strength of concrete f,, at 28 days specified in
EN 1992-1-1 [1] is also shown in Table 4.2. When curing is in accordance
with EN 12390:2 [7] and when the mean temperature is 20°C, the mean
compressive strength of concrete [, (¢) at age ¢ (in days) may be obtained
from the mean strength £,,, at age 28 days as follows [1]:

fcm(t) = BCC(t)fCﬂl (4'1)

where:

0.5
Beclt) = epol_(zfj }} (4.2)

and s = 0.2 for cement strength classes 42.5R, 52.5N and 52.5R (Class R),
s =0.25 for cement strength classes 32.5R and 42.5N (Class N) and s = 0.38
for cement strength classes 32.5N (Class S).

In some situations, the concrete compressive strength £, () at some time ¢
other than 28 days may need to be specified, such as at the time of transfer
or at the time of stripping the forms. EN 1992-1-1 [1] suggests that:

fu(t) = fom(t)—8 (MPa) for 3 <t < 28 days (4.3)
foc(t) = fa for t > 28 days (4.4)

More precise values of £, (t) should be based on tests, particularly when
t < 3 days.

4.2.3.2 Tensile strength

The uniaxial tensile strength £,, is defined in EN 1992-1-1 [1] as the maxi-
mum stress that concrete can withstand when subjected to concentric uni-
axial tension. Direct uniaxial tensile tests are difficult to perform, and the
indirect tensile strength £, is usually measured in the so-called splitting
tests on cylinders as specified in EN 12390:6 [10]. An approximate value of
f.. is specified in EN 1992-1-1 [1] as:

foo = 0.9 usp (4.5)
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The mean tensile strength f.,, specified in EN 1992-1-1 [1] for each
strength class is given in Table 4.2 and is related to the mean strength by:

fum = 0.3% (f4)* (in MPa) for f. <50 MPa (4.6)

fam = 2.12x1I0[1+0.1f.0,] (in MPa) for fy > 50 MPa (4.7)
The mean tensile strength at any time ¢ may be taken as:

fctm(t) = [Bcc(t)]afctm (48)

where B_.(¢) is given in Equation 4.2; o = 1 for ¢ < 28 days and o = 0.667 for
t > 28 days.

The upper and lower characteristic tensile strength shown in Table 4.2
are, respectively:

fcrk,o.95 = 1'3ﬂtm and fctk,0.0S = 0'7](crm (4.9)

The mean flexural tensile strength £, 4 specified in EN 1992-1-1 [1]
depends on the mean axial tensile strength £, (given in Table 4.2) and the
depth 4 of the member cross-section in millimetres and may be taken as:

framat = max{(1.6 = b/1000)f:qm3 feum) (4.10)

4.2.3.3 Design compressive and tensile strengths

The design compressive and tensile strengths of concrete at the strength
limit states are defined in EN 1992-1-1 [1] by the following equations,
respectively:

fu = el (4.11)
Yc
frg = Setl k005 (4.12)
Yc

where y. is the partial safety factor for concrete, with y- = 1.5 for persistent
and transient design situations and y. =1.2 for design situations involving
accidental actions, as indicated in Table 2.4. The terms o, and «,, are coef-
ficients that account for unfavourable effects that may arise due to long-
term effects or the manner of load application and may range between 0.8
and 1.0. In most cases, .. and a,, are both equal to 1.0.



Table 4.2 Strength and deformation characteristics for concrete [I]

Strength class

Cl2/15 Cl6/20 C20/25 C25/30 C30/37 C35/45 C40/50 C45/55 C50/60 C55/67 C60/75 C70/85 C80/95 (C90/105

f, (MPa) 12 16 20 25 30 35 40 45 50 55 60 70 80 90
ficcute (MP2) 5 20 25 30 37 45 50 55 60 67 75 85 95 105
f... (MPa) 20 24 28 33 38 43 48 53 58 63 68 78 88 98
f.. (MPa) 16 1.9 22 26 29 32 35 38 4l 42 44 46 48 5.0
foso0s (MPa) Il 1.3 15 18 20 22 25 27 29 30 3. 32 3.4 35
fiuoss (MPa) 2 2.5 29 33 38 42 46 29 53 5.5 57 60 6.3 6.6
E,,, (GPa) 27 29 30 31 33 34 35 36 37 38 39 41 4 44
e, (x103) 1.8 1.9 20 2.1 22 225 23 24 245 25 26 27 2.8 2.8
e (x109) 35 32 30 28 2.8 2.8
e, (X1073) 2.0 22 23 24 2.5 2.6
£ (X107) 35 3.0 29 27 2.6 2.6
n 2.0 175 16 .45 | 4 I .4
e (x107) 1.75 1.8 19 20 2.2 2.3
£ (X107) 35 3.0 29 27 2.6 2.6

sannJadoud [eluadel
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4.2.3.4 Compressive stress—strain curves for concrete
for non-linear structural analysis

Figure 4.3 shows the idealised relation between concrete compressive stress
o, and strain g_specified in EN 1992-1-1 [1] for short-term uniaxial loading
and, with o_ and €, expressed as absolute values, the stress—strain relation-
ship is:

o.  kn-7n’

fcm - 1+(k—2)1”l

(4.13)

where 1 = € /e ;; €, is the strain corresponding to the stress 6,; £, is the strain
corresponding to the peak stress /., (given in Table 4.2); k = 1.05E_/E ; E,,
is the secant modulus of elasticity of the concrete (given in Table 4.2 and
defined in Figure 4.3) and E_, is the secant modulus corresponding to peak
stress (i.e. E ., = fon/€c1)-

Equation 4.13 is valid throughout the range 0 < ¢_ < €.,;, where ¢, is the
nominal ultimate strain given in Table 4.2 and defined in Figure 4.3.

Numerous equations describing the curvilinear stress—strain relationship
for concrete in compression are available in the literature, and EN 1992-1-1
[1] suggests any of them may be used in design ‘if they adequately represent
the behaviour of the concrete’.

cm’

Jem

0.4
Jem tan a=E,,

cl cul

Figure 4.3 ldealised stress—strain relationship for concrete in uniaxial compression [I].
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4.2.4 Deformation of concrete
4.2.4.1 Discussion

The deformation of a loaded concrete specimen is both instantaneous and
time-dependent. If the load is sustained, the deformation of the specimen
increases with time and may eventually be several times larger than the
instantaneous value.

The gradual development of strain with time is caused by creep and
shrinkage. Creep strain is produced by sustained stress. Shrinkage is
independent of stress and results primarily from the loss of water as the
concrete dries and from chemical reactions in the hardened concrete.
Creep and shrinkage cause increases in axial deformation and curvature
on reinforced and prestressed concrete cross-sections, losses of prestress,
local redistribution of stress between the concrete and the steel reinforce-
ment and redistribution of internal actions in statically indeterminate
members. Creep and shrinkage are often the cause of excessive deflection
(or camber) and excessive shortening of prestressed members. In addition,
shrinkage may cause unsightly cracking that could lead to serviceability
or durability problems. On a more positive note, creep relieves concrete of
stress concentrations and imparts a measure of deformability to concrete.

Researchers have been investigating the time-dependent deformation of
concrete ever since it was first observed and reported over a century ago,
and a great deal of literature has been written on the topic. Detailed summa-
ries of the time-dependent properties of concrete and the factors that affect
them are contained in texts by Neville [14,19], Neville et al. [20], Gilbert
[21], Gilbert and Ranzi [22], Ghali et al. [23,24] and Riisch et al. [25] and
in technical documents such as those from ACI Committee 209 [26-28].

The time-varying deformation of concrete may be illustrated by consider-
ing a concrete specimen subjected to a constant sustained stress. At any
time ¢, the total concrete strain € (¢) in an uncracked uniaxially loaded spec-
imen consists of a number of components that include the instantaneous
strain €_.(¢), the creep strain g.(¢), the shrinkage strain e.(¢) and the tem-
perature strain e1(¢). Although not strictly correct, it is usually acceptable
to assume that all four components are independent and may be calculated
separately and combined to obtain the total strain.

When calculating the in-service behaviour of a concrete structure at con-
stant temperature, it is usual to express the concrete strain at a point as the
sum of the instantaneous, creep and shrinkage components:

Eclt) = e t) + ec(t) + e.(t) (4.14)

The strain components in a drying specimen held at constant temperature
and subjected to a constant sustained compressive stress o, first applied at
time ¢, are illustrated in Figure 4.4. Immediately after the concrete sets or
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Figure 4.4 Concrete strain versus time for a specimen subjected to constant sustained
stress [22].

at the end of moist curing (¢ = ¢, in Figure 4.4), shrinkage strain begins to
develop and continues to increase at a decreasing rate. On application of
the stress, a sudden jump in the strain diagram (instantaneous strain) is
followed by an additional gradual increase in strain due to creep.

The prediction of the time-dependent behaviour of a concrete member
requires an accurate estimate of each of these strain components at critical
locations. This requires knowledge of the stress history, in addition to accu-
rate data for the material properties. The stress history depends both on the
applied load and on the boundary conditions of the member. Calculations
are complicated by the restraint to creep and shrinkage provided by both
the bonded reinforcement and the external supports and the continuously
varying concrete stress history that inevitably results.

The material properties that influence each of the strain components
depicted in Figure 4.4 are described in the following sections. Methods
for predicting the time-dependent behaviour of prestressed concrete cross-
sections and members are discussed in Section 5.7.

4.2.4.2 Instantaneous strain

The magnitude of the instantaneous strain ¢_(t) caused by either compres-
sive or tensile stress depends on the magnitude of the applied stress, the rate
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at which the stress is applied, the age of the concrete when the stress was
applied and the stress—instantaneous strain relationship for the concrete.
Consider the uniaxial instantaneous strain versus compressive stress curve
shown in Figure 4.3. When the applied stress is less than about half the
compressive strength, the curve is essentially linear and the instantaneous
strain is usually considered to be elastic (fully recoverable). In this low-
stress range, the secant modulus E_, does not vary significantly with stress
and is only slightly smaller than the initial tangent modulus. At higher
stress levels, the stress—strain curve becomes significantly non-linear and
a significant proportion of the instantaneous strain is irrecoverable upon
unloading.

In concrete structures, compressive concrete stresses caused by the
day-to-day service loads rarely exceed half of the compressive strength.
It is therefore reasonable to assume that the instantaneous behaviour of
concrete at service loads is linear-elastic and that instantaneous strain is
given by:

(4.15)

The secant modulus between o, = 0 and o, = 0.4f,,, for concrete loaded at
28 days is the modulus of elasticity of concrete (see Figure 4.3), with the
symbol E_, in EN 1992-1-1 [1]. Values of E_,, are given in Table 4.2.

The value of the modulus of elasticity E_,, increases with time as the con-
crete gains strength and stiffness. It also depends on the rate of application
of the stress and increases as the loading rate increases. For most practical
purposes, these variations are often ignored, and it is common practice to
assume that E_ is constant with time and equal to its initial value calcu-
lated at the time of first loading ¢,,.

The in-service performance of a concrete structure is very much affected
by the concrete’s inability to carry significant tension. It is therefore neces-
sary to consider the instantaneous behaviour of concrete in tension, as well
as in compression. Prior to cracking, the instantaneous strain of concrete in
tension consists of both elastic and inelastic components. In design, how-
ever, concrete is usually taken to be elastic-brittle in tension, and at stress
levels less than the tensile strength of concrete the instantaneous strain ver-
sus stress relationship is assumed to be linear. Although the magnitude of
the elastic modulus in tension is likely to differ from that in compression, it
is usual to assume that both values are equal. Prior to cracking, the instan-
taneous strain in tension may be calculated using Equation 4.15. When the
tensile strength is reached, cracking occurs and the concrete stress perpen-
dicular to the crack is usually assumed to be zero. In reality, if the rate of
tensile deformation is controlled and crack widths are small, concrete can
carry some tension across a crack due to friction that exists on the rough
mating surfaces of the crack.
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Poisson’s ratio for uncracked concrete v generally lies within the range
0.15-0.22 and for most practical purposes may be taken as 0.2.

4.2.4.3 Creep strain

For concrete subjected to a constant sustained stress, the gradual develop-
ment of creep strain is illustrated in Figure 4.4. In the period immediately
after first loading, creep develops rapidly, but the rate of increase slows
appreciably with time. Creep has traditionally been thought to approach a
limiting value as the time after first loading approaches infinity, but more
recent research suggests that creep continues to increase indefinitely, albeit
at a slower rate [38]. After several years under load, the rate of change of
creep with time is small. Creep of concrete has its origins in the hardened
cement paste and is caused by a number of different mechanisms. A com-
prehensive treatment of creep in plain concrete is given by Neville et al. [20].

Many factors influence the magnitude and rate of development of creep.
Some are properties of the concrete mix, while others depend on the envi-
ronmental and loading conditions. In general, the capacity of concrete to
creep decreases as the concrete quality increases. At a particular stress
level, creep in higher-strength concrete is less than that in lower-strength
concrete. Creep decreases as the water-to-cement ratio is reduced. An
increase in either the aggregate content or the maximum aggregate size
reduces creep, as does the use of a stiffer aggregate type.

Creep also depends on the environment. Creep increases as the relative
humidity decreases. Creep is therefore greater when accompanied by dry-
ing. Creep is also greater in thin members with large surface area-to-volume
ratios, such as slabs and walls. However, the dependence of creep on both
the relative humidity and the size and shape of the specimen decreases as
the concrete strength increases. Near the surface of a member, creep takes
place in a drying environment and is therefore greater than in regions
remote from a drying surface. In addition to the relative humidity, creep
is dependent on the ambient temperature. A temperature rise increases the
deformability of the cement paste and accelerates drying and thus increases
creep. The dependence of creep on temperature is more pronounced at ele-
vated temperatures and is far less significant for temperature variations
between 0°C and 20°C. However, creep in concrete at a mean temperature
of 40°C is perhaps 25% higher than that at 20°C [25].

In addition to the environment and the characteristics of the concrete
mix, creep depends on the loading history, in particular the magnitude
and duration of the stress and the age of the concrete when the stress is
first applied. The age at first loading #, has a marked influence on the final
magnitude of creep. Concrete loaded at an early age creeps more than con-
crete loaded at a later age. Concrete is therefore a time-hardening material,
although even in very old concrete the tendency to creep never entirely
disappears [29].
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When the sustained concrete stress is less than about 0.5f,,, creep is
approximately proportional to stress and is known as linear creep. At
higher stress levels creep increases at a faster rate and becomes non-linear
with respect to stress. This non-linear behaviour of creep at high stress lev-
els is thought to be related to an increase in micro-cracking. Compressive
stresses rarely exceed 0.5f,, in concrete structures at service loads, and
creep may be taken as proportional to stress in most situations in the design
for serviceability.

Creep strain is made up of a recoverable component, called the delayed
elastic strain €. 4(f) and an irrecoverable component called flow e (2).
These components are illustrated by the creep strain versus time curve in
Figure 4.5a caused by the stress history shown in Figure 4.5b. The recover-
able creep is thought to be caused by the elastic aggregate acting on the vis-
cous cement paste after the applied stress is removed. If a concrete specimen
is unloaded after a long period under load, the magnitude of the recover-
able creep is of the order of 40%—-50% of the elastic strain (between 10%
and 20% of the total creep strain). Although the delayed elastic strain is
observed only as recovery when the load is removed, it is generally believed
to be of the same magnitude under load and to develop rapidly in the period
immediately after loading. Riisch et al. [25] suggested that the shape of the
delayed elastic strain curve is independent of the age or dimensions of
the specimen and is unaffected by the composition of the concrete.

The capacity of concrete to creep is usually measured in terms of the
creep coefficient (¢, #,). In a concrete specimen subjected to a constant
sustained compressive stress 6, first applied at age #,, the creep coefficient
at time ¢ is the ratio of creep strain to instantaneous strain and is given by:

olt, ) = Zxlbto) (4.16)

Sce(to)

Creep strain, €.(f)

Recoverable creep, — €. 4 (¢, ¢1)

Irrecoverable creep, €. ¢ (¢, t;)

(@) ty t Time
Stress
T ]
(b) ty ty Time

Figure 4.5 Recoverable and irrecoverable creep components. (a) Creep strain history.
(b) Stress history.
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and the creep strain at time ¢ caused by a constant sustained stress 6, first
applied at age ¢, is:

O

Ec(to)

Scc(ta tO) = (p(ta tO)Sce(tO) = (p(ta tO) (417)

where E_(#,) is the tangent modulus at time ¢, and, according to EN 1992-1-1
[1], may be taken as 1.05E_,,(#,). For practical purposes and considering the
variable nature of creep, it is usual to assume E (¢,) = E_,,(¢,) in Equation 4.17.
For concrete subjected to a constant sustained stress, knowledge of the creep
coefficient allows the rapid determination of the creep strain at any time
using Equation 4.17.

Since both the creep and the instantaneous strain components are pro-
portional to stress for compressive stress levels less than about 0.5f,,,, the
creep coefficient (¢, t,) is a pure time function and is independent of the
applied stress. The creep coefficient increases with time at a decreasing rate.
Although there is some evidence that the creep coefficient increases indefi-
nitely, the final creep coefficient @(o0,2y) = €..(00,#0)/ec(ty) at ¢ = oo is often
taken as the 30-year value and its magnitude usually falls within the range
of 1.5-4.0. A number of the well-known methods for predicting the creep
coefficient were described and compared in Gilbert [21,37] and Gilbert and
Ranzi [22]. The approach specified in EN 1992-1-1 [1] for making numeri-
cal estimates of ¢(z, t,) is presented in Section 4.2.5.3.

The final creep coefficient is a useful measure of the capacity of concrete
to creep. Since creep strain depends on the age of the concrete at the time of
first loading, so too does the creep coefficient. The effect of ageing is illus-
trated in Figure 4.6. The magnitude of the final creep coefficient @(c0,,)
decreases as the age at first loading ¢, increases:

(P(OOJ ti) > (P(OO, t/') for 1 < t/-

A
= Sci(to)
)
3 ch(tl)

w _
=l .

g €cc (t2)

w

o

o

&

QO

>
) 4 1)) Time

Figure 4.6 Effect of age at first loading on the creep coefficient.
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This time hardening or ageing of concrete complicates the calculation of
creep strain caused by a time-varying stress history.

Another frequently used time function is known as specific creep C(t, t,),
defined as the proportionality factor relating stress to linear creep:

SCC(t,tO) = C(t,to) (o)) (4'18)
or
Clty) = Zlblo) (4.19)
(o]

C(2, t,) is the creep strain at time ¢ produced by a sustained unit stress first
applied at age .

From Equations 4.16 through 4.18 and taking E_(¢,) = E_,(Z,), the rela-
tionship between the creep coefficient and the specific creep is:

o(t,20) = Clt,20) Ecm (o) (4.20)
The sum of the instantaneous and creep strains at time ¢ produced by a

sustained unit stress applied at ¢, is defined as the creep function J(t,t,) and
is given by:

J(t,to) = 5 !

cm tO

) +Cl(t,to) (4.21)

The stress-produced strains (i.e. the instantaneous plus creep strains)
caused by a constant sustained stress o, first applied at age ¢, (also called
the stress-dependent strains) can therefore be determined from:

G0
Ec,eff (t, tO)

G0

Ecm (t0>

Ece (t) + acc(ta tO) = ](ta ty )GCO = [1 + (P(ta tO)] = (422)

where E_ (t, t,) is known as the effective modulus of concrete and is given by:

Ecm (tO)

(4.23)
1+ (P(ta tO)

Ee et t0) =

If the stress is gradually applied to the concrete, rather than abruptly
applied, the subsequent creep strain is reduced, because the concrete ages
during the period of application of the stress. This can be accommodated
analytically by the use of a reduced or adjusted creep coefficient. For an
increment of stress Ao (f) applied to the concrete gradually, beginning at
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time #,, the load-dependent strain may be obtained by modifying Equation
4.22 as follows:

£ull) + £l o) = %[1 (e toolty )] = EA:(;"‘ZO) (4.24)
where:
o Ecm<t0)
E. gt tg)=———— 4.25
b0 = e tooltsto) 4.25)

E..k(t,t0) is called the age-adjusted effective modulus of concrete and y(2, t,)
is an ageing coefficient first introduced by Trost [30] and later developed by
Dilger and Neville [31] and Bazant [32].

Like the creep coefficient, the ageing coefficient depends on the rate of
application of the gradually applied stress and the age at first loading and
varies between about 0.4 and 1.0. Methods for the determination of the
ageing coefficient are available, for example, in fib Model Code 2010 [33].
Gilbert and Ranzi [22] showed that for concrete first loaded at early ages
(£, < 20 days) and where the applied load is sustained, the final long-term
ageing coefficient may be taken as y(oo, #,) = 0.65. In situations where the
deformation is held constant and the concrete stress relaxes, the final long-
term ageing coefficient may be taken as y(co, #,) = 0.8.

The previous discussions have been concerned with the creep of concrete
in compression. However, the creep of concrete in tension is also of inter-
est in a number of practical situations, e.g. when studying the effects of
restrained or differential shrinkage. Tensile creep also plays a significant
role in the analysis of suspended reinforced concrete slabs at service loads
where stress levels are generally low and, typically, much of the slab is ini-
tially uncracked.

Comparatively, little attention has been devoted to the study of tensile
creep [28], and only limited experimental results are available in the litera-
ture [34]. Some researchers have multiplied the creep coefficients measured
for compressive stresses by factors in the range of 1-3 to produce equivalent
coefficients describing tensile creep, e.g. Chu and Carreira [35] and Bazant
and Oh [36].

It appears that the mechanisms of creep in tension are different to those
in compression. The magnitudes of both tensile and compressive creep
increase when loaded at earlier ages. However, the rate of change of ten-
sile creep with time does not decrease in the same manner as for compres-
sive creep, with the development of tensile creep being more linear [34].
Drying tends to increase tensile creep in a similar manner to compressive
creep, and tensile creep is in part recoverable upon removal of the load.
Further research is needed to provide clear design guidance. In this book,
it is assumed that the magnitude and rate of development of tensile creep
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are similar to that of compressive creep at the same low stress levels.
Although not strictly correct, this assumption simplifies calculations and
does not usually introduce serious inaccuracies.

4.2.4.4 Shrinkage strain

Shrinkage of concrete is the time-dependent strain in an unloaded and unre-
strained specimen at constant temperature. Shrinkage is often divided into
several components, including plastic shrinkage, chemical shrinkage, ther-
mal shrinkage and drying shrinkage. Plastic shrinkage occurs in the wet
concrete before setting, whereas chemical, thermal and drying shrinkage
all occur in the hardened concrete after setting. Some high-strength con-
cretes are prone to plastic shrinkage that may result in significant cracking
before and during the setting process. This cracking occurs due to capillary
tension in the pore water and is best prevented by taking measures dur-
ing construction to avoid the rapid evaporation of bleed water. Before the
concrete has set, the bond between the plastic concrete and the reinforce-
ment has not yet developed, and the steel is ineffective in controlling plastic
shrinkage cracking.

Drying shrinkage is the reduction in volume caused principally by the
loss of water during the drying process. It increases with time at a gradually
decreasing rate and takes place in the months and years after setting. The
magnitude and rate of development of drying shrinkage depend on all the
factors that affect the drying of concrete, including the relative humidity,
the size and shape of the member and the mix characteristics, in particular,
the type and quantity of the binder, the water content and water-to-cement
ratio, the ratio of fine-to-coarse aggregate and the type of aggregate.

Chemical shrinkage results from various chemical reactions within the
cement paste and includes hydration shrinkage, which is related to the
degree of hydration of the binder in a sealed specimen with no moisture
exchange. Chemical shrinkage (often called autogenous shrinkage) occurs
rapidly in the days and weeks after casting and is less dependent on the
environment and the size of the specimen than drying shrinkage. Thermal
shrinkage is the contraction that results in the first few hours (or days) after
setting as the heat of hydration gradually dissipates. The term endogenous
shrinkage is sometimes used to refer to that part of the shrinkage of the
hardened concrete that is not associated with drying (i.e. the sum of autog-
enous and thermal shrinkage).

The shrinkage strain e is usually considered to be the sum of the drying
shrinkage component (which is the reduction in volume caused principally by
the loss of water during the drying process) and the endogenous shrinkage
component. Drying shrinkage in high-strength concrete is smaller than in nor-
mal strength concrete due to the smaller quantities of free water after hydra-
tion. However, thermal and chemical shrinkage may be significantly higher.
Although drying and endogenous shrinkage are quite different in nature, there
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is often no need to distinguish between them from a structural engineering
point of view.

Shrinkage increases with time at a decreasing rate, as illustrated in
Figure 4.4. Shrinkage is assumed to approach a final value ¢_(c0) as time
approaches infinity.

Drying shrinkage is affected by all the factors that affect the drying of
concrete, in particular the water content and the water—cement ratio of the
mix, the size and shape of the member and the ambient relative humidity.
All else being equal, drying shrinkage increases when the water—cement
ratio increases, the relative humidity decreases and the ratio of the exposed
surface area to volume increases. Temperature rises accelerate drying and
therefore increase shrinkage. By contrast, autogenous shrinkage increases
as the cement content increases and the water—cement ratio decreases. In
addition, autogenous shrinkage is not significantly affected by the ambient
relative humidity.

The effect of a member’s size on drying shrinkage should be emphasised.
For a thin member, such as a slab, the drying process may be essentially
complete after several years, but for the interior of a larger member, the
drying process may continue throughout its lifetime. For uncracked mass
concrete structures, there is no significant drying (shrinkage) except for
about 300 mm from each exposed surface. By contrast, the autogenous
shrinkage is less affected by the size and shape of the specimen.

Shrinkage is also affected by the volume and type of aggregate. Aggregate
provides restraint to shrinkage of the cement paste so that an increase in
the aggregate content reduces shrinkage. Shrinkage is also smaller when
stiffer aggregates are used, i.e. aggregates with higher elastic moduli. Thus,
shrinkage is considerably higher in lightweight concrete than in normal
weight concrete (by up to 50%).

The approach specified in EN 1992-1-1 [1] for making numerical esti-
mates of shrinkage strain is presented in Section 4.2.5.4.

4.2.5 Deformational characteristics
specified in Eurocode 2

4.2.5.1 Introduction

Great accuracy in the prediction of the creep coefficient and the shrinkage
strain is not possible. The variability of these material characteristics is
high. Design predictions are most often made using one of many numerical
models that are available for predicting the creep coefficient and shrink-
age strain. These models vary in complexity, ranging from relatively com-
plicated methods, involving the determination of numerous coefficients
that account for the many factors affecting creep and shrinkage, to much
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simpler procedures. A description of and comparison between some of the
more well-known methods is provided in ACI 209.2R-08 [28]. Although
the properties of concrete vary from country to country as the mix char-
acteristics and environmental conditions vary, the agreement between the
procedures for estimating both creep and shrinkage is still remarkably
poor, particularly for shrinkage. In addition, the comparisons between pre-
dictive models show that the accuracy of a particular model is not directly
proportional to its complexity, and predictions made using several of the
best-known methods differ widely.

In the following sections, the models contained in EN 1992-1-1 [1] are
presented for predicting the elastic modulus, the creep coefficient and the
shrinkage strain for concrete.

4.2.5.2 Modulus of elasticity

The secant modulus between o, = 0 and o, = 0.4f,,, for concrete loaded at
28 days is shown in Figure 4.3 as E_,. The numerical values specified in
EN 1992-1-1 [1] for concrete containing quartzite aggregate are shown in
Table 4.2 for each strength class. For concrete with limestone and sand-
stone aggregates, these values should be reduced by 10% and 30%, respec-
tively, and for concrete with basalt aggregate, the value should be increased
by 20%. For structures likely to be sensitive to variations in the design
value of E_,, the effect of variations in the specified values by up to +20%
should be assessed. These variations are due to factors other than aggregate
type and include the aggregate quantity, the aggregate to binder ratio, the
curing regime and the rate of application of the load.

When the stress is applied slowly, say over a period of several hours,
significant additional deformation occurs owing to the rapid early devel-
opment of creep. For the estimation of short-term deformation in such a
case, it is recommended that the specified value of E_, should be reduced
by about 20% [21].

According to EN 1992-1-1 [1], variations in the elastic modulus with
time can be determined from:

Eenlt) = [fun®/fim] " Eem (4.26)

where E_,(?) is the elastic modulus at an age of ¢ days, f.,,(¢) is the com-
pressive strength at an age of ¢ days (and obtained from Equation 4.1) and
E., and f,, are the values at age 28 days.

EN 1992-1-1 [1] specifies that Poisson’s ratio should be taken as 0.2 for
uncracked concrete and zero for cracked concrete.
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4.2.5.3 Creep coefficient

In Section 4.2.4.3, the creep coefficient (¢, t,) at time ¢ associated with
a constant stress first applied at age ¢, was defined as the ratio of the
creep strain at time ¢ to the (initial) elastic strain. The most accurate way
of determining the final creep coefficient is by testing or by using results
obtained from measurements on similar local concretes. However, testing
is often not a practical option for the structural designer, and a relatively
simple approach is provided in EN 1992-1-1 [1] for routine use in struc-
tural design.

The creep coefficient specified in EN 1992-1-1 [1] is related to the tangent
modulus E, which may be taken as 1.05E_,. For situations where great
accuracy is not required and provided the concrete is not subjected to a
compressive stress exceeding 0.45f,(¢,) at the age at first loading #,, the
final creep coefficient @(co, t,) can be obtained from Figure 4.7. These
values are valid for temperatures between -40°C and +40°C, and for a
mean relative humidity between RH = 40% and RH = 100%. The term b,
is the notional size or the hypothetical thickness equal to 2A /u, where A_ is
the concrete cross-sectional area and u is that part of the cross-sectional
perimeter exposed to drying. The terms S, N and R are the cement strength
classes defined under Equation 4.2.

The final creep deformation at ¢ = co caused by a constant stress o, first
applied at age ¢, is obtained from Equation 4.17 as:

Ecc (007 t()) = (P(OO> tO)(GCO /Ecm) (4'27)

If the compressive stress exceeds 0.45f,,(¢,), such as that may occur in a pre-
cast, pretensioned member stressed at early age, EN 1992-1-1 [1] specifies
that non-linear creep should be considered using the non-linear notional
creep coefficient @ (oo, #,) given by:

@i(00,29) = @(00,t9) exp[1.5(k, ~ 0.45)] (4.28)

where (o0, 2,) is the final linear creep coefficient; k, is the stress-strength
ratio o /f..(to); and f.,,(¢,) is the mean concrete compressive strength at the
time of loading.

It must be emphasised that creep of concrete is highly variable with sig-
nificant differences in the measured creep strains in seemingly identical
specimens tested under identical conditions (both in terms of load and
environment). The creep coefficient obtained from Figure 4.7 should be
regarded as a ball park approximation with a range of +20%.
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4.2.5.4 Shrinkage strain

The model for estimating the magnitude of shrinkage strain specified in
EN 1992-1-1 [1] divides the total shrinkage strain e into two components,
the autogenous shrinkage ¢, and the drying shrinkage €_4, as given by:

€ =€ T & (4.29)

The autogenous shrinkage is assumed to develop relatively rapidly in the
days immediately after casting, with the final value ¢_,(0c0) assumed to be
a linear function of concrete strength. The autogenous shrinkage at any
time ¢ (in days) after casting is given by:

Eealt) = Ecal00)(1.0— ") (4.30)

where:

€ca(00) = 2.5(,

Cl

. - 10) x 106 (£, in MPa) (4.31)

Drying shrinkage develops more slowly than autogenous shrinkage and
decreases with concrete strength. The final drying shrinkage strain €, is
equal to kye_4 . The mean value of the nominal unrestrained drying shrink-
age strain g4, for concrete with cement class N (with a coefficient of varia-
tion of about 30%) is given in Table 4.3.

If drying commences at age t,, the drying shrinkage strain at age ¢ is
given by:

€cd (t) = Bds (tj ts)khgcd,o (432)
where B, (2, ¢,) is a function describing the development of drying shrinkage

with time and is given by Equation 4.33 and k, is a coefficient that depends
on the notional size b, and is given in Table 4.4:

<t_ts)

Busltsts) = 3 (4.33)
(£ —1t,)+0.04+ b3
Table 4.3 Nominal unrestrained drying shrinkage €, (X107¢) for concrete
with cement class N [I]
Relative humidity (%)
fudfaccuve (MPa) 20 40 60 80 90 100
20/25 620 580 490 300 170 0
40/50 480 460 380 240 130 0
60/75 380 360 300 190 100 0
80/95 300 280 240 150 80 0
90/105 270 250 210 130 70 0




Material properties 87

Table 4.4 Values for k;, [I]

ho (mm) 100 200 300 >500
k, 1.0 0.85 0.75 07

4.2.5.5 Thermal expansion

The coefficient of thermal expansion for concrete depends on the coefficient
of thermal expansion of the coarse aggregate and on the mix proportions.
For most types of coarse aggregate, the coefficient lies within the range of
5 x1076/°C to 13 x 10-¢/°C [14]. For design purposes and in the absence of
more detailed information (test data), a coefficient of thermal expansion for
concrete of 10 x 10-¢/°C + 20% is usually satisfactory in design.

4.3 STEEL REINFORCEMENT

The strength of a reinforced or prestressed concrete element in bending,
shear, torsion or direct tension depends on the properties of the steel rein-
forcement and tendons, and it is necessary to adequately model the various
types of steel reinforcement and their material properties.

Steel reinforcement is used in concrete structures to provide strength, duc-
tility and serviceability. Steel reinforcement can also be strategically placed
to reduce both immediate and time-dependent deformations. Adequate
quantities of bonded reinforcement will also provide crack control, wher-
ever cracks occur in the concrete.

4.3.1 General

Conventional, non-prestressed reinforcement in the form of bars, de-coiled
rods, cold-drawn wires or welded wire mesh is used in prestressed concrete
structures for the same reasons as it is used in conventional reinforced con-
crete construction and these include:

e To provide additional tensile strength and ductility in regions of the
structure where sufficient tensile strength and ductility are not pro-
vided by the prestressing steel. Non-prestressed longitudinal bars, for
example, are often included in the tensile zone of beams to supple-
ment the prestressing steel and increase the flexural strength. Non-
prestressed reinforcement in the form of stirrups is most frequently
used to carry the diagonal tension caused by shear and torsion in the
webs of prestressed concrete beams.

e To control flexural cracks at service loads in prestressed concrete
beams and slabs where some degree of cracking under full service
loads is expected.
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e To control cracking induced by restraint to shrinkage and tempera-
ture changes in regions and directions of low (or no) prestress.

e To carry compressive forces in regions where the concrete alone may
not be adequate, such as in columns or in the compressive zone of
heavily reinforced beams.

e Lateral ties or helices are used to provide restraint to bars in com-
pression (i.e. to prevent lateral buckling of compressive reinforcement
prior to the attainment of full strength) and to provide confinement
for the compressive concrete in columns, beams and connections,
thereby increasing both the strength and deformability of the con-
fined concrete.

e To reduce long-term deflection and shortening due to creep and
shrinkage by the inclusion of longitudinal bars in the compression
region of the member.

* To provide resistance to the transverse tension that develops in the
anchorage zone of post-tensioned members and to assist the concrete
to carry the high bearing stresses immediately behind the anchorage
plates.

® To reinforce the overhanging flanges in T-, I- or L-shaped cross-sections
in both the longitudinal and transverse directions.

Types and sizes of non-prestressed reinforcement vary from country to
country. Most reinforcement used in prestressed structures is made up of
deformed bars or wires, although some plain round bars and wires are
used as fitments. Regularly spaced rib-shaped deformations on the surface
of a deformed bar improve the bond between the concrete and the steel and
greatly improve the anchorage potential of the bar. It is for this reason that
deformed bars are used as longitudinal reinforcement in most reinforced
and prestressed concrete members.

In design calculations, non-prestressed steel is usually assumed to be
elastic—plastic, as shown in Figure 4.8. Before yielding, the reinforcement
is elastic, with steel stress o, proportional to the steel strain e, i.e. 6, = E ¢
where E, is the elastic modulus of the steel. After yielding, the stress—strain
curve is often assumed to be horizontal (perfectly plastic) and the steel
stress o, = f,4 (=f,1/Ys) at all values of strain exceeding the strain at first yield
&y = f,a/Es- The design yield stress f,, is taken to be the design strength of
the material and strain hardening is often ignored. The stress—strain curve
in compression is assumed to be similar to that in tension.

sy

4.3.2 Specification in Eurocode 2
4.3.2.1 Strength and ductility

EN 10080 [12] specifies general requirements and definitions for the per-
formance characteristics of weldable reinforcing steel used in concrete
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Figure 4.8 ldealised stress—strain relationship for non-prestressed steel.

structures designed to EN 1992-1-1 [1]. The following properties are speci-
fied to establish the required strength and ductility of steel reinforcement:

For strength: the characteristic yield strength, f, or f,; the character-
istic tensile strength, f,,

For ductility: the tensile strength to yield stress ratio, (f,/f,); the strain
corresponding to the peak stress (i.e. the uniform elongation), €,

The values of £, and f, are, respectively, the characteristic values of the
yield load and the maximum direct axial tensile load, each divided by the
nominal cross-sectional area of the bar.

Three ductility classes are recognised by EN 1992-1-1 [1]: Class A (low
ductility); Class B (medium ductility) and Class C (high ductility). The
requirements for strength and ductility of each class are shown in Table 4.5.

Class A reinforcement should not be used in situations where the rein-
forcement is required to undergo large plastic deformation under strength
limit state conditions (i.e. strains in excess of 0.025). It should not be used
if plastic methods of design are adopted, and it should not be used if the
analysis has relied on some measure of moment redistribution.

4.3.2.2 Elastic modulus

The modulus of elasticity of reinforcing steel E, is the slope of the ini-
tial elastic part of the stress—strain curve, when the stress is less than f,,
and, in the absence of test data, the design value may be taken as equal to
200 x 10° MPa, irrespective of the type and ductility class of the steel [1].
Alternatively, E; may be determined from standard tests. The elastic modu-
lus in compression is taken to be identical to that in tension.
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Table 4.5 Yield strength and ductility class of reinforcement compliant
with EN 1992-1-1 [I]

Product Bars and coiled rods Wire fabrics .
Non-compliant

Ductility class A B C A B C (%)?

Characteristic 400-600 <5.0

yield stress, f,
or foa (MPa)

Minimum value >1.05 >1.08 >I.15 >1.05 >1.08 >I.I5 <10.0
of k = (f/f) <1.35 <1.35
Characteristic >2.5 >5.0 >75 >25 >50 >75 <10.0

strain at peak
stress, g, (%)

2 The maximum percentage of test results falling below the specified minimum characteristic values
of £, (f/f,)x and &,

4.3.2.3 Stress—strain curves: Design assumptions

The shape of the stress—strain curve for a typical hot rolled bar is shown in
Figure 4.9a. For non-linear and other refined methods of analysis, actual
stress—strain curves determined from testing may be used using mean
rather than characteristic values.

In design, EN 1992-1-1 [1] allows the idealised bilinear relationship
shown in Figure 4.9b to be used with a recommended strain limit of ¢4 =
0.9 g, and a maximum stress of kf,/y,. Alternatively, an elastic—plastic
relationship with a horizontal top branch at f,; = f,,/y, may be used without
the need to check the strain limit.

The partial safety factor for steel reinforcement is ys = 1.15 for persistent
and transient design situations and ys = 1.0 for design situations involv-
ing accidental actions, as indicated in Table 2.4. The properties of two

A
fi=Kfye M
& ) ¢
g - B f o o Forl Vs
] i fyd :fyk/ Ys - § %
g 3 3 |
17 ; | }
% Strain i i Strain
(a) Eyk €uk (b) &k €4 Euk

Figure 4.9 Actual and idealised stress—strain curves for reinforcing steel. (a) Actual
stress—strain curve of a hot-rolled bar. (b) Idealised stress—strain curve of a
hot-rolled bar.



Material properties 91

Table 4.6 Material properties for reinforcing steels

Ductility
Steel type class fo (MPa)  fq4 (MPa)  f, (MPa)  f,4(MPa) e, (%) E(GPa)
B500A A 525 457 500 435 2.52 200
B500B B 540 470 500 435 5.0 200

2 g4 = 2.0% for 5.0 and 5.5 mm diameter bar.

Table 4.7 Preferred bar sizes in Europe [12]

Linear mass density Nominal diameter Cross-sectional area

Metric bar size (kg/m) (mm) (mm?)

6.0 0.222 6 28.3

8.0 0.395 8 50.3
10.0 0.617 10 78.5
12.0 0.888 12 3
14.0 1.21 14 154
16.0 1.58 16 201
20.0 247 20 314
25.0 3.85 25 491
28.0 4.83 28 616
320 6.31 32 804
40.0 9.86 40 1257
50.0 15.4 50 1963

commonly used steel types are given in Table 4.6, with design values deter-
mined for persistent and transient design situations. Preferred bar sizes in
Europe complying with EN 10080 [12] are given in Table 4.7.

4.3.2.4 Coefficient of thermal expansion and density

In the absence of test data, the coefficient of thermal expansion of rein-
forcement may be taken as 10 x 10-¢/°C, and the density of the steel is
7850 kg/m3.

4.4 STEEL USED FOR PRESTRESSING

4.4.1 General

The shortening of the concrete caused by creep and shrinkage in a pre-
stressed member causes a corresponding shortening of the prestressing steel
that is physically attached to the concrete either by bond or by anchor-
ages at the ends of the tendon. This shortening can be significant and usu-
ally results in a loss of stress in the steel of between 150 and 300 MPa.
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In addition, creep in the highly stressed prestressing steel also causes a loss
of stress through relaxation. Significant additional losses of prestress can
result from other sources, such as friction along a post-tensioned tendon or
draw-in at an anchorage at the time of prestressing.

For an efficient and practical design, the total loss of prestress should be
a relatively small portion of the initial prestressing force. The steel used to
prestress concrete must therefore be capable of carrying a very high initial
stress. A tensile strength of between 1000 and 1900 MPa is typical for
modern prestressing steels. The early attempts to prestress concrete with
low-strength steels failed because almost the entire prestressing force was
rapidly lost due to the time-dependent deformations of the poor-quality
concrete in use at that time.

There are three basic forms of high-strength prestressing steels (as
detailed in Chapter 3): cold-drawn stress-relieved round wire; stress-
relieved strand and high-strength alloy steel bars. The stress—strain
curves for the various types of prestressing steel exhibit similar char-
acteristics, as illustrated in Figure 4.10. There is no well-defined yield
point (as exists for some lower-strength steels). Each curve is initially
linear-elastic (with an elastic modulus E, similar to that for lower-
strength steels) and with a relatively high proportional limit. When the
curves become non-linear as deformation increases, the stress gradually
increases monotonically until the steel fractures. The elongation at frac-
ture is usually between 3.5% and 7%. High-strength steel is therefore
considerably less ductile than conventional, hot-rolled non-prestressed
reinforcing steel. For design purposes, the yield stress f,q; is usually
taken as the stress corresponding to the 0.1% offset strain and is gener-
ally taken to be between 80% and 88% of the minimum tensile strength
(i.e. 0.80f, — 0.88f,,). Some available sizes and properties of prestressing
steel are given in Table 4.8.

The initial stress level in the prestressing steel after the prestress is
transferred to the concrete is usually high, often in the range 70%-80%
of the tensile strength of the material. At such high stress levels, high-
strength steel creeps. At lower stress levels, such as is typical for non-
prestressed steel, the creep of steel is negligible. If a tendon is stretched
and held at a constant length (constant strain), the development of creep
strain in the steel is exhibited as a loss of elastic strain and hence a
loss of stress. This loss of stress in a specimen subjected to constant
strain is known as relaxation. Creep, and hence relaxation, in steel is
highly dependent on the stress level and increases at an increasing rate
as the stress level increases. Relaxation in steel also increases rapidly as
temperature increases. In recent years, low-relaxation steel has normally
been used in order to minimise the losses of prestress resulting from
relaxation.
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Table 4.8 Types, sizes and properties of prestressing steels [13]

fpk fpo.lk f;;d = fpo.lk/Ys

Type Steel name ~ (MPa) (MPa) (MPa) E, (GPa) e (%)
Wires Y 1860C 1860 1600 1391 205 35

Y1770C 1770 1520 1322 205 3.5

Y1670C 1670 1440 1252 205 35

Y1570C 1570 1300 1130 205 35
Strands Y2060S 2060 1770 1540 195 3.5

Y 1960S 1960 1680 1461 195 35

Y 1860S 1860 1600 1391 195 35

Y 1760S 1760 1520 1322 195 3.5
Bars Y1030 1030 830 722 205 4.0

Y1100 1100 900 783 205 4.0

Y1230 1230 1080 939 205 4.0

Cross- Maximum Yield

Nominal sectional ~ Characteristic ~ breaking strength at
diameter Mass area breaking strength 0.1% proof
(mm) Steel type (g/m) (mm?) strength (kN) (kN) strain (kN)
Wires
4 Y1860C 98.4 12.6 234 26.9 20.8
5 Y1860C 153.1 19.6 36.5 420 325
6 Y1770C 221.0 283 50.1 57.6 44.5
7 Y1770C 300.7 385 68.1 783 59.9
8 Y1670C 392.8 50.3 83.9 96.5 739
Seven-wire strands
7 Y2060S 2343 30.0 61.8 71.1 54.4
8 Y1860S 296.8 38.0 70.7 81.3 60.8
9.6 Y 1960S 429.6 55.0 107.8 124.0 94.0
12.5 Y 1860S 726.3 93.0 173.0 199.0 149.0
12.9 Y 1860S 781.0 100.0 186.0 2139 160.0
15.2 Y 1860S 1086.0 139.0 258.5 297.3 223.0
15.2 Y 1760S 1086.0 139.0 244.6 281.3 212
Bars
20 Y1030 2.57 314 323 371 261
25 Y1030 4.17 491 506 582 408
26.5 Y1030 4.49 552 569 654 458
32 Y1030 6.65 804 828 952 667
36 Y1030 8.44 1018 1049 1206 845
40 Y1030 10.36 1257 1295 1489 1043

50 Y1030 15.66 1963 2022 2325 1929
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Figure 4.10 Typical stress—strain curves for tendons.

4.4.2 Specification in Eurocode 2
4.4.2.1 Strength and ductility

Prestressing steels must comply with the requirements of EN 10138 Parts
1-4 [13]. The terms used to define the strength and ductility of prestressing
steel in EN 1992-1-1 [1] are illustrated on the typical stress—strain curve
shown in Figure 4.11. In design calculations, the characteristic breaking
strength £, is taken as the strength of the tendon. In practice, the breaking
stress of 95% of all test samples will exceed f,,.. The strain corresponding to
fo is the uniform elongation €. The tensile strength and ductility of some
commonly used types of prestressing steel are given in Table 4.8.

The yield stress £,y is taken as the 0.1% proof stress and may be deter-
mined by testing. In the absence of test data, the prescribed values given in
Table 4.8 may be used. The design values of the steel strength f, 4 are taken
as f,0.11/vs, as shown in Figure 4.12 and given in Table 4.8.

According to EN 1992-1-1 [1], a prestressing tendon may be assumed to
have adequate ductility if £,,/f,o > 1.1.

4.4.2.2 Elastic modulus

The elastic modulus can be obtained by measuring the elongation of
sample pieces of tendon in direct tension tests. The prescribed values of
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elastic modulus given in Table 4.8 may vary by up to 10 GPa and pos-
sibly more when a multi-strand or multiwire tendon is stressed as a single
cable. Variations in elastic modulus of the tendon will affect the calculated
extension of the tendon during the stressing operation, and this should be
considered appropriately both in design and during construction.

4.4.2.3 Stress-strain curve

For cross-sectional design, EN 1992-1-1 [1] allows the stress—strain curve
for prestressing steel to be approximated by either of the two bilinear curves
shown in Figure 4.12 as solid lines. The inclined branch (Line 1) has a strain
limit g,4= 0.9 g,,. Alternatively, the horizontal top branch (Line 2) can be
used without any limit on strain. If the actual stress—strain curve for the
steel is known, the steel stresses above the elastic limit should be reduced in
a similar way to that shown for the idealised curve in Figure 4.12.

The actual shape of the stress—strain curve for tendons may be deter-
mined from tests. Typical curves for various types of tendons are shown in
Figure 4.10. For non-linear and other refined methods of analysis, actual
stress—strain curves for the steel, using mean rather than characteristic
values, should be used. Alternatively, a simplified equation, such as that
described by Loov [39], suitably calibrated to approximate the shape of the
actual curve may be used in design.

For design and construction purposes, the maximum jacking force for
a particular size of tendon is generally obtained from the manufacturer’s
literature, and the actual stress—strain curve of the material supplied should
be used to calculate the elongation during jacking.

4.4.2.4 Steel relaxation

Three classes of relaxation are recognised in EN 1992-1-1 [1]: Class 1: wire
or strand — ordinary relaxation; Class 2: wire or strand — low relaxation
and Class 3: hot-rolled and processed bars. Although both ordinary relax-
ation and low-relaxation wire and strand are defined, EN 10138 [13] does
not cover Class 1 (ordinary relaxation) and only provides information on
low-relaxation wire and strand. Design calculations associated with steel
relaxation are based on the value of p,yyy, which is the relaxation loss in
percentage at 1000 hours after tensioning with an initial stress of 0.7f, at
a mean temperature of 20°C, where f, is the actual tensile strength of steel
samples. p;g00 15 €xpressed as a percentage ratio of the initial stress.

The values of p,oy, may be taken from the manufacturer’s certificate or
assumed to equal 8% for Class 1, 2.5% for Class 2 and 4% for Class 3.

The loss of stress in the tendon due to relaxation Ac,, for use in design
may be obtained from one of the following expressions:

Ac

¢ 0.75(1—p)
—Pr - _539 SR 107 4.34
o P1o00 € (10()0} X ( )

Class 1:
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As 0.75(1-p)
Class 2: G—f” =—0.66 piogo €™ (1000) x107 (4.35)
pi
0.75(1-p)
Class 3: % =-1.98 P1000 68“ (101‘00] X 1075 (4.36)
pi

where 6;is the stress in a pretensioned or post-tensioned tendon imme-
diately after anchoring the tendon (i.e. before transfer for pretensioned
tendons and after transfer for post-tensioned tendons); ¢ is the time after
tensioning (in hours) and p = o,/f,,.

The final (long-term) values of the relaxation losses are taken at ¢ = 500,000
hours, and values for Classes 1, 2 and 3 tendons are given in Table 4.9.

When elevated temperatures exist during curing (i.e. steam curing), relax-
ation is increased and occurs rapidly during the curing cycle. In this case,
the equivalent time ¢, (in hours) given in Equation 4.37 should be added
to the time after tensioning ¢ in the relaxation time functions in Equations
4.34 through 4.36:

n

L 14 (Tinax~20)

W= 50 Tiay —20)A (4.37)

where Tz, is the temperature in °C during the time interval A¢; and T, is
the maximum temperature in °C during the heat treatment.

Creep in the prestressing steel may also be defined in terms of a creep
coefficient rather than as a relaxation loss. If the creep coefficient for the
prestressing steel @ (¢, 6, is the ratio of creep strain in the steel to the
initial elastic strain immediately after tensioning, then the final creep coef-
ficients for wire, strand and bar are also given in Table 4.9 and have been

Table 4.9 Long-term relaxation losses (at t = 500,000 hours) and corresponding
final creep coefficients for wire, strand and bar (T = 20°C)

Tendon stress o,; as a proportion of f,,

Type of tendon p=0.6 p=0.7 p=0.8
Class | Relaxation loss (%) 15.5 19.0 233
Creep coefficient, @, (t, 6, 0.155 0.190 0.233
Class 2 Relaxation loss (%) 25 39 6.1
Creep coefficient, @,(t, ) 0.025 0.039 0.061
Class 3 Relaxation loss (%) 6.2 8.7 12.1

Creep coefficient, @,(t, 6,) 0.062 0.087 0.121




98 Design of Prestressed Concrete to Eurocode 2

approximated using Equation 4.38 (remembering that Ac,, is the loss of
stress and is therefore negative):

oyt o) = 2000 (4.38)

Gpi

As has already been emphasised, creep (relaxation) of the prestressing
steel depends on the stress level. In a prestressed concrete member, the stress
in a tendon is gradually reduced with time due to creep and shrinkage in
the concrete. This gradual decrease in stress results in a reduction of creep
in the steel and hence smaller relaxation losses. To determine relaxation
losses in a concrete structure therefore, the final relaxation loss obtained
from Equations 4.34 through 4.36 (or Table 4.9) should be multiplied by a
reduction factor A, that accounts for the time-dependent shortening of the
concrete due to creep and shrinkage. The factor A, depends on the creep
and shrinkage characteristics of the concrete, the initial prestressing force
and the stress in the concrete at the level of the steel and can be determined
by iteration [24]. However, because relaxation losses in modern prestressed
concrete structures (employing low-relaxation steels) are relatively small, it
is usually sufficient to take A, ~ 0.8.
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Chapter 5

Design for serviceability

5.1 INTRODUCTION

The level of prestress and the layout of tendons in a member are usually
determined from the serviceability requirements for that member. For
example, if a water-tight and crack-free slab is required, tension in the slab
must be eliminated or limited to some appropriately low value. If, on the
other hand, the deflection under a particular service load is to be mini-
mised, a load-balancing approach may be used to determine the prestress-
ing force and cable drape (see Section 1.4.3).

For the serviceability requirements to be satisfied in each region of a
member at all times after first loading, a reasonably accurate estimate of
the magnitude of prestress is needed in design. This requires reliable pro-
cedures for the determination of both the immediate and time-dependent
losses of prestress. Immediate losses of prestress occur during the stressing
(and anchoring) operation and include elastic shortening of concrete, the
short-term relaxation of the tendon, friction along a post-tensioned cable
and slip at the anchorages. As mentioned in previous chapters, the time-
dependent losses of prestress are caused by creep and shrinkage of the con-
crete and relaxation of steel. Procedures for calculating both the immediate
and time-dependent losses of prestress are presented in Section 5.10.

There are two critical stages in the design of prestressed concrete for ser-
viceability. The first stage is immediately after the prestress is transferred to
the concrete, i.e. when the member is subjected to the maximum prestress
and the external load is usually at a minimum. Immediate losses have taken
place, but no time-dependent losses have yet occurred. The prestressing
force immediately after transfer is designated in EN 1992-1-1 [1] as P,,.
At this stage, the concrete is usually young and the concrete strength may
be relatively low. The second critical stage is after time-dependent losses
have taken place and the full service load is applied, i.e. at time # when
the prestressing force is at a minimum and the external service load is at a
maximum. The prestressing force at this stage is designated in EN 1992-1-1 [1]
as P, and is often referred to as the effective prestress.

101
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At each of these stages (and at all intermediate stages), it is necessary
to ensure that both the strength and the serviceability requirements of the
member are satisfied. Strength depends on the cross-sectional area and
position of both the steel tendons and the non-prestressed reinforcement.
However, it is not strength that determines the level of prestress, but ser-
viceability. When the prestressing force and the amount and distribution of
the prestressing steel have been determined, the flexural strength may be
readily increased, if necessary, by the addition of non-prestressed conven-
tional reinforcement. This is discussed in more detail in Chapter 6. Shear
strength may be improved by the addition of transverse stirrups (as dis-
cussed in Chapter 7). As will be seen throughout this chapter, the pres-
ence of bonded conventional reinforcement also greatly influences both
the short- and long-term behaviour at service loads, both for cracked and
uncracked prestressed members. The design for strength and serviceability
therefore cannot be performed independently, as the implications of one
affect the other.

General design requirements for the serviceability limit states, including
combinations of actions, were discussed in Chapter 2. It is necessary to
ensure that the instantaneous and time-dependent deflection and the axial
shortening under service loads are acceptably small and that cracking is
well controlled by suitably detailed bonded reinforcement. To determine
the in-service behaviour of a member, it is therefore necessary to establish
the extent of cracking, if any, by checking the magnitude of elastic tensile
stresses. If a member remains uncracked (i.e. the maximum tensile stress at
all stages is less than the tensile strength of concrete), the properties of the
uncracked section may be used in all deflection and camber calculations (see
Sections 5.6 and 5.7). If cracking occurs, a cracked section analysis may be
performed to determine the properties of the cracked section and the post-
cracking behaviour of the member (see Sections 5.8 and 5.9).

5.2 CONCRETE STRESSES AT TRANSFER
AND UNDER FULL SERVICE LOADS

In the past, codes of practice have set mandatory maximum limits on the
magnitude of the concrete stresses, both tensile and compressive. In real-
ity, concrete stresses calculated by a linear-elastic analysis are often not
even close to those that exist after a short period of creep and shrinkage,
particularly in members containing significant quantities of bonded rein-
forcement. It makes little sense to limit concrete stresses in compression
and tension, unless they are determined based on non-linear analysis, in
which the time-varying constitutive relationship for concrete is accurately
modelled. Even if non-linear analysis is undertaken, limiting the concrete
stresses in compression to a maximum prescribed value, or making sure the
concrete tensile stresses are less than the tensile strength of concrete, does
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not ensure either adequate strength of a structural member or satisfactory
behaviour at service loads.

Notwithstanding the above, some codes still classify prestressed mem-
bers in terms of the calculated maximum tensile stress in the concrete
o, in the precompressed tensile zone of a member. For example, using
the notation adopted in this book, ACI318M-14 [2] classifies prestressed
members as:

a. Uncracked (Class U) if 6, < 0.62\/ﬂ_k;
b. Transitional (Class T) if 0.62./f4 < o4 <1.0/fu; and
c. Cracked (Class C) if 6 > 1.0\/](Tk.

where o, and f,, are expressed in MPa. As we shall see subsequently in
Section 5.7.4, limiting the maximum concrete tensile stress calculated in an
elastic analysis to 0.62\/}271( certainly does not mean that the member will
remain uncracked.

ACI318M-14 [2] imposes a limit of 0.6f,.(¢,) on the calculated extreme
fibre-compressive stress at transfer, except that this limit can be increased
to 0.7f,(t,) at the ends of simply-supported members (where f,(¢,) is
the specified characteristic strength of concrete at the time of transfer).
ACI318M-14 [2] also requires that where the concrete tensile stress exceeds
0.5\/f«(ty) at the ends of a simply-supported member, or 0.25,/f.(t,) else-
where, additional bonded reinforcement should be provided in the tensile
zone to resist the total tensile force computed with the assumption of an
uncracked cross-section.

In addition, for Class U and Class T flexural members, ACI318M-14 [2]
specifies that the extreme fibre-compressive stress, calculated assuming
uncracked cross-sectional properties and after all losses of prestress, should
not exceed the following;:

Due to prestress plus sustained load: 0.45f,,
Due to prestress plus total load: 0.6f,,

These limits are imposed to decrease the probability of fatigue failure in
beams subjected to repeated loads and to avoid the development of non-
linear creep that develops under high compressive stresses.

EN 1992-1-1 [1] limits the compressive stress in the concrete immediately
after transfer to 0.6f,(¢,), but if the compressive stress in the concrete that
is sustained permanently exceeds 0.45f,(¢,), EN 1992-1-1 [1] suggests that
the effects of non-linear creep should be considered. Immediately after the
transfer of prestress, the prestressing force is at its maximum value and
time-dependent losses have not yet occurred. Satisfaction of the compres-
sive stress limit will usually, although not necessarily, lead to an adequate
factor of safety against compressive failure at transfer.
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It is also important to ensure that cracking does not occur immediately
after transfer in locations where there is no (or insufficient) bonded rein-
forcement. The regions of a member that are subjected to tension at transfer
are often those that are later subjected to compression when the full service
load is applied. If these regions are unreinforced and uncontrolled cracking
is permitted at transfer, an immediate serviceability problem exists. When
the region is later compressed, cracks may not close completely, local spall-
ing may occur and even a loss of shear strength could result. If cracking is
permitted at transfer, bonded reinforcement should be provided to carry all
the tension and to ensure that the cracks are fine and well controlled. For
the calculation of concrete stresses immediately after transfer, an elastic
analysis using gross cross-sectional properties is usually satisfactory.

In some cases, concrete stresses may need to be checked under full service
loads when all prestress losses have taken place. If cracking is to be avoided,
concrete tensile stresses must not exceed the tensile strength of concrete. Care
should be taken when calculating the maximum tensile stress to accurately
account for the load-independent tension induced by restraint to shrinkage
or temperature effects and the relaxation of stress caused by creep of the
concrete. However, even if the tensile stress does reach the tensile strength of
concrete and some minor cracking occurs, the cracks will be well controlled
and the resulting loss of stiffness will not be significant, provided sufficient
bonded reinforcement or tendons are provided near the tensile face.

For many prestressed concrete situations, there are no valid reasons why
cracking should be avoided at service loads and, therefore, no reason why
a limit should be placed on the maximum tensile stress in the concrete.
Indeed, in modern prestressed concrete building structures, many members
crack under normal service loads. If cracking does occur, the resulting loss
of stiffness must be accounted for in deflection calculations and a nonlinear
cracked section analysis is required to determine behaviour in the post-
cracking range. Crack widths must also be controlled. Crack control may
be achieved by limiting both the spacing of the bonded reinforcement and
the change of stress in the reinforcement after cracking (see Section 5.12).

Under full service loads, which occur infrequently, there is often no practi-
cal reason why compressive stress limits should be imposed. Separate checks
for flexural strength, ductility and shear strength are obviously necessary.
Some members, such as trough girders or inverted T-beams, are prone to
high concrete compressive stresses under full service loads and, in the design
of these members, care should be taken to limit the extreme fibre-compressive
stress at service loads. If a large portion of the total service load is permanent,
compressive stress levels in excess of about 0.45f, should be avoided. With
this upper limit on compressive stresses, the probability of fatigue failure in
uncracked or lightly cracked members subjected to repeated loads will be
reduced and excessive non-linear creep deformations will not occur.

The primary objective in calculating and perhaps setting limits on
the concrete stresses, both at transfer and under full loads, is to obtain
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a serviceable structure. As was discussed in Section 1.4, elastic stress
calculations are not strictly applicable to prestressed concrete. Creep and
shrinkage cause a gradual transfer of compression from the concrete to the
bonded steel. Nevertheless, elastic stress calculations may indicate poten-
tial serviceability problems and the satisfaction of concrete tensile stress
limits is a useful procedure to control the extent of cracking. It should be
understood, however, that the satisfaction of a set of elastic concrete stress
limits does not, in itself, ensure serviceability and certainly does not ensure
adequate strength. The designer must check both strength and serviceability
separately, irrespective of the stress limits selected.

5.3 MAXIMUM JACKING FORCE

The mean prestressing force at any time ¢ at a distance x from the active end
of a tendon is designated in EN 1992-1-1 [1] as P, (x) and is equal to the
maximum force P, applied at the active end of the tendon during tension-
ing minus the immediate and time-dependent losses. The maximum force
P, (also referred to as the jacking force P;) must satisfy:

max

P <Aoo (5.1)

max — 41p Yp.max

where A is the cross-sectional area of the tendon and 6, ,,,, is the smaller of
80% of the characteristic tensile strength (i.e. 0.8 £,,) and 90% of the char-
acteristic 0.1% proof stress (i.e. 0.9 £, 1,). Overstressing up to 6, ., = 0.95
fo0.1x is permitted if the force in the jack can be measured to an accuracy of
+5% of the final value of the prestressing force. Any such overstressing is
intended to deal only with unforeseen problems during construction and
should not be assumed during the design stage.

The value of the initial prestressing force at x immediately after transfer
in a pretensioned member or immediately after tensioning and anchoring in
a post-tensioned member (i.e. at # = #,) is designated P, o(x) (or simply P )
and is equal to P_,, minus the immediate losses of prestress. According to

max

EN 1992-1-1 [1], P,o(x) should satisfy:
PmO(x) < Ap Gme.max (5‘2)

where 6,0 may is the smaller of 0.75f,, or 0.85f,, .

When tensioning a tendon, the stressing procedure should ensure that the
force in the tendon increases at a uniform rate. The prestressing force should
be measured at the jack, and the tendon extension should be measured
during tensioning. A check should also be made to ensure that the mea-
sured extension of each tendon agrees with the calculated extension based on
the measured prestressing force and knowledge of the cable profile and the
load—extension curve for the tendon. Any difference between the two figures
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greater than 10% should be investigated. Differences could be due to prob-
lems arising for a variety of reasons, including blockage of the duct due to the
ingress of cement paste, the wrong size tendon being used, slip at the dead-
end anchorage, variations of tendon profile and hence different friction losses
in the duct or anchorage from the assumed values and variations in strand
properties, including differences in strands due to worn dies used in drawing
the strand wires during manufacture.

5.4 DETERMINATION OF PRESTRESS AND
ECCENTRICITY IN FLEXURAL MEMBERS

There are a number of possible starting points for the determination of the
prestressing force P and eccentricity e required at a particular cross-section.
The starting point depends on the particular serviceability requirements for
the member. The prestressing force and the cable layout for a member may be
selected to minimise deflection under some portion of the applied load, i.e. a
load-balancing approach to design. With such an approach, cracking may occur
when the applied load is substantially different from the selected balanced load,
such as at transfer or under the full service loads after all losses, and this pos-
sibility needs to be checked and accounted for in serviceability calculations.

The quantities P and e are often determined to satisfy preselected stress
limits. Cracking may or may not be permitted under service loads. As was
mentioned in the previous section, satisfaction of concrete stress limits
does not necessarily ensure that deflection, camber or axial shortening are
within acceptable limits. Separate checks are required for each of these
serviceability limit states.

5.4.1 Satisfaction of stress limits

Numerous design approaches have been proposed for the satisfaction of
concrete stress limits, including analytical and graphical techniques, e.g.
Magnel [3], Lin [4] and Warner and Faulkes [5]. A simple and convenient
approach is described here.

If the member is required to remain uncracked throughout, suitable
stress limits should be selected for the tensile stress at transfer £, ,and the
tensile stress under full load /. In addition, limits should also be placed
on the concrete compressive stress at transfer £, ,and under full loads .
If cracking under the full loads is permitted, the stress limit £, is relaxed
and the remaining three limits are enforced.

In Figure 5.1, the uncracked cross-section of a beam at the critical moment
location is shown, together with the concrete stresses at transfer caused by
the initial prestress of magnitude P, (located at an eccentricity e below
the centroidal axis of the concrete section) and by the external moment M,
resulting from the loads acting at transfer. Often self-weight is the only load
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Figure 5.1 Concrete stresses at transfer.

(other than prestress) acting at transfer. In Figure 5.1, we have assumed
that the cross-section is uncracked and that concrete stresses are calculated
assuming linear-elastic material behaviour.

At transfer, the concrete stress in the top fibre must not exceed the ten-
sile stress limit £, ,. If tensile (compressive) stress is assumed to be positive
(negative), we have:

PmO Pm()e yto MO y
— P top
Gtop,() - + - < fct,O

A I I

Rearranging and introducing the term o, = Ay, /I = A/Z,,,, we get:

top top?

Py SM (5.3)
" Oope — 1

where A is the area of the transformed cross-section, I is the second moment of
area of the transformed section about the centroidal axis and Z,, is the elastic
modulus of the cross-section with respect to the top fibre (equal to I/y,,,).

Similarly, the concrete stress in the bottom fibre must be greater than the
negative compressive stress limit at transfer:

@_ PmOeybtm + Moybtm > f
A I e

Obtm,0 = —

Rearranging and introducing the term o, = Ay,./l = A/Z,,.., We get:

Pm() < _A][CC,O + ahthO (5.4)
Olpme + 1

where Z, .., is the elastic modulus of the cross-section with respect to the
bottom fibre (=I/y,,) and the compressive stress limit f.. , is a negative
quantity.
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Figure 5.2 Concrete stresses under full loads (after all prestress losses).

Figure 5.2 shows the concrete stresses on an uncracked cross-section
caused by both the effective prestressing force P, acting on the concrete
after all losses have taken place and the applied moment M. resulting
from the full service load. The effective prestressing force acting on the
concrete part of the cross-section is taken as QP,,, where Q depends on
the time-dependent loss of prestress in the tendon and the amount of
force transferred from the concrete into the bonded non-prestressed rein-
forcement as it restrains the development of creep and shrinkage in the
concrete with time. For cross-sections containing no conventional rein-
forcement, Q is typically about 0.80 but may be significantly smaller for
sections containing conventional reinforcement (see Section 5.7.4, where
in Tables 5.1 and 5.2, Q varies between 0.438 and 0.851 depending on the
amount and position of bonded reinforcement on the cross-section under
consideration).

For an uncracked member, the concrete stress in the bottom fibre must be
less than the selected tensile stress limit £, :

Obtm,t = —

QPmO _ QPmOe ybtm + MTybtm
A I I

< foe

and rearranging gives:

> _Afct,t + abthT

P> 5.5
’ Q(abtme + 1) ( )

The compressive stress in the top fibre must also satisfy the appropriate
stress limit £

QPmO + QPmOe ytop _ MTymp > fcct
A I 1 ’

Gropt =



Design for serviceability 109

and rearranging gives:

P> Afec + iopMr (5.6)
Q(ocwpe - 1)

If the eccentricity e at the cross-section is known, satisfaction of Equations
5.3 and 5.4 will ensure that the desired stress limits at transfer are not
exceeded. Equations 5.3 and 5.4 provide an upper limit on the magnitude
of P . Equations 5.5 and 5.6 provide a lower limit on the magnitude of P,
Satisfaction of all four equations will ensure that the selected stress limits
at transfer and under full loads are all satisfied.

If a particular cross-section is too small, it may not be possible to
satisfy all four stress limits and either a larger cross-section can be
selected or the offending stress limit(s) can be relaxed and the effect of
this variation assessed in the subsequent design. Even though separate
checks are required to ensure satisfaction of the strength and service-
ability requirements, Equations 5.3 through 5.6 provide a useful starting
point in design for sizing both the cross-sectional dimensions and the
prestressing details.

If the maximum value of P, that satisfies Equation 5.4 is the same as the
minimum value required to satisfy Equation 5.5, information is obtained
about the properties of the smallest cross-section that can be selected to
ensure satisfaction of both the stress limits £, , at transfer and £, under
full loads (i.e. the smallest sized cross-section that will ensure that crack-
ing does not occur under full service loads). Equating the right-hand sides
of Equations 5.4 and 5.5, we get the following expression for the section
modulus (Z,,,,) of the minimum sized cross-section:

My — QM,

(Zotm)min = ————
fCt,t - chc,o

(5.7)

Similarly, if we equate the right-hand sides of Equations 5.3 and 5.6, we get
the following expression for the section modulus (Z,,,) of the smallest sized
cross-section required to satisfy both the stress limits £, , at transfer and £, ,
under full loads (i.e. the smallest sized cross-section to ensure that cracking
does not occur at transfer):

My — QM,
(Ziopmin = ——F— (5.8)
“r QfCt,O - fCC,t

It must be remembered that f._, and £, represent compressive stress limits
and are negative quantities. Equations 5.7 and 5.8 are useful starting points
in the selection of an initial cross-section.
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In order to make use of Equations 5.7 and 5.8 in preliminary design,
an estimate of the time-dependent loss of prestress in the concrete must
be made. Usually, a first estimate of Q of about 0.8 is reasonable if low-
relaxation presetressing steel is used and the cross-section does not con-
tain significant quantities of non-prestressed steel. As already mentioned, if
the cross-section contains significant quantities of bonded reinforcement,
Q may be significantly smaller. However, if this is the case, it may not be
necessary to enforce a no cracking requirement and Equations 5.7 and 5.8
would no longer be relevant. Any initial estimate of Q must be checked
after the prestress, the eccentricity and the quantity of bonded reinforce-
ment have been determined. A suitable procedure for determining the time-
dependent loss of stress in the concrete is described in Section 5.7.3, and
simplified methods are described in Section 5.10.3.

EN 1992-1-1 [1] assumes that flexural cracking is controlled if the max-
imum tensile concrete stress in a member caused by the short-term service
loads and prestress does not exceed the effective tensile strength f. (2)
taken as either the mean value of the tensile strength of the concrete f,,,(¢)
or the mean value of the flexural tensile strength of the concrete £, 4(t) at
the time when the cracks may first be expected to occur. The calculation
for the minimum tension reinforcement (see Equation 5.192 discussed
subsequently) must be based on the same value of f. (t). If cracking is
permitted under full service loads, a tensile stress limit £, is not speci-
fied and Equations 5.5 and 5.7 do not apply. Tensile and compressive
stress limits at transfer are usually enforced and, therefore, Equations
5.3 and 5.4 are still applicable and continue to provide an upper limit on
the level of prestress. The only minimum limit on the level of prestress is
that imposed by Equation 5.6 and, for most practical cases, this does not
influence the design.

When there is no need to satisfy a tensile stress limit under full loads,
any level of prestress that satisfies Equations 5.3, 5.4 and 5.6 may be used,
including P, = 0 (which corresponds to a reinforced concrete member).
Often members that are designed to crack under the full service loads are
proportioned so that no tension exists in the concrete under the sustained
load. Cracks open and close as the variable live load is applied and removed.
The selection of prestress in such a case can still be made conveniently
using Equation 5.5, if the maximum total service moment My is replaced in
Equation 5.5 by the sustained or permanent moment M,,.

If cracking occurs, the cross-section required for the cracked prestressed
member may need to be larger than that required for a fully-prestressed,
uncracked member for the same deflection limit. In addition, the quan-
tity of non-prestressed reinforcement is usually significantly greater. Often,
however, the reduction in prestressing costs more than compensates for the
additional concrete and non-prestressed reinforcement costs and cracked
partially-prestressed members are the most economical structural solution
in a wide range of applications.
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EXAMPLE 5.1

A one-way slab is simply-supported over a span of | = |2 m and is to be
designed to carry a maximum superimposed design service load of w, = 5 kPa
(kN/m?) in addition to its own self-weight. The slab is post-tensioned by regu-
larly spaced tendons with parabolic profiles (with zero eccentricity at each
support and a maximum eccentricity at mid-span). Each tendon contains four
12.9 mm diameter strands in a flat duct. The material properties are:

fu(to) =25MPa; fu =40 MPa; Eo.(to) = 31,000 MPa;
Een = 35,000 MPa;  fy =1860 MPa

Assume that the loss of prestress at mid-span immediately after transfer is
8% and the total time-dependent losses due to creep, shrinkage and relax-
ation are 15%. Determine the prestressing force and eccentricity required to
satisfy the following concrete stress limits:

At transfer: f.o = 0.5f(t)) = 1.3 MPa and .., = —0.5f,(t;) = —12.5 MPa

After all losses: f,,. = 0.5f.., = .75 MPa and f.., = —0.5f, = -20.0 MPa

Also determine the required number and spacing of tendons, and the initial
deflection of the slab at mid-span immediately after transfer.

In order to obtain an estimate of the slab self-weight (which is the only load
other than the prestress at transfer), a trial slab thickness of 300 mm (span/40)
is assumed initially. Assuming the concrete weighs 24 kN/m?, the self-weight is:

W,, = 24 x 0.3 = 7.2 kN/m?

and the moments at mid-span of the slab both at transfer and under the full
service load (evaluated for a | m wide strip of slab) are:

Cwe P 72x12
8

My =129.6 kNm/m

(Wow +W)I* (7.2 +5.0)x12?
8

MT: 8

=219.6 kNm/m

From Equation 5.7:

— _ 6
Zony = M= OMo _ (219.6-085x1296)x10° _ g0 106 o
fue—Ofico  1.75-[0.85x (—12.5)]
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and from Equation 5.8:

Mr—OM, _ (219.6—0.85x129.6) x10°
Of o — frc (0.85x1.3) — (—20.0)

(Ztop)min = :5.|9><|06 mm3/m

For the rectangular slab cross-section, the minimum section modulus must
exceed (Zy)min = 939 X 106 mm3/m and the corresponding minimum slab
depth is therefore:

hmin = \'6(Zb)min/| 000 = 2303 mm

If we select a slab thickness h = 230 mm, the revised self-weight is w,,, =
5.52 kN/m?, the revised moments are M, = 99.4 kNm/m and M; = 1894
kNm/m, and the revised section properties are (Z, = 8.48 mm3*/m and
h.i, =225.5 mm.
Taking h = 230 mm, the relevant section properties are:
A=230x% 103 mm%m, [=1014 x 10®* mm*/m,

Zyn=Z, = 8817 x 106 mm3/m, and o, = &, = 26.1 X 1073 mm™".

btm ~ “top top

tm)min

If we take the minimum concrete cover to the strand as 30 mm, the eccen-
tricity at mid-span of the 12.9 mm diameter strands is:

e=e,.=h2-30-0.5x129=78.6mm

From Equation 5.3:

< Afc:,O + atopMO

PmO
Oleop€ — |

230x10° x1.3+26.1x107 x99.4x10°
(26.1x107 x78.6) -

=2752 kN/m

From Equation 5.4:

P < —Afcco + OlpemMo
mo S ——— ——————
Opeme + |

~ —230x10% x (~12.5) +26.1x107 x 99.4 x 10°

. =1792 kN/m
(26.1x107° x78.6) +

The prestressing force immediately after transfer P,, must not exceed
1792 kN/m.
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13

From Equation 5.5:

_AfC(,t + Olpem MT

P>
Q(Opeme +1)

_ —230x10° x1.75+26.1x107 x189.4 x10°

- = 1751kN/m
0.85x (26.1x107 x78.6 +1)

From Equation 5.6:

p 5 Afece +alopMr _ 230 10° x (—20.0) +26.1x107° x189.4 x10°
™ Q0tepe ) 0.85x (26.1x107 x 78.6 —|)

=384 kN/m

The minimum prestressing force P, is therefore 1751 kN/m, and this value is
used in the following calculations. With 8% immediate losses between mid-
span and the jacking point at one end of the span, the required jacking force is:

Fro —@=|9o3 kN/m

Pi = T -
(1-0.08) 092

From Table 4.8, a 12.9 mm diameter 7-wire low-relaxation strand has a cross-
sectional area of A, = 100.0 mm?, a characteristic breaking load of f, A, = 186.0
kN and a 0.1% proof load of f,, A, = 160.0 kN. According to EN 1992-I-1 [I],
the maximum jacking force in a strand is the smaller of 80% of the charac-
teristic tensile strength (i.e. 0.8 f, A, = 148.8 kN) and 90% of the 0.1% proof
stress (i.e. 0.90 f, A, = 144 kN) (see Section 5.3). A flat duct containing four
12.9 mm strands can therefore be stressed with a maximum jacking force of
4 x 144 = 576 kN.

The minimum number of ducts required in each metre width of slab is

therefore:
R _1903 535,
576 576

and the maximum spacing between cables is therefore 1000/3.30 = 303 mm.

A 4-strand tendon every 300 mm is specified with a jacking force per ten-
don of 1903 x 0.30 = 571 kN.

For this slab, provided the initial estimates of losses are correct, the
properties of the uncracked cross-section can be used in all deflection cal-
culations, since stress limits have been selected to ensure that cracking
does not occur either at transfer or under the full service loads. At transfer,
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E..(t) = 31,000 MPa, | = 1014 x 10® mm*/m and the uniformly distributed
upward load caused by the parabolic tendons with drape equal to 0.0786 m
is obtained from Equation 1.7 as follows:

 8Pge  8x1751x0.0786

Wy = = = =7.65kN/m

The resultant upward load is w, = w,, = 7.65 — 5.52 = 2.13 kN/m, and the ini-
tial deflection (camber) at mid-span at transfer (before any creep and shrink-
age deformations have taken place) is:

5 (wp—wa)l* 5x2.13x12,000*
384 E.(t)]  384x31,000x1014xI0°

=18.3 mm (upwards)

This may or may not be acceptable depending on the serviceability (deflection)
requirements for the slab.

To complete this design, the effects of creep and shrinkage will need to be
considered under permanent loads. The final long-term deflections will need
to be calculated and checked against the deflection criteria, and the actual
long-term losses must be checked. A reliable procedure for undertaking
the long-term deflection calculations is outlined in Section 5.11.4. Of course, the
ultimate strength in bending and in shear will also need to be checked and
the anchorage zones must be designed.

5.4.2 Load balancing

Using the load-balancing approach, the effective prestress after losses P,
and the eccentricity e are selected such that the transverse load imposed by
the prestress w, balances a selected portion of the external load. The effective
prestress P, in a parabolic cable of drape e required to balance a uniformly
distributed external load w, is obtained using Equation 1.7 as follows:

2
Pp = ”;"’ (5.9)
e

Concrete stresses are checked under the remaining unbalanced service
loads to identify regions of possible cracking and regions of high compres-
sion. Deflection under the unbalanced loads may need to be calculated and
controlled. Losses are calculated and stresses immediately after transfer are
also checked. Having determined the amount and layout of the prestressing
steel (and the prestressing force) to satisfy serviceability requirements, the
design for adequate strength can then proceed.
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Load balancing is widely used for the design of indeterminate members
and also for simple determinate beams and slabs. It is only strictly appli-
cable, however, prior to cracking when the member behaves linearly and
the principle of superposition, on which load balancing relies, is valid.

EXAMPLE 5.2

Reconsider the 12 m span, 230 mm thick one-way slab of Example 5.1 and
determine the prestress required to balance the slab self-weight (5.52 kN/m?).
The parabolic tendons have zero eccentricity at each support and e = 78.6 mm
at mid-span. As in Example 5.I, time-dependent losses at mid-span are
assumed to be 5% and the instantaneous losses between mid-span and the
jacking end are taken to be 8%.

With w,, = 5.52 kN/m? and e = 0.0786 m, Equation 5.9 gives:

_wyl* 5.52x12?

e =l - 228X 08 1964 kN/m
“7 8 8x0.0786

The prestressing force at mid-span immediately after transfer and the jacking

force are:
P = 7Pm" = —I 2 =1487kN/m and P = 7Pm° = —l it =1616 kN/m
(1-0.15) 0.85 (1-0.08) 0.92

As in Example 5.1, the maximum jacking force in a duct containing four
12.9 mm diameter strands is 4 x 0.9 f, A, = 576 kN and so the required
maximum duct spacing is 356 mm.

Using a four-strand tendon every 350 mm, the jacking force per tendon is:

1616 x 0.35 = 566 kN

In Example 5.1, the tensile stress limit under full loads was f,,, = 1.75 MPa.

In this example, the prestress is significantly lower and, therefore, f. . will
be exceeded. Assuming gross cross-sectional properties, the bottom fibre
stress at mid-span after all losses and under the full service loads, i.e. when

M; = 189.4 kNm/m (see Example 5.1), is:

Pm,t _ Pm,te + MT
A thm thm

Obtm = —

3 3 6
__1264x10° 1264x10 ><78.6+ 189.4 <10 472 MPa

230x10° 8817 x10° 8.817 x10°
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and this will almost certainly cause cracking. The resulting loss of stiffness
must be included in subsequent deflection calculations using the procedures
outlined in Sections 5.11.3 and 5.11.4. In addition, the smaller quantity of
prestressing steel required in this example, in comparison with the slab
in Example 5.1, will result in reduced flexural strength. A layer of non-
prestressed bottom reinforcement may be required to satisfy strength
requirements.

5.5 CABLE PROFILES

When the prestressing force and eccentricity are determined at the critical
sections, the location of the cable at every section along the member must
be specified. For a member that has been designed using concrete stress
limits, the tendons may be located so that the stress limits are satisfied on
every cross-section. Equations 5.3 through 5.6 may be used to establish a
range of values for eccentricity at any particular cross-section that satisfies
the selected stress limits.

At any cross-section, if M, and M are the moments caused by the exter-
nal loads at transfer and under full service loads, respectively, and P,,, and
P, . are the prestressing forces before and after time-dependent losses at the
same section, the extreme fibre stresses must satisfy the following:

_Fro | (Bwoe=Mo) _ ¢ (5.10)
A Ztop ,
Pro  (Pnoe — M) >

_Buo _ (Pooe =Mo) 5.11
A thm f 0 ( )

_Poy (Base—Mry) < fu (5.12)
A thm '

e (Bnge=Mr) (5.13)

A Zg

Equations 5.10 through 5.13 are equivalent to Equations 5.3 through 5.6
and can be rearranged to provide limits on the tendon eccentricity, as
follows:

eg%+M+i (5.14)

P m0 PmO atop
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o< 0 _ Lhmleeo D (5.15)

e — - e - (5.16)

My | Ziopleer , 1 (5.17)
Pm,t Pm,t amp

It should be remembered that £, , and /., are negative numbers and that
Qeop = AlZ,p and oy, = A/Zy,,

After P, and P, have been determined at the critical sections, the fric-
tion, draw-in and time-dependent losses along the member are estimated
(see Sections 5.10.2 and 5.10.3), and the corresponding prestressing forces
at intermediate sections are calculated. At each intermediate section, the
maximum eccentricity that will satisfy both stress limits at transfer is
obtained from either Equation 5.14 or 5.15. The minimum eccentricity
required to satisfy the tensile and compressive stress limits under full loads
is obtained from either Equation 5.16 or 5.17. A region of the member is
thus established in which the line of action of the resulting prestressing
force should be located. Such a permissible region is shown in Figure 5.3.
Relatively few intermediate sections need to be considered to determine an
acceptable cable profile.

When the prestress and eccentricity at the critical sections are selected
using the load-balancing approach, the cable profile should match, as
closely as practicable, the bending moment diagram caused by the balanced
load. For cracked, partially prestressed members, Equations 5.14 and 5.15
are usually applicable and allow the maximum eccentricity to be defined.
The cable profile should then be selected according to the loading type and
the bending moment diagram.

SAL
.4.<1'.,>'

Equations 5.16 and 5.17

v@» / | Equations 5.14 and 5.15 ,7%,

Permissible region

Figure 5.3 Typical permissible region for determination of cable profile.
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5.6 SHORT-TERM ANALYSIS OF UNCRACKED
CROSS-SECTIONS

5.6.1 General

The short-term behaviour of an uncracked prestressed concrete cross-
section can be determined by transforming the bonded reinforcement into
equivalent areas of concrete and performing an elastic analysis on the equiv-
alent concrete section. The concrete is assumed to be linear-elastic in both
tension and compression, and so too is the non-prestressed reinforcement
and the prestressing tendons. The following mathematical formulation of
the short-term analysis of an uncracked cross-section forms the basis of
the time-dependent analysis described in Section 5.7 and was described by
Gilbert and Ranzi [6]. The procedure can be applied to cross-sections with
a vertical axis of symmetry, such as those shown in Figure 5.4.

The contribution of each reinforcing bar or bonded prestressing tendon is
included in the calculations according to its location within the cross-section,
as shown in Figure 5.5. The numbers of layers of non-prestressed and pre-
stressed reinforcement are m2, and m,, respectively. In Figure 5.5b, m, = 3
and m, = 2. The properties of each layer of non-prestressed reinforcement
are defined by its area, elastic modulus and location with respect to the
arbitrarily chosen x-axis and are labelled as A, E; and y,, respectively,
where i = 1, ..., m,. Similarly, A, E,; and y,, represent, respectively, the
area, elastic modulus and location of the prestressing steel with respect to
the x-axisand i = 1, ..., m,.

The geometric properties of the concrete part of the cross-section are A,
B.and I, where A_ is the concrete area, B, is the first moment of area of the
concrete about the x-axis and I. is the second moment of area of the con-
crete about the x-axis. In this analysis, the orientation of the x- and y-axes
is as shown in Figure 5.5.

If the cross-section is subjected to an axial force N,,, applied at the origin
of the x- and y-axes and a bending moment M., applied about the x-axis,

ext

° ° ° °
Typical prestressed
steel reinforcement
S
L] ‘K L] L] e o . . . . )

Typical non-prestressed
steel reinforcement

Figure 5.4 Typical reinforced and prestressed concrete sections.



Design for serviceability 119

Non-prestressed steel
reinforcement €

dy Y = r
A 4
DRV ys(1)F . .} A
c e Concrete @) e Ago)
Ac’ B [ Ic
o— ]

o Prestressed steel Vo) Ay

3 dp<2) reinforcement Yo Ap<2)
sG) Non-prestressed Vs3) o 4 Ay

steel reinforcement

(a) (b) (c)

Figure 5.5 Generic cross-section, arrangement of reinforcement and strain. (a) Cross-
section. (b) Reinforcement bar and tendon areas (A, and A,;) located y,,
and y,, from the reference axis (x-axis). (c) Strain.

PG

the strain diagram is as shown in Figure 5.5¢ and the strain at any depth y
above the reference axis is given by:

€=¢g — YK (5.18)

The two unknowns in the problem, i.e. ¢, and k, are then determined by
enforcing horizontal and rotational equilibrium at the cross-section:

Nint :Next (5'19)
and
Mint = Mext (520)
where N,,, and M, are the internal axial force and moment, respectively,
given by:
N = [oda (5.21)
A
and
M, = I—yc dA (5.22)
A

When the two unknowns (g, and k) are calculated from the two equilibrium
equations (Equations 5.19 and 5.20) and the strain is determined using
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Equation 5.18, the stresses in the concrete and steel may be obtained from
the appropriate constitutive relationships. The internal actions are then
readily determined from the stresses using Equations 5.21 and 5.22.

This procedure forms the basis of both the short-term analysis presented
in the remainder of this section and the long-term analysis presented in
Section 5.7.

5.6.2 Short-term cross-sectional analysis

In order to determine the stresses and deformations immediately after first
loading or immediately after transfer at #,, linear-elastic stress—strain rela-
tionships for the concrete and the steel are usually adopted and these can
be expressed by:

Gc0 = Ecmpo€o (5.23)
Osiino = Esisiino (5.24)
Opin0 = Epi)(Ecp(in0 + Epiinyinic)  1f Ap(iy is bonded (5.25)
Gpiino = EpiEpipimic  1f Ap) 1s unbonded (5.26)

in which o, o ;, and o, , represent the stresses in the concrete, in the
i-th layer of non-prestressed reinforcement (with i = 1, ..., m) and in the i-th
layer of prestressing steel (with i = 1, ..., m,), respectively, immediately after
first loading at time #,, while €., ¢ is the strain in the concrete at the level of
the i-th layer of prestressing steel at time ¢, and e, ;,;; is the initial strain
in the i-th layer of prestressing steel produced by the initial tensile prestress-
ing force Py, and is given by:

(5.27)

For a post-tensioned cross-section, P, is the prestressing force immedi-
ately after stressing the tendon in the i-th layer of prestressing steel and,
for a pretensioned member, P, is the prestressing force immediately
before transfer. With this method, the prestressing force is included in
the analysis by means of an induced strain €, ;;;, rather than an external
action [7,8].

For unbonded tendons, Equation 5.26 is strictly only applicable imme-
diately before transfer. After transfer, as the beam deforms under load, the
strain in the tendon will increase. However, at service loads, the change

,inity
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in geometry of the member is relatively small and the resulting change in
the tendon strain is usually less than 0.5% of €, ;,;;and can be ignored.
At time ¢, the internal axial force resisted by the cross-section and the
internal moment about the reference axis are denoted N, , and M, ,
respectively. The internal axial force N, o is the sum of the axial forces

resisted by the component materials forming the cross-section and is
given by:

Nineo = Neo+Noog+ Ny o (5.28)

where N_, N, and N, ; represent the axial forces resisted by the concrete,
the non-prestressed reinforcement and the prestressing steel, respectively.
The axial force resisted by the concrete is calculated from:

NC,O = JGC,O dA = Ecm,OSO dA
Ac Ac

- j Eamol€ro —y%0)dA = AEanp €10 — B.Eamo Ko (5.29)
Ac

The axial force resisted by the non-prestressed steel is:

Ns,O = Z:(As(i)Es(i))(sr,O - ys(i)K()) = Z(As(i)Es(i))gr,O - Z:(ys(i)As(i)Es(i))KO

(5.30)

and the axial force resisted by the prestressing steel, if bonded, is given in
Equation 5.31 and, if unbonded, may be approximated by Equation 5.32:

7p 71p 7p

Np,O = Z(Ap(i)Ep(i))Sr,O - Z(yp(i)Ap(i)Ep(i))KO + Z(Ap(i)Ep(i)gp(i),init) (5.31)

i=1 i=1 i=1

mp
00 = D (Apir By (5.32)

i=1

N

The additional subscripts ‘0’ used for the strain at the level of the reference
axis (g, o) and the curvature (k,) highlight that these are calculated at time ¢,
immediately after the application of N, , and M., , and after the transfer
of prestress.

ext, ext,
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By substituting Equations 5.29 through 5.32 into Equation 5.28, the
equation for Ny, is expressed in terms of the actual geometry and elastic
moduli of the materials forming the cross-section.

When the prestressing steel is bonded to the concrete:

1 p
Nineo =| AcEcmp + ZASU)ES(;') + ZAp(i)Ep(i) €10
i=1 i=1
p

—| BiEempo + Z)’St i Es) + Z)’p Eyiy |%o + Z(Ap(i)Ep(z‘)Sp(i),mit)

i=1

1p

= RA,Ogr,O - RB,oKo + Z(Ap(i)Ep(i)gp(i),init) (5.33)

i=1

When the prestressing steel is unbonded:

ms LS
Nino =| AcEcmyo + zAs(i)Es(i) €0 —| BeEcmpo + Zys(i)As(i)Es(i) Ko
i=1

i=1
71p
+ Z(Ap(i)Ep(i)gp(i),inir)
i=1
71p
= Ry,0€r,0 — Rpo%0 + Z<Ap(i)Ep(i)8p(i),init) (5.34)

i=1

In Equations 5.33 and 5.34, R, ;, and R; , represent, respectively, the axial
rigidity and the stiffness related to the first moment of area about the refer-
ence axis calculated at time #, and, for a cross-section containing bonded
tendons, are given by:

s p

Rao =AEqmo + ZAs(i)Es(i) + ZAp(i)Ep(i) (5.39)
i=1 i=
s 7p

Rpy = B.Ecmo + Zys(i)As(i)Es(i) + Zyp(i)Ap(i)Ep(i) (5.36)
i=1 i=1

For unbonded construction, the contribution of the prestressing steel A
to the rigidities R, , and Ry j is ignored.
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Similarly, the equation for M, , may be expressed by Equations 5.37 and
5.38. When the prestressing steel is bonded to the concrete:

ms 1p
My o= —| BcEmyp + Zys(i)As(i)Es(i)+Z YoirApirEpiiy |€x,0
i=1 i=1

7p

s 1p
2 2
+| LcEcmo +Z Vs Asin Esti +Z VoA Epi) [Ko —Z (¥p(iAp(i EpiEp(i)init)
P i=1

i=1

p

= _RB,Ogr,O + RI,OKO - Z(yp(i)Ap(i)Ep(i)gp(i),init) (5.37)

i=1

When the prestressing steel is not bonded to the concrete:

s
Mim,o == BcEcm,O + Zys(i)As(i)Es(i) €10
i=1

ms p
2
+ IcmEcm,O + Zys(i)As(i)Es(i) Ko — Z(yp(i)Ap(i)Ep(i)Sp(i),init)
i=1 i=1

1p

= —Rp 8,0 + Rioko — Z(yp(i)Ap(i)Ep(i)gp(i),init) (5.38)

i=1

in which R is the flexural rigidity at time ¢, and, for a cross-section con-
taining bonded tendons, is given by:

ms p
Rig=IEmo+ Z YanAsiEsiy + Zy}%(i)AP(i)EP(i) (5.39)
i=1

i=1

For unbonded construction, the contribution of the prestressing steel A
to the flexural rigidity R, is ignored.
Substituting the expressions for N, , and M, , (Equation 5.33 or 5.34

and Equation 5.37 or 5.38) into Equations 5.19 and 5.20 produces a system
of equilibrium equations that may be written in compact form as follows:

Texe0 = Dogo + £y inic (5.40)

where:

Next,O (5 41)
Text,0 = .
“0 Mext,O
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RAO _RBO
Do | ’ (5.42)
’ {—RB,O Ry }

Ko

g = {8""} (5.43)

o A nEog o P
f o= p(i)=p(i)Cpli),init :|: |: init() :| (544)
P ;L%U)Am E Z =Y P

iEp(i)Ep(i),init P

The vector 1., is the vector of the external actions at first loading (at
time £), i.e. axial force N, , and moment M., ; the matrix D, contains
the cross-sectional material and geometric properties calculated at ¢,; the
strain vector g, contains the unknown independent variables describing the
strain diagram at time ¢, (e, , and k,); the vector f,; ; contains the actions
caused by the initial prestressing.

The vector g, is readily obtained by solving the equilibrium equations
(Equation 5.40):

€ = D61(rext,0 - fp,init) = FO(rext,O - fp,init) (5'45)
where:
R R
FO _ 1 . 1,0 B,0 (546)
RA,ORI,O - RB,O RB,O RA,O

The stress distribution related to the concrete and reinforcement can then
be calculated from the constitutive equations (Equations 5.23 through
5.26) re-expressed here as:

Gco = Ecm,OSO = Ecm,O [1 - 3’]80 (547)
Gs(i),0 = Es(i)Ss(i),o = Es(i)[l - ysu)]%:o (5.48)
If A, is bonded:

Opii0 = Epiy(Ecp(in0 + Epliyinic)
= Epp[1 = ypw]eo + Epis€pi.init (5.49)
If A, is unbonded:

Opi0 = Ep(i€p(iinic (5.50)

where g = €0 — YKo =[1-y]eo.
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Although this procedure is presented here assuming linear-elastic mate-
rial properties, it is quite general and also applicable to non-linear mate-
rial representations, in which case the integrals of Equations 5.21 and
5.22 might have to be evaluated numerically. However, when calculating
the short-term response of uncracked reinforced and prestressed concrete
cross-sections under typical in-service loads, material behaviour is essen-
tially linear-elastic.

In reinforced and prestressed concrete design, it is common to calculate
the cross-sectional properties by transforming the section into equivalent
areas of one of the constituent materials. For example, for the cross-section
of Figure 5.5a, the transformed concrete cross-section for the short-term
analysis is shown in Figure 5.6, with the area of each layer of bonded steel
reinforcement and tendons (A, and A, respectively) transformed into
equivalent areas of concrete (oo Ay, and o 5 A, respectively), where
%50 = Eqi/E o is the modular ratio of the ith layer of non-prestressed steel
and ;0 = E,;/E . is the modular ratio of the ith layer of prestressing
steel.

For the transformed section of Figure 5.6, the cross-sectional rigidities
defined in Equations 5.35, 5.36 and 5.39 can be recalculated as:

cm,0

Rapo = AoEcnp (5.51)
Rgo = BoEcmo (5.52)
Ryp = I)Ecm o (5.53)

where A, is the area of the transformed concrete section, and B, and I are
the first and second moments of the transformed area about the reference
x-axis at first loading.

— (0510~ DAy
D (agi2),0 = DAy

(a -1)A
= PO L ey onded
— (@p@),0 = DAp@)
(0g(3),0 = DAg(s)

Figure 5.6 Transformed section with bonded reinforcement transformed into equiva-
lent areas of concrete.

l|||||*
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Substituting Equations 5.51 through 5.53 into Equation 5.46 enables F, to
be expressed in terms of the properties of the transformed concrete section as

N S Il B 5.54
T E (Ao —B3)[ By Ag 3-34)
cm,0 040 0 0

The two approaches proposed for the calculation of the cross-sectional
rigidities, i.e. the one based on Equations 5.35, 5.36 and 5.39 and the other
using the properties of the transformed section (Equations 5.51 through
5.53), are equivalent. The procedure based on the transformed section
(Equations 5.51 through 5.53) is often preferred for the analysis of rein-
forced and prestressed concrete sections. The use of both approaches is
illustrated in the following example.

EXAMPLE 5.3

The short-term behaviour of the post-tensioned beam cross-section shown
in Figure 5.7a is to be determined immediately after transfer (at time t,). The
section contains a single unbonded cable, containing ten 12.9 mm diameter
strands (from Table 4.8, A, = 1000 mm? and f,, = 1870 MPa) located within
a 60 mm diameter duct, and two layers of non-prestressed reinforcement.
The force in the prestressing steel is P, = P,.. = 1350 kN, and the external
moment acting on the cross-section at transfer is M, = 100 kNm (=M,,,). The
elastic moduli for concrete at transfer and the steel are E_, , = 30,000 MPa,
E, =200,000 MPa and E, = 195,000 MPa, from which o, = E/E_ , = 6.67 and
o, = E/E., = 6.5.

cm,0 —

b=300 (ag=1)Ag(;)= 5100 mm?
60y 4 60 /
F *—o1—4,;=900 mm? = —
I 400 7
600 i Mex 3 Hole = 2830 mm?
740 i ) x  h=800% 1 x
Izoo ; L (a=1)A4, (5 = 10200 mm?
_ 2 (2)
® A, =1000 mm? |400 O / ’
o004, =1800 mm? 3, 1
*
60 "60

All dimensions in mm.

(@) (b)

Figure 5.7 Post-tensioned cross-section (Example 5.3). (a) Section. (b) Transformed
section.
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In this example, the reference x-axis is taken at mid-depth. The trans-
formed section is shown in Figure 5.7b. Because the prestressing steel is not
bonded to the concrete, it does not form part of the transformed section. In
addition, the hole created in the concrete section by the hollow duct must
also be taken into account. The properties of the transformed section with
respect to the reference x-axis are:

A, = bh + (OLS - |)As(|) + (Uvs - |)As(2) — Anole
— 300 % 800 + (6.67 ) x 900 + (6.67 —I) x 1800 — 2830

=252,500 mm?

By = bhy. + (ats —DAsyysay + (0ts —DAs)Ys@) — AnoleYhole
=300 x 800 x 0 + (6.67 —1) x 900 x (+340) + (6.67 — 1)
x 1800 x (—340) — 2830 x (—200)

=—1.168x10® mm?®

bh®
lo = T + bhyf + (o — |)As(|)y3(|) + (o — |)As(2)y52(2) - Aholeyﬁole

300 x 800
12

x 1800 x (—340)* — 2830 x (—200)>

+300 x 800 x 0+ (6.67 —I) x 900 x 3407 + (6.67 — )

=14,455 x10® mm*

From Equation 5.54:

Fo = 6 V)
30,000 x (252,500 x 14,455 x 10° — (~1.168 x10°)?)
5 14,455x10° —1.168x10°
—1.168x10° 252,470
| 132.1x107"? —10.67x107"°
-10.67x107"° 2307 x107"°

From Equation 5.41, the vector of internal actions is:

Next,o 0
Fext,0 = =
7 Moo | |100x10°
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and from Equation 5.27, the initial strain in the prestressing steel due to the
initial prestressing force is:
Puic ,350x10°

AE, ~ 1,000 x195,000

gp,init

The vector of internal actions caused by the initial prestress f,

p.init?

containing

the initial prestressing force (P, = A, E, €, ,.;) and its moment about the ref-

init p —p “pinit
erence x-axis (=y, Pi.ic = =¥, A, E, €,n), is given by Equation 5.44:

init —
PO B 1350 %10’ _|1350x10°
PP —yoPuie | | —(=200)x 1350 x10° | | 270 x10°
where the dimension y, is the distance from the x-axis to the centroid of

the prestressing steel, i.e. y, = 200 mm in this example. The strain vector g,
containing the unknown strain variables is determined from Equation 5.45:

€ =F (Fexo — fp,inic)

{I32.I><I0'2 —|o.67x|o'5” 0 ]_'350X'03

-10.67x107"°  2307x10"° || |100x10°| | 270x10¢

| —176.5x10°°
-0.3778x10°*
The strain at the reference axis and the curvature are therefore:

€.,0="176.5%10"¢ and 1x,=-0.3778 x [07® mm"'

and, from Equation 5.18, the top fibre strain (aty = +400 mm) and the bottom
fibre strain (at y = =400 mm) are:

Eotop) = Eno — 400 X K, = [~176.5 — 400 x (~0.3778)] x 10~
=254 x |06

Eopumy = Ero — (—400) X i, = [~176.5 + 400 x (-0.3778)] x 10~
= -327.6 x 10~

The top and bottom fibre stresses in the concrete and the stresses in the
two layers of reinforcement and in the prestressing steel are obtained from
Equations 5.47 through 5.50:

Oc,0(top) = Ecm,O [l — ytop] €o = Ecm‘oso(top) = 30,000 X (—254 X |0_6) =-0.76 MPa

Gc,O(btm) = Ecm,O [I — ybtm] €y = Ecm.OSO(btm) = 30,000 X (—3276 X |076) = —983 MPa



Design for serviceability 129

—176.5x107
Sy = E<[1- ysy]€0 = 200,000 x [| — 340] =-9.61MPa
-0.3778x10°®
—176.5x107°®
Ss0 = Es [1 - Y5 1€0 = 200,000 x [I + 340] =-61.0MPa
-0.3778x10° |

G0 = Eypime =195,000 x 0.00692 = +1350 MPa

The distributions of strain and stress on the cross-section immediately after
transfer are shown in Figure 5.8.

Alternatively, instead of analysing the transformed cross-section, the cross-
sectional rigidities could have been calculated using Equations 5.35, 5.36 and
5.39. The properties of the concrete part of the cross-section (with respect
to the x-axis) are:

A =bh = A = Agp ~ Ance
=300 x 800 — 900 — 1800 — 2830 = 234,470 mm?

B. = bhy. - As(l)ys(l) - As(Z)ys(Z) = ApoieYhole
=300 x 800 x 0 — 900 x 340 — 1800 x (-340) — 2830 x (-200)
= 872,000 mm?

—25.4

Ko=—0.3778 x 107°

f mm!

h =800

-327.6

(a) (b)

Figure 5.8 Strains and stresses immediately after transfer (Example 5.3).
(a) Section. (b) Strain (x107%). (c) Stress (MPa).
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I = bh*/12 + bhy? - As(I)YsZ(I) —As(z>y3(z> _Aholeyﬁole

=300 x 800%/12 + 300 x 800 x 0 — 900 x 3402~ 1800 x (—340)2
- 2830 x (-200)2

= 12,375 x 106 mm*

For this member with unbonded tendons, the cross-sectional rigidities are

given by:

2
RA,O = AcEcm,O + Z As(i)ES(i)

i=l

= 234,470 x 30,000 + (900 -+ 1800) x 200,000 = 7574 x10° N

2
Reo = BEcmo + Z Vst Asi)Esty

i=l

= 872,000 x 30,000 + [340 x 900 + (—340) < 1800] x 200,000

= —35,040 x10®* Nmm

2
Rio = lEcmo + Z)’sz(;)As(i)Es(i)
il

=12,375x10° x 30,000 -+ [340” x 900 + (—340)* x 1800] x 200,000)

=433.7 x10'>Nmm?

and from Equation 5.46:

| |:RI,0 RB,0:|
Fo = 5 n 52
RaoRi0 —Rso | Rso Rao

B | 433.7x10” 35040 x10°
7,574 x10°x433.7 x10'> — (~35,040 x 10%)? | 35,040 x10° 7,574 x 0°

132.1x107"2  —10.67 x107"®
-10.67x107"° 2307 x107"°

This is identical to the matrix F, obtained earlier from Equation 5.54.
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EXAMPLE 5.4

Determine the instantaneous stress and strain distributions on the precast
pretensioned concrete section shown in Figure 5.9. The area and the second

317 x 10> mm? and /., = 49,900 x 10 mm*. The centroid of the gross cgross-
sectional area is located 602 mm below its top fibre, i.e. d. = 602 mm.

The section is subjected to a compressive axial force N,,., = =100 kN and
a sagging moment of M,,., = +1000 kNm applied with respect to the refer-

ence x-axis, that is taken in this example to be 300 mm below the top fibre

moment of area of the gross cross-section about the centroidal axis are A

of the cross-section.

Assume that all materials are linear-elastic with E_ , = 32,000 MPa,
E, = 200,000 MPa and E, = 195,000 MPa. The modular ratios of the rein-
forcing steel and the prestressing steel are therefore o, = 6.25 and o, o =
6.09. The prestressing forces in each of the three layers of tendons (A, =
300 mm2, A, = 500 mm? and A, ;) = 800 mm?, respectively) just before the
transfer of prestress are P,y = 375 kN, P, ;) = 625 kN and P, ;.5 = 1000 kN.

The distances of the steel layers from the reference axis are y,, = +240 mm,
Ys = 790 mm, y, ;= =580 mm, y, ) = =645 mm and y,; = =710 mm. From
Equation 5.27, the initial strains in the prestressing steel prior to the transfer
of prestress to the concrete are:
Pinit(l) 375 X |03

Ep(l)init = = =0.00641
AnE,  300x195,000

y
ds<1)=§0 Agyy=900 mm?
——
dop =300
o d, =602
dy)=1010
h=1150 dp(2) =945 2 Centroidal axis of
dpq)=880 — precasF
dy2)=1090 concrete I-girder
_ 2
obo Ap(y=300 mm
00600 Ap) =500 mm?
000000 _ 2
4 ° Az =800 mm
e o L
| Ag(z)=1800 mm*

All dimensions in mm.

Figure 5.9 Precast prestressed concrete section (Example 5.4).
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3
EpQ)inic = Py 625x10° 154
AE, 500 195,000

3
€p(3),init = i) = 100010 =0.00641
AwE, 800195000

From Equation 5.41, the vector of internal actions at first loading is:
b | Nexo | -100x10° N
"Moo | |1000x10° Nmm
and, from Equation 5.44, the vector of initial prestressing forces is:
< Piniti ¢ 2
fp,inic:Z|: ) }: 375x10 |+ 625x10 3
= —¥p(i)Pricti —(—580) x375x10 —(—645) x 625 x10
. 1000 x10° | 2000x10°N
—(=710)x1000x10° | [1330.6 x10° Nmm

With the centroid of the concrete cross-section 302 mm below the refer-
ence axis (i.e. y. = =302 mm), the properties of the transformed section (with
the steel transformed into equivalent areas of concrete) with respect to the
reference x-axis are:

gross Z(as s(r) +Z(ap - l)AP(i)
=

=317x10° + (6.25 —1) < (900 +1800) + (6.09 —1) x (300 + 500 + 800)
= 339,325 mm?

3

2
BO = Agrossyc + Z (} - l)As(t ys(l +Z (’v _I p(i) yp(i)
i=l

i=l

=317 x10? x (=302) + (6.25 — I) x [900 x (+240) + 1800 x (~790)]
+(6.09 1)  [300 x (~580) + 500 x (—645) + 800 x (—710)]

=—107.49 x10° mm’®
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2

3
lo = Iyross + Agrossys + Z(Gs —DAyao +Z(0tp —DA0Ye0
i=l

i=I
=49,900 x10° + 317 x10® x (=302)* + (6.25 — I
x[900 x (+240)* + 1800 x (~790)] + (6.09 — 1)
x [300 x (—580)% + 500 x (—645)> +800 x (~710)?]
= 88,609 x10° mm*
From Equation 5.54:

|
" 32,000 x (339,325 x 88,609 x 10° — (—107.49 x 10°)?)

Fo

y 88,609x10®  —107.49 x10°
—107.49 x10° 339,325

| 149.6x107"*  —181.4x107"
—1814x10™"*  572.8x107'®

and the strain vector g, containing the unknown strain variables is deter-

mined from Equation 5.45:

149.6x107'*  —181.4x107"®
&y = Fo(l"exc,o - fp,init) = |:

—1814x107"* 5728x107'®
—100x10° 2000 x10°

< _
1000 x 10° 1330.6 x10°

| —254.1x10°*

+0.1916 x10°®

The strain at the reference axis and the curvature are therefore:

€.0= 2541 x 10 and x,=+0.1916 x 10" mm™"

and, from Equation 5.18, the top fibre strain (at y = +300 mm) and the bottom

fibre strain (at y = -850 mm) are:

€(iop) = €0 = 300 X iy = (-254.1 = 300 % 0.1916) x 1076 = =311.6 x 10~

Eotoem) = Eno — (~850) X Kk = (-254.1 + 850 x 0.1916) x 106 = =91.2 x 10
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The top and bottom fibre stresses in the concrete and the stresses in the
two layers of reinforcement and in the prestressing steel are obtained from
Equations 5.47 through 5.49:

Geo(iop) = Ecmoopeop) = 32,000 x (=311.6 x107) = -9.97 MPa

Oc,0(btm) = Ecm’oso(btm) = 32,000 X (—9 1.2 x |O_6) =-2.92 MPa

[ —254.1x10°¢ |
S0 = Es[1 - ysyJ€o = 200,000 x [| — 240] =—60.0 MPa
| +0.1916x107° |
[ _254.1x107¢ |
Os52)0 = Es [l —Ys@) ]80 = 200,000 X [l ar 790] =-20.5MPa
| +0.1916x107° |
Sp1).0 = Ep[l - yp(l)] € t Epgp(l),ini[
—254.1x107¢
=195,000 x [I + 580] +195,000 x 0.0064 |
+0.1916 %107
=+1222.1 MPa
[ —254.1x10°¢ |
G20 = 195,000 x [1 + 645] +195,000 x 0.0064 | = +1224.6 MPa
| +0.1916x10°¢ |
[ —254.1x10°¢ |
o0 = 195,000 x[I +710] +195,000 x 0.0064 | = +1227.0 MPa
| +0.1916x10°¢ |

The distributions of strain and stress on the cross-section immediately after
transfer are shown in Figure 5.10.

As already outlined in Example 5.3, the cross-sectional rigidities
included in F; can also be calculated using Equations 5.35, 5.36 and 5.39.
The properties of the concrete part of the cross-section (with respect to
the x-axis) are:

A=A A T A T Ay T A TA

c gross

@ = 312,700 mm?

p
Be = Agrass Yo = As¥sty ~ AsVs ~ Aoy ™ As¥od T Araed)
= -93.46 x 10¢® mm?3
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-311.6 -9.97

Ko=+0.1916 x 107 mm™~! —/x

o, =+1222.1
P AN — Opy=+1224.6
\ ] 0p3=+1227.0
0y =-20.5
-91.2 -2.92
(@) (b) (©)

Figure 5.10 Strain and stress diagrams (Example 5.4). (a) Cross-section. (b) Strain

(x107®). (c) Stress (MPa).

2 2 2 2 2 2
le = lgross + Agrossyc — AsayYsty = AsYs@ = Ae)Yo) —Pe@) Ve —Ao3)Yp0)

=76,924x10® mm*

For this member with bonded tendons, Equations 5.35, 5.36 and 5.39 give:

2 3
Rao =AEcmo + ZAs(i)Es(i) + zAp(i)Ep(i)
i=l i=l

= 312,700 x 32,000 + (900 +1,800) x 200,000
+ (300 + 500 + 800) x 195,000

=10,858x10° N

2 3
RB,O = BcEcm,O + Z ys(i)As(i)Es(i) + Zyp(")AP(")EP(") = —3440 x IO9 Nmm

i=l i=l

2 3
R =LEmo + Zysz(i)As(i)Es(i) + Zyg(i)Ap(i)Ep(i) =28,359x10'> Nmm?

i=| i=l

and from Equation 5.46:

| { Rio Re.o }
Fo S——— 7 =
RaoRio —Reo |Reo  Rap

This is identical to the matrix F, obtained earlier from Equation 5.54.

149.6x107'2  —181.4x107"
—1814x107"®  572.8x107'®

! 0y =—60.0
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5.7 TIME-DEPENDENT ANALYSIS OF UNCRACKED
CROSS-SECTIONS

5.7.1 Introduction

The time-dependent deformation of a prestressed member is greatly affected
by the quantity and location of the bonded reinforcement (both conven-
tional non-prestressed reinforcement and tendons). Bonded reinforcement
provides restraint to the time-dependent shortening of concrete caused by
creep and shrinkage. As the concrete creeps and shrinks, the reinforcement
is gradually compressed. An equal and opposite tensile force is applied to
the concrete at the level of the bonded reinforcement, thereby reducing the
compression caused by prestress. It is the tensile forces that are applied
gradually at each level of bonded reinforcement that results in significant
time-dependent changes in curvature and deflection. A reliable estimate of
these forces is essential if meaningful predictions of long-term behaviour
are required.

Procedures specified in codes of practice for predicting losses of prestress
due to creep and shrinkage are usually too simplified to be reliable and
often lead to significant error, particularly for members containing non-
prestressed reinforcement. In the following section, a simple analytical
technique is presented for estimating the time-dependent behaviour of a
general prestressed cross-section of any shape and containing any number
of levels of prestressed and non-prestressed reinforcement. The procedure
has been described in more detail in Gilbert and Ranzi [6] and makes use
of the age-adjusted effective modulus method (AEMM) to model the effects
of creep in concrete.

5.7.2 The age-adjusted effective modulus method

The age-adjusted effective modulus for concrete is often used to account for
the creep strain that develops in concrete due to a gradually applied stress
and was introduced in Section 4.2.4.3 (see Equations 4.22 through 4.25).
The stress history shown in Figure 5.11 is typical of the change in stress

Stress

o.(t) = o (ty)+Aa,(ty)

g

f Aﬁc(tk)

x
Gc(tk)

ty e Time

Figure 5.11 A gradually reducing stress history.
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that occurs with time at many points in a reinforced or prestressed concrete
member containing bonded reinforcement (or other forms of restraint)
when the member is subjected to a constant sustained load.

For concrete subjected to the stress history of Figure 5.11, the total strain
at time ¢, may be expressed as the sum of the instantaneous and creep
strains produced by o.(t,) (see Equation 4.22), the instantaneous and
creep strains produced by the gradually applied stress increment Ao, ()
(see Equation 4.24) and the shrinkage strain as follows:

e(t) = S0 11 it o)1+ A% 11 1) ot )] + ()
cm,0 cm,0
oulte) | Acilty)

_ 4+ Teult) (5.55)
Ec,eff (tk ) tO) Ec,eff (ta Lo ) ‘

where E_ (t,,t,) is the effective modulus (Equation 4.23) and Ec,eff(tk,to) is
the age-adjusted effective modulus (Equation 4.25), both reproduced here
for convenience:

E.np
Ec et to) = —— (5.56)
1 gl o)
Fo Ecm
E.c(tisto) = 0 (5.57)

1+ x(te, to) @ltx,to)

In the remainder of this chapter, the simplified notations E_ ¢ and E . will
be used instead of E_«(t,,t,) and E.(tx, o), respectively.

For members subjected to constant sustained loads, where the change in
concrete stress is caused by the restraint to creep and shrinkage provided
by bonded reinforcement, the ageing coefficient may be approximated by
x(tto) = 0.65, when t, exceeds about 100 days [6].

Equation 5.55 can be written in terms of the concrete stress at first load-
ing, i.e. 6.(¢,) (=0, ,), and the concrete stress at time #,, i.e. 6.(¢,) (=6,,), as
follows:

OG0 + cSc,l:_ G0

8<tk):8k = =+ €k
Ec,eff Ec,eff

_ Ceo®ltisto)[1 = x(tisto)] | Oexll+1{tis to)pltis 2o

+ £ 5.58
Ecm,O Ecm,O ok < )

and rearranging Equation 5.58 gives:

Ok = E(:,eff (Sk - gcs,k) + cYc,Oﬁe,O (5'59)
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where:

B [x(tks0) 1]
Fe = 5
0 = 0lhot) g el

(5.60)

Equation 5.59 is a stress—strain time relationship for concrete and can be
conveniently used to determine the long-term deformations of a wide vari-
ety of concrete structures. The method of analysis is known as the age-
adjusted effective modulus method [6].

5.7.3 Long-term analysis of an uncracked
cross-section subjected to combined
axial force and bending using AEMM

Cross-sectional analysis using Equation 5.59 as the constitutive relation-
ship for concrete provides an effective tool for determining how stresses
and strains vary with time due to creep and shrinkage of the concrete and
relaxation of the prestressing steel. For this purpose, two instants in time
are identified, as shown in Figure 5.12. One time instant is the time at first
loading, i.e. ¢t = #,, and the other represents the instant in time at which
stresses and strains need to be evaluated, i.e. ¢ = t,. It is usually convenient
to measure time in days starting from the time when concrete is poured.

During the time interval At, (=#, -#,), creep and shrinkage strains develop
in the concrete and relaxation occurs in the tendons. The gradual change of
concrete strain with time causes change of stress in the bonded reinforce-
ment. In general, as the concrete shortens due to compressive creep and
shrinkage, the reinforcement is compressed and there is a gradual increase
in the compressive stress in the non-prestressed reinforcement and a grad-
ual loss of prestress in any bonded tendons. To maintain equilibrium, the
gradual change of force in the steel at each bonded reinforcement level is
opposed by an equal and opposite restraining force on the concrete, as
shown in Figure 5.13.

These gradually applied restraining forces (AF,, ; and AF,, ;) are usu-
ally tensile and, for a prestressed or partially prestressed cross-section, tend

Duration of load (At =t —t,)

|
t=0 ty te Time (¢)
Concrete First Time instant at which
pour loading stresses and deformations are sought

Figure 5.12 Relevant instants in time (AEMM).
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y
_ | > 7
© AFct.s(l) /
Ys) €0 Asr'k //
T /
Yy | T o e I‘—KO //
s AF. / Time (tl)
l —> ct.p(l) \7 |<_ K, k
—> A0 ¢ //
O > AF ) Y
Section Elevation Restraining Strain
forces

Figure 5.13 Time-dependent actions and deformations.

to relieve the concrete of its initial compression. The loss of prestress in the
concrete is therefore often significantly more than the loss of prestress in
the tendons.

The resultants of the creep- and shrinkage-induced internal restraining
forces on the concrete are an increment of axial force AN(¢,) and an incre-
ment of moment about the reference axis AM(z,) given by:

ms mp
AN(ty) = ZAch(i) + Z AF; ) (5.61)
i=1 =1
and
s 1p
AM(t) == AFesiysn = D AFpiivyn (5.62)
i=1 i=1

Equal and opposite actions, i.e. ~AN(¢,) and —~AM(z,), are applied to the
bonded steel parts of the cross-section.

The strain at time #, at any distance y from the reference axis (i.e. the
x-axis in Figure 5.13) may be expressed in terms of the strain at the refer-
ence axis g, and the curvature x;:

& =& — YKy (5.63)

The magnitude of the change of strain Ag, (=g, - €,) that occurs with
time at any point on the cross-section is the sum of each of the following
components:

a. the free shrinkage strain e (t,) = € (which is usually considered to
be uniform over the section);
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b. the unrestrained creep strain caused by the initial concrete stress o,
existing at the beginning of the time period, i.e. €, = @(t),Z)) 6. o/E 05

c. the creep and elastic strain caused by AN(¢,) and AM(z,) gradually
applied to the concrete cross-section throughout the time period.

In the time analysis to determine stresses and deformations at ¢, the steel
reinforcement and prestressing tendons are assumed to be linear-elastic (as
for the short-term analysis) and the constitutive relationship for the con-
crete is that given by Equation 5.59. The stress—strain relationships for each
material at ¢, and at #, are therefore as follows:

At to:
Concrete: o = E,, 0& (5.64)
Steel reinforcement: 6, = E ;€450 (5.65)
Tendons:
Bonded: 6,0 = E (€0 + Epgiyinit) (5.66)
Unbonded: Gp(i),o = Ep(i)ep(i),init (5.67)
At tk:
Concrete: o) = Ecef(6x — &csi) + Fe00c0 (5.68)
Steel reinforcement: 6\ = E ;&4 (5.69)
Pretensioned or post-tensioned tendons bonded at #,:
Opiiyk = Ep(i)(ecp(i),k + €5i),init Sp.rel(i),k) (5.70)
Post-tensioned tendons unbonded at ¢:
Bonded: Gp(i),k = Ep(i)(ecp(i),k - 8cp(i),O + 8p(i),init - 8p.rel(i),k) (5'71)
Unbonded: 6, , = E;)(€,4)inic = Ep.rel(iy k) (5.72)

where E,O is given by Equation 5.60 and E_ . is the age-adjusted effective mod-
ulus at ¢ = ¢, (Equation 5.57). For a pretensioned tendon, the strain at time ¢,
is the concrete strain at the tendon level (g, ,) plus the tensile strain in the
tendon prior to transfer (g, ;,;) minus the tensile relaxation strain (g, .-

For a bonded post-tensioned tendon (initially unbonded at #,), the strain
at time ¢ is the change in concrete strain at the level of the tendon during
the time interval £, to #, (i.e. €,k = €p.0) Plus the tensile strain in the
tendon prior to transfer (e, ;i) minus the tensile relaxation strain (g, .. x)-
For an unbonded post-tensioned tendon, slip occurs between the tendon
and the concrete as the concrete deforms with time and the tendon strain at
time ¢, is the tensile strain in the tendon prior to transfer (g, ;,;) minus the
tensile relaxation strain (g, . )-

The relaxation strain €, \ is the tensile creep strain that has developed
in the i-th prestressing tendon at time #, and may be calculated from:

Op(i),init
Epreli)k = &(Ppm = Ep(i),init Pp(i) (5.73)
pli)
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where @, is the creep coefficient for the prestressing steel at time #, due
to an initial stress o, ;,; in the ith prestressing tendon just after anchoring
(given as @, (t,06,;) in Table 4.9).

The governing equations describing the long-term behaviour of a cross-
section are obtained by enforcing equilibrium at the cross-section at time
t, following the approach already presented in the previous section for the
instantaneous analysis at time ¢, (Equations 5.23 through 5.54). Restating
the equilibrium equations (Equations 5.19 and 5.20) at time ¢, gives:

Texek = Tingk (5'74)
where:
Next k
ST 5.75
Lext,k |:Mcxt,k:| ( )
and
Ninr k
intk = ' 5.76
Finek |:Mint,ki| ( )

and N, and M, are the internal axial force and moment resisted by
the cross-section at time #,, while N, and M, are the external applied
actions at this time. As in Equation 5.28, the axial force N, is the sum of
the axial forces carried by the concrete, reinforcement and tendons:

Nint,k = Nc,k + Ns,k + Np,k (5.77)

Considering the time-dependent constitutive relationship for the concrete
(Equation 5.68), the axial force resisted by the concrete at time ¢, can be
expressed as:

Nc,k = '[ Ok dA :J‘ [Ec,eff (gr,k — YKk — 8cs,k> + E,OGC,O]d A
Ac Ac

= AcEc,effgr,k - BcEc,efka - AcEc,effacs,k + Fe,OI\]c,O (578)

where €, and «, are the strain at the level of the reference axis and the curva-
ture at time #,, while N__, is the axial force resisted by the concrete at time ¢,.
For the time analysis, N, is assumed to be known having been determined
from the instantaneous analysis and may be calculated from Equation 5.29.

Using the constitutive equation for the reinforcing steel (Equation 5.69),
the force carried by the reinforcing bars at time ¢, is:

115 115

Ny = Z(As(,-)ES(,-))Sr,k - Z(ys(i)As(i)Es(i))Kk (5.79)

i=1 i=1
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The force carried by the tendons at time ¢, is determined using Equations
5.70, 5.71 and 5.72, as appropriate. For pretensioned tendons and post-
tensioned tendons bonded at time ¢:

77p 77p 77p
Ny = Z(Ap(i>Ep<i>)8r,k - Z(yp(i)Ap(i)Ep(i))Kk + Z[Ap(i)Ep(i)(gp(i),init — Eprel(in k)]
i=1 i=1 i=1
(5.80)
For bonded post-tensioned tendons unbonded at time ¢,:
mp mp
Ny = Z(Ap(i)Ep(i))gr,k - Z(yp(i)AP(i)EP(i))Kk
i=1 i=1
7p
+Z[Ap(i)Ep(i)(8p(z'),init — Eprel(ilk ~ Ecp(in,0)] (5.81)

i=1

where €, o is the strain in the concrete at the i-th level of post-tensioned
tendon at time ¢,. For unbonded post-tensioned tendons:

1p

Ny = D TApi Eyin(epin e — Epecing)] (5.82)
i=1
By substituting Equations 5.78 through 5.80 into Equation 5.77, the inter-

nal axial force in a pretensioned member (or in a member with post-tensioned
tendons that were bonded at time #,) is given by:

LS p
Nint,k = AcEc,eff + ZAs(i)Es(i) + ZAp(i)Ep(i) Erk
i=1

i=1

ms p
—| BE o + Zys(i)As(i)Es(i) + Z yp(i)Ap(i)Ep(i) Ky — AcEcef€csk + FeoNeo
i=1 i=1

p
+ Z[Ap(i)Ep(i)(gp(i),init - gp.rel(i),k)]
i=1

= RA,kgr,k - RB,kKk - AcEc,effgcs,k + Fe,ONC,O

+ Z[Ap(i)Ep(i)(Sp(i),mit - gp.rel(i),k)] (5.83)

i=1



Design for serviceability 143

where the axial rigidity and the stiffness related to the first moment of area
calculated at time £, have been referred to as R, , and Ry, respectively, and
are given by:

g mMp

Rayx = AE o + ZAs(i)Es(i) + ZAp(i)Ep(i) (5.84)
i=1 i=1
s p

Rpy = B.E o + Zys(i)As(i)Es(i) + Zyp(i)Ap(i)Ep(i) (5.85)
i=1 i=1

Similarly, for post-tensioned members with bonded tendons (unbonded at #):
Ninck = Raxerk = Rpiii = AcEceiiecsx

)

+EoNco+ Z[Ap(i)Ep(i)<8p(i),init — Epurel(i)k — Ecp(i)0)] (5.86)

i=1

and for post-tensioned members with unbonded tendons:

1p
Ninek = Rax&ex = Rppic = AcEcet€cs + FoNeo +Z[Ap(i)Ep(i)(8p(i),init — &purel(i) k)]
i=1

(5.87)

For unbonded tendons, the contribution of the prestressing steel A, to the
rigidities R, and Ry is ignored, i.e. A, is set to zero in Equations 5.84
and 5.85.

In a similar manner, the internal moment M, , resisted by the cross-

int,

section at time ¢, in a pretensioned member or in a post-tensioned member
with bonded tendons at #, can be expressed as:

111 p
Minek = —| BeEces + Zys(i)As(i)Es(i) + Zyp(i)Ap(i)Ep(i) €rk
i=1 i=1

ms 1p
I 2 2
+| LB e + Zys(i)As(i)Es(i) + Zyp(i)Ap(i)Ep(i) Kk
i=1 i=1

p

+ B.E_ e€co i + FooMco — Z[yp(i)Ap(i)Ep(i)(Sp(i),init - Sp.rel(i),k)]

i=1
= _RB,kSr,k + RI,kKk + BcEc,effgcs,k + Fe,OMc,O

Wl/y

- Z[yp(i)Ap(i)Ep(i)(ap(i),init ~ Eprel(ink)] (5.88)

i=1
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where the flexural rigidity R of the cross-section calculated at time #, is
given by:

ms 7p
Ry = I.Ecqq + Zysz(i)As(i)Es(i) + Zyé(i)Ap(i)Ep(i) (5.89)
i=1 i=1

and M_, is the moment resisted by the concrete component at time #,,. From
the instantaneous analysis:

MC,O = _J. YO0 dA = _‘[ yEcm,O (Sr,() — YKo )dA = _BcEcm,OSr,O + IcEcm,OKO (5-90)
Ac Ac

Similarly, for bonded post-tensioned members (unbonded at ¢):

Mint.k = _RB,kar,k + RI,kKk + BcEc,cffgcs,k + FC,OMC,O

"y

- Z[yp(i)Ap(i)Ep(i)(Sp(i),init — Eprel(i)k — Scp(i),o)] (5.91)
i=1

and for unbonded post-tensioned members:

Mint.k = _RB,kgr,k + RI,kKk + BcEc,effgcs,k + Fe,OMc,O
"
- Z[yp(i)Ap(i)Ep(i)(gp(i),init ~ Eprel(i)k )] (5.92)
i1

For unbonded tendons, the contribution of the prestressing steel A, to the
rigidity R, is ignored, i.e. A, is set to zero in Equation 5.89.

After substituting Equations 5.86 and 5.91 into Equation 5.74, the equi-
librium equations at time ¢, for a post-tensioned member with bonded ten-
dons (unbonded at #,) may be written in compact form as:

Textk = Dksk + fcr,k - fcs,k +f ,init fp.rel,k - fcp,O (593)
where:
& = {8““} (5.94)
Kk

R R
D, =| Bk (5.95)
—Rgx Ry
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The vector f_ | represents a portion of the effects of creep produced by
the initial stress o, , resisted by the concrete at time ¢, and is given by:

f _ F NC,O _ F E Acgr,O _BCKO (5 96)
cr,k — Le,0 MCO — Le,0Lem,0 —BCST,O " ICKO .

5

and E, is given in Equation 5.60. The vector f_,, accounts for the uniform
(unrestrained) shrinkage strain that develops in the concrete over the time
period and is given by:

A~
fcs,k = |:—BC :| Ec,effacs,k (5.97)

The vector f; ;. in Equation 5.93 accounts for the initial prestress and the
vector f, .\ accounts for the resultant actions caused by the loss of pre-
stress in the tendon due to relaxation. These are given by:

< Pinit(i) :|
foinic = (5.98)
’ Z |:_yp(i)Pinit(i)

i=1

prel =Y p(irPinicts) Ppti

i=1

where P, is the prestressing force at the time from which @, is measured.
For a member with post-tensioned tendons that were unbonded at #,, the

vector f_ , is given by:

o A iE 1)Ccpli
fcp,o=2{ p(i) Ep(i) Eep(i),0 } (5.100)

| =YpiirAp(i EplipEep(ino

For a pretensioned member or a post-tensioned member with bonded ten-
dons at the time of the short-term analysis (¢,), Equation 5.93 applies except
that the vector f_ , is set to zero. For a post-tensioned member with all
tendons unbonded throughout the time period ¢, to ¢, the vector f_, in
Equation 5.93 is also set to zero.

Equation 5.93 can be solved for g, as:

-1
&k = Dk (rexr,k - fcr,k + fcs,k - fp,init + fp.rel,k + fcp,O)

= Fk (rext,k - fcr,k + fcs,k - fp,init + fp.rel,k + fcp,O) (5101)
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where:

R R
F - 1_ I o (5.102)
RaxRix =Ry | Rex  Rax

The stress distribution in the concrete at time #, can then be calculated as:

Ock = Ec,eff (Sk - 8cs,k) + E,OGC,O = Ec,eff {[1 - y] €k — 8cs,k} + FC,OGC,O (5103)

where at any point y from the reference axis g, = €., —yK, = [1 —ylg,.
The stress in the non-prestressed reinforcement at time ¢, is:

Os(i)k = Es(i)gs(i),k = Es(i)[l - ysm]sk (5.104)

and the stress in any pretensioned tendons, or any post-tensioned tendons
that were bonded to the concrete at the time of the short-term analysis (z,), is:

Op(i)k = Ep(z‘)(Sp(i),k + €p(i),init — Sp.reui),k)

= Epi) [1=ypm]ex + Egi€piivinic = Epip.reliink (5.105)

For bonded post-tensioned tendons (initially unbonded at #,), the stress at
time ?, is:

Spiink = Epi) Ecplink = Eep(in0  Epfiinic ~ Ep.rel(ie)
= Epil1 = ypi 181 = Ep[1 = Y €0 + Eppiininic = EpiEporeiink (5.106)
while for unbonded tendons:
Opiik = Epi)(E€p(iinic — Ep.rel(ink) (5.107)
The cross-sectional rigidities, i.e. Ry, Ry, and R;,, required for the
solution at time ¢, can also be calculated from the properties of the age-
adjusted transformed section, obtained by transforming the bonded steel

areas (reinforcement and tendons) into equivalent areas of the aged concrete
at time ¢, as follows:

Rax = AkEc,eff (5.108)
Rpx = ByEcost (5.109)

Riy = I E. . (5.110)
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where Ece is the age-adjusted effective modulus, Ay is the area of the
age-adjusted transformed section and B, and I, are the first and second
moments of the area of the age-adjusted transformed section about the
reference axis. For the determination of Ay, B, and I, the areas of the
bonded steel are transformed into equivalent areas of concrete by multiplying
by the age-adjusted modular ratio Gk = Eyi)/Ec.esf OF Olep(ik = Ep(i)/ Eceft, as
appropriate.

Based on Equations 5.108 through 5.110, the expression for F, (in
Equation 5.102) can be rewritten as:

szlz{lk Bk} (5.111)
Ec,eff(Aka_Bk) B, A

The calculation of the time-dependent stresses and deformations using the
earlier-mentioned procedure is illustrated in Examples 5.5 and 5.6.

EXAMPLE 5.5

For the post-tensioned concrete cross-section shown in Figure 5.7, the
strain and stress distributions at t, were calculated in Example 5.3, immedi-
ately after the transfer of prestress and the application of an external bend-
ing moment of M., = 100 kNm (see Figure 5.8). Soon after transfer, the
post-tensioned duct was filled with grout, thereby bonding the tendon to
the concrete and ensuring compatibility of concrete and steel strains at all
times after t,. If the applied moment remains constant during the time inter-
val ty to t; (i.e. Moy = Meyeo), calculate the strain and stress distributions at
time t, using the AEMM.

As in Example 5.3, E_ , = 30,000 MPa; E, = 200,000 MPa; E, = 195,000
MPa; o, o = EJE,, o= 6.67; oo = E/E, o= 6.5; f,, = 1,860 MPa and, with P, , =
1,350 kN, the initial strain in the tendon is &, = P,,o/(A, E;) = 0.00692.

Take @(t,,t;) = 2.5, ¥(t.t;) = 0.65, e (t,) = —600 x 107¢ and (from Table 4.9,
with a Class 2 low-relaxation strand stressed to 6, = Po/A, = 1350 MPa =
0.726 f,,) @, = 0.0459.

From Example 5.3, the strain at the reference axis and the curvature at t, are:
€.,0=—176.5% 10" and 1x,=-0.3778 x [07® mm"'

and the strain in the concrete at the tendon level at t, before the tendon is
grouted is:
= €0~ YKo = —176.5 x 1076 = (=200) x (=0.3778 x 107¢)

Scp,O

=-252.1 x |0¢
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The vector of external actions on the cross-section at t, (expressed in
N and Nmm) is:

Next,k 0
rex = =
Y Moes | 100108

From Equation 5.57:
_— Eemo 30,000
T (to to)@(ti, o) 1+0.65x2.5

=11,430 MPa

and therefore dlex = 17.5 and Qe = 17.1.

From Equation 5.60:

Fo= O(te, to)[x(t, to) —1] _ 2.5x(0.65—-1.0) — 0333

I+ %(te, to)P(te to) 1.0+ 0.65x2.5

From Example 5.3, the properties of the concrete part of the section before
the duct is grouted are:

A =bh=A—Ap—A
B, = bhy. = AsiYs) = As)Ys) ~ AnoleYnole = 872,000 mm?
’c = bh3/| 2-— AS(|)y52(|) _As(Z)ysz(?_) _Aholeyﬁole =1 2,375 x| 06 mm4

= 234,470 mm?

hole

and the properties of the age-adjusted transformed section after the duct is
grouted are:

A = bh + (Clesic —DAsty + (Cesk —As2) + (Cepsc — A,
=300 x 800 + (17.5-1) x 900 + (17.5-1) x 1800 + (17.1-1) x 1000
= 300,613 mm?
Bi = bhyc + (Glesi —DA)Ys) + (Ceskc = DAs2)Ys(2) + (Glepsc = DAsY,
=300 x 800 x 0 + (17.5-1) x [900 x (+340) + 1800 x (-340)]
+ (17.1-1) x 1000 x (-200)

= -8.262 x 106 mm?3
— bk

Ik = E aF bhyz + (&es,k - I) |:As(|)ysz(|) + As(z)ysz(z):| + (&epvk - I)Apy:'
3
= w +300 x 800 x 0+ (17.5 — )[900 x 3402 +1800x(—340)*]

+(17.1=1) x1000 x (—200)?

=18,592 x10° mm*
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From Equation 5.96:

= AcSrO - BCKO
fcr,k = Fe,OEcm,O ‘
_Bcsr,O + ICKO

=-0.333x30,000
234,470 x (—176.5x107%) — 872,000 x (-0.3778 x107°)
X
—872,000 x (—176.5x107¢) +12,375x10° x (—0.3778 x107°)

[ +4105x10° N
| +45.21x10° Nmm

and from Equation 5.97:

TA ]- 234,470 x 11,430 x (600 x 107)
f-cs,k = :|Ec,eff8cs,k =

~872,000 x | 1,430 x (—600 x 10°¢)

| —1,608x10° N
5.98 x10° Nmm

The relaxation strain in the prestressing tendon is:
€ relk = Epinic Pp = 0.00692 x 0.0459 = 0.0003178

and the vectors of internal actions caused by the initial prestress and by
relaxation are given by Equations 5.98 and 5.99, respectively:

Poie 1350 x10°N
fp,init = =
—PricYp 270 x10® Nmm
{ Pric @ } 1350x10° x0.0459 | |62.0x10°N
fp.rel,k = = =
“YePoie % || 270%10° % 0.0459 | [12.4x10* Nmm
For this post-tensioned member with a single bonded tendon, Equation 5.100
gives:
[AE e } {I, 000 % 195,000 x (~252.1x10°°) }
fcp.O = =

| —YVpAErEeo | | ~(~200) x 1,000 x 195,000 x (~252.1x10°°)

[—49.1x10°N }

| —9.83%10° Nmm
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Equation 5.111 gives:

F - | I By
Ec.eff (Kka - EIZ-) Bk Ak

_ [ 18,592 x10° -8.262 x 10
11,430 x (300,613 x18,592 x10° — (-8.262 x10%)?) | -8.262 x10° 300,613

| 2947x100” N —130.9x107"° N"'mm™'
—130.9x107"° N"'mm™" 4.764 107" N"'mm™

and the strain g, at time t, is determined using Equation 5.101:
& = Fl((rext.k - f‘cr',k + f‘cs,k - fp.init + f‘p.rs:l,k + fcp.O)

| 294.7x107'? —130.9x107"* ||(0—410.5-1608 —1350 + 62.0 — 49.1) x 1 0°
—130.9x107"° 4.764x10" |[(100 —45.2 +5.98 —270 +12.4 — 9.83) x10°

| -961.7x10°
—0.5453x107° mm'
The strain at the reference axis and the curvature at time t, are, respectively:

€., ="961.7%x107¢ and «x,=-0.5453 x [0~® mm"!

From Equation 5.63, the top (y = +400 mm) and bottom (y = —400 mm) fibre
strains are:
Eieop) = Erxe ~ 400 X i, = [-961.7 — 400 x (-0.5453)] x 107¢ = ~743.6 107
Eiom) = Erie — (400) X 1, = [-961.7 + 400 x (=0.5453)] x 107¢ = —1180 x 107
The concrete stress distribution at time t, is calculated using Equation 5.103:

Gc,k(tv:)p) = Ec.eff(gk(top) - 8cs,k) + E,OGC,O(tOp)

=11,430 x [-743.6 — (—600)] x 10 + (=0.333) x (—0.762) = —1.39 MPa
Ock(btm) = Ec,eff (Sk(b:m) = B Fe.OGc,O(btm)

=11,430 x[-1180 — (—600)] x 10 + (—0.333) x (—9.828) = —3.35 MPa

and, from Equation 5.104, the stresses in the non-prestressed reinforcement are:

-961.7x107¢

Seyk = Esy [l = yon &k = 200 x 10° [I — 340
i =Eoll =yl [ ]{—0.5453x|06

}z—ISS MPa
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-961.7x10°®
.ok = Efl - yon €« =200 x 10°[I — (=340 =-229 MPa
(2)k [ -yl [1-( )]{_0.5453“06}

The final stress in the prestressing steel at time t, is given by Equation 5.106:

Gp,k = EP [I — Yp] & — EP [I — yP] &+ Epgp,init — EPSPJ‘eLk

—961.7x107°
=195%10°[I — (200
e {—0.5453 x |06}

—176.5x107®
—195x10°[I — (—200
= )]{—0.3778><I06}

+195x10° x (0.006923 — 0.0003 178)
=1128 MPa

The stress and strain distributions at t, (from Example 5.3) and t, are shown
in Figure 5.14.

Note that the time-dependent loss of prestress in the tendon is 16.4%,

but the time-dependent loss in the compressive stress in the concrete at the
bottom fibre is 65.9%.

— — — - Time (%)
b =300 mm Time (£,)
. —25.4 —743.6 -0.76-1.39 Oyny0=-9:61
[ ] (] \ <
\ Kp=—0.3778 x 10" mm™! Ok =—155
\
/'\‘F_ GC,O
/=800 mm \ 5 G0 = 1350
\ N \\ o, =1128
® \ K=—0.5453 x 10 mm™! \ T
\ O Oy(2),0=—61.0
(XN X ] \ < <+
= : — ==k Oy =—229
—3276 ~1180 —3.35 —9.83 :
(a)

(b) ()

Figure 5.14 Strains and stresses at times at t, and t, (Example 5.5). (a) Section.
(b) Strain (x107%). (c) Stress (MPa).
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With time, much of the compressive force exerted by the tendon on the
cross-section in Example 5.5 has been transferred from the concrete to
the bonded steel reinforcement as a direct result of creep and shrinkage in
the concrete. The very significant change in stress in the non-prestressed
reinforcement with time is typical of the behaviour of uncracked regions of
reinforced and prestressed concrete members in compression.

EXAMPLE 5.6

A time-dependent analysis of the pretensioned concrete cross-section of
Example 5.4 (see Figure 5.9) is to be undertaken using the AEMM. The strain
and stress distributions at t, immediately after the application of an axial force
Neyo = —100 kN and a bending moment of M., = 1000 kNm were calcu-
lated in Example 5.4 and shown in Figure 5.10. If the applied actions remain
constant during the time interval t; to t,, determine the strain and stress
distributions at time t,.

Asin Example 5.4: E_ , = 32,000 MPa, E

cm,0 —

= 200,000 MPa, E, = 195,000 MPa
and, therefore, oy, = 6.25 and a,; o = 6.09. For the time interval t, to t,, the
creep and shrinkage input for the concrete is @ (t,,t;) = 2.0, x(t,.t,) = 0.65, e ,(t,) =
—400 x 107% and, for the prestressing steel, the creep coefficients associated
with the time after transfer and time t, are @, = @, = @, = 0.03.

From Example 5.4, the strain at the reference axis and the curvature at
t, are:

€.0="254.1 x 10® and ¥, =+0.1916 x 10* mm~".

and the vector of external actions on the cross section at t, is:
” Nexc,k -1 00 x| 03
tk = =
T [ Meei | 1000108
From Equation 5.57:

_— Eemo 32,000
4 1t to)o(ti, to) 1+ 0.65x2.0

=13,910 MPa

from which o, =14.37 and o, =14.02.

From Equation 5.60:

_ Ot to)[X(tet) 1] _ 2.0x(0.65—1.0) _
I+ X(tk’ to)(p(tk, to) |0 + 065 X 20

—0.304

e,
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The properties of the concrete part of the cross-section are:
A=A = Ay — Ay — Ay~ Asp ~ Ape) = 312,700 mm?

B.= Ag (des=do) = (As(l)ys(l) & As(Z)ys(Z)) - (Ap(l))’p(l) W Ap(Z)yp(Z) v Ap(3)yp(3))

= —93.46 x [0® mm3
L = Iy + Ag(duer = de)” = (A¥20 + Ap¥io)

- (Apu»’:u) + Ao + AP(3)y,§(3)) = 76,920 x10° mm*

and the properties of the age-adjusted transformed section in equivalent con-
crete areas are:

A=A, + (&es,k - I)(As(l) +Aq@) + (&ep,k - I)(Ap(.) + A + As)

=373.9x10° mm?

Ek S Ag(dref —dc) + (Clesy — |)(As(|>ys(|> + As(?.))'s(?.))
+ (Gepsc = D(AsyYo0) + Ao + AoYp) = —125.7 x10° mm?’
Tk = Ig + Ag (dref - dc )2 + (aes,k - I) (As(l)ysz(l) + As(2)ysz(2))

+ (Cepi =) (Ap¥or + AsVoa) + AaYiey )= 103,800 x10° mm*
From Equation 5.96:

crk

| +599.4x10° N
+87.73x10° Nmm

and from Equation 5.97:

—1740x10° N
f‘cs,k = 6
—520.1x10° Nmm

The relaxation strains in the prestressing tendons between transfer
and time ¢, are:

Ep(l).relk = Ep(1),0 Py = 0.0001880
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8p(2).rel,k = SP(Z)‘O (pp(Z) = 0000 | 884

Ep@)relk = €p3),0 Pp3) = 0.0001888

and the vectors of internal actions caused by the initial prestress and by
relaxation are given by Equations 5.98 and 5.99, respectively:

20 P 2000 x10°N
fp,init = Z =

=L YeoPric | 1330.6 x10¢ Nmm

3
£ ek :i{ Prog) Pociy }: 58.82x10° N
T L e0Peo0 90| 39.14x10° Nemm

Note that in this pretensioned member, P, is used in Equation 5.99 since
@, in this example is measured from the time at transfer t,.

The terms in the vector f

.0 are both zero for this pretensioned cross-

section since all tendons were bonded at transfer.
Equation 5.99 gives:

_ | ko B
Ec,eff(Ak Ik - Bk2) Ek Kk

| 3242xI10” N -392.7x107"° N”lmm™"'
—392.7x107"° N'mm™"  1.1687 x107"* N"'mm™

The strain g, at time t, is determined using Equation 5.91:
g = Fl((rext,k - fcr,k + f.r:s,k - fp,ini( + fp.rel,k + fcp,O)

[ 3242x10"  —3927x107"
13927107 1.168x107"®

| (~100-599.4 1740 —2000 + 58.82 + 0) x 10°
(1000 — 87.73 — 520.1-1330.6 +39.14 + 0) x10°

| -1067.3x10°
+0.6699 x10* mm™'
The strain at the reference axis and the curvature at time t, are, respectively:

€= 10673 x 10® and ¥, =+0.6699 x [0~® mm"™'
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From Equation 5.63, the top (y = +300 mm) and bottom (y = =850 mm) fibre
strains are:

Eieop) = Erk ~ 300 X K, = —1268 x 107
Ebrm) = Erx T 850 X K, = —497.9 x [0

The concrete stress distribution at time t, is calculated using Equation 5.103:
Gek(eop) = Eceff (Exeop) — Ecsi) + FeoGeo(op) = —9.05 MPa
O k(btm) = Ec,eff (Sk(btm) —&csk) + E,Occ,o(top) =-0.47 MPa

and, from Equation 5.104, the stresses in the non-prestressed reinforcement are:
Ssyk = Es[l = ysy] ek = —245.6 MPa
G5k = Es[I = ys]&x =—107.6 MPa

The final stress in the prestressing steel at time t, is given by Equation 5.105:
Sp(yk = Ep [1= Yoyl &k + Ep(€p(1)inic — Ep(iy.reti) = 1081.0 MPa
ok = Ep [1= Yoy 18k + Ep(Ep@)inic — Epyreik) = 1089.4 MPa
o)k = Ep [1= Yol &k + Ep(€pa)inic — Epayreti) =1097.8 MPa

The stress and strain distributions at t, (obtained in Example 5.4) and ¢, are
shown in Figure 5.15.

Y
-311.6 —-1268 -9.05-9.97
] T — y10=—60.0
,l Oy = —245.6
&
|
I*~¢, \ek Ock
Ko=+0.1916x 10 mm’ |
™ Ky = +0.6699 x 10~ mm "
-~ /o Gy1,0(0p1,0) = +1222.1(1081.09)
/ ] - — % 0( o, k) +1224.6(1089.4)
S Y ] 7 GO = +1226.4(1097.8)
I ', [ 52 0~ =-20.5
-91.2 -497.9 —0.47 —2.92 %2k= -1076
(a) (b) (c)

Figure 5.15 Strains and stresses at times at t, and t, (Example 5.6). (a) Cross-
section. (b) Strain (x107°). (c) Stress (MPa).
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5.7.4 Discussion

The results of several time analyses on the cross-section shown in Figure
5.16 are presented in Tables 5.1 and 5.2. The geometry of the cross-section
and the material properties are similar to the cross-section of Examples
5.3 and 5.5. The effects of varying the quantities of the compressive and
tensile non-prestressed reinforcements (A, and A,,), respectively) on the
time-dependent deformation can be seen for three different values of sus-
tained bending moment. At M., = 100 kNm, the initial concrete stress
distribution is approximately triangular with higher compressive stresses in
the bottom fibres (as determined in Example 5.3). At M, = 270 kNm, the
initial concrete stress distribution is approximately uniform over the depth
of the section and the curvature is small. At M, = 440 kNm, the initial
stress distribution is again triangular with high compressive stresses in the
top fibres. In each case, the prestressing force in the tendon immediately
after transfer is P, = P, o = 1350 kN and, therefore, 6, = 6, , = 1369 MPa.

In Tables 5.1 and 5.2, AF;, AF,;, and AF, are the compressive changes
of force that gradually occur in the non-prestressed steel and the tendons
with time. To maintain equilibrium, equal and opposite tensile forces are
gradually imposed on the concrete as the bonded reinforcement restrains
the time-dependent creep and shrinkage strains in the concrete. In Section
5.4.1, we defined the final compressive force acting on the concrete as QP ,
and here:

PmO

Q=1+ (5.112)

remembering that AF,, AF,, and AF, are all negative. Values of Q for
each analysis are also given in Tables 5.1 and 5.2.

From the results in Table 5.1, the effect of increasing the quantity of
the non-prestressed tensile reinforcement A, is to increase the change in

b=300
60;

\f 7

600

E 1,0 =30,000 MPa
E,=200,000 MPa
E,=195,000 MPa
800 3 0t tg) =2.5
S X(to to) = 0.65
i | €cs(ti) =—600x 1076

60 ¢, =0.0459
v A

s(2)
Iy All dimensions are in mm.

®
°
&

P e
S
KV

Figure 5.16 Post-tensioned cross section with tendon bonded after transfer.
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Table 5.1 Effect of varying the bottom steel A, (with A, = 0)

Ko Q K¢
M. A £ (x107%) AFy, AFy, AF,  (Equation e, (%107
(kNm) (mm?) (x10%) mm™  (kN) (kN) (kN)  5112) (x10°%) mm™'
100 0 -191 -0455 0 0 -277 0795 -—1154 -1.165
1800 -178 -0.372 0 -288 -221 0.623  -1019 -0.252
3600 -l67 —0.306 0 -416 —-190  0.55I -941  +0.271
270 0 -190 -0.008 0 0 -239 0823 -1167 +0.336
1800 -182 -0.038 0 -209 -200 0.697 -1075 +0.955
3600 -177  +0.075 0 -306 -179  0.64l -1022 +1.311
440 0 -189 +0.438 0 0 -20I 0.851 -1179 +1.838
1800 -187  +0.448 0 -130 -179  0.771 1132 +2.162
3600 -186  +0.455 0 -197 -167 0730 -1104 +2.350

Table 5.2 Effect of varying the top steel A, (with A, = 1800 mm?)

Ko Q Ky

e A €0 (x107%)  AF,, AFy, AF,  (Equation € (%1079

(kNm) (mm?) (x10¢) mm™ (kN) (kN) (kN)  5.112) (x10°%) mm™'
100 0 -178 -0372 0 -288 -221 0.623 -1019  -0.252
900 -176 -0378 -131 -303 -222 0514 -962 -0.545
1800 -176 -0.383 -222 -314 -222 0438 -92| -0.757
270 0 -I82 +0.038 0 -209 -200 0.697 -1075 +0.955
900 -178 +0.014 -176 -231 -201 0550  -989 +0.509
1800 -175 -0.007 -294 -247 -201 0450 -926 +0.188
440 0 -187 +0448 0 -I130 -179 0.771 -1132  +2.162
900 -180 +0.406 -221 -159 -180 0.585 -1015 +1.564
1800 -174 +0370 -366 -179 -180  0.463 -932 +1.133

positive or sagging curvature with time. The increase is most pronounced
when the initial concrete compressive stress at the level of the steel is high,
i.e. when the sustained moment is relatively small and the section is initially
subjected to a negative or hogging curvature. When A= 3600 mm? and
M., = 100 kNm (row 3 in Table 5.1), x, is positive despite the significant
initial negative curvature k,. Table 5.1 also indicates that the addition of
non-prestressed steel in the tensile zone will reduce the time-dependent
camber which often causes problems in precast members subjected to low
sustained loads. For sections on which M_,, is sufficient to cause an ini-
tial positive curvature, such as when M, , = 440 kNm in Table 5.1, an
increase in A, causes an increase in time-dependent curvature and hence
an increase in final deflection.
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The inclusion of non-prestressed steel at the top of the section Ay,
increases the change in negative curvature with time, as indicated in
Table 5.2. For sections where the initial curvature is positive, such as when

« = 440 kNm, the inclusion of A, reduces the time-dependent change
in positive curvature (and hence the deflection of the member). However,
when ¥, is negative, such as when M, = 100 kNm, the inclusion of A, can
cause an increase in negative curvature with time and hence an 1ncrease in
the upward camber of the member with time.

The significant unloading of the concrete with time on the sections con-
taining non-prestressed reinforcement should be noted. For example, when

M., =270 kNm and A, = A, = 1800 mm? (i.e. equal quantities of top
and bottom non- prestressed reinforcement), the concrete is subjected to a
total gradually applied tensile force of -(AF;, + AF,,, + AF,) = 742 kN as
shown in Table 5.2. This means that 55% of the initial compression in the
concrete (the initial prestressing force) is transferred into the bonded rein-
forcement with time. The bottom fibre concrete compressive stress reduces
from -5.32 to =1.10 MPa. The loss of prestress in the tendon, however, is
only 201 kN (14.9%).

It is evident that an accurate picture of the time-dependent behaviour of
a prestressed concrete cross-section cannot be obtained unless the restraint
provided to creep and shrinkage by the non-prestressed steel is adequately
accounted for. It is also evident that the presence of non-prestressed rein-
forcement significantly reduces the cracking moment with time and may in
fact relieve the concrete of much of its initial compression.

5.8 SHORT-TERM ANALYSIS OF CRACKED
CROSS-SECTIONS

5.8.1 General

In the cross-sectional analyses in Sections 5.6 and 5.7, it was assumed that con-
crete can carry the imposed stresses, both compressive and tensile. However,
concrete is not able to carry large tensile stresses. If the tensile stress at a
point reaches the tensile strength of concrete (Equations 4.6 and 4.7), crack-
ing occurs. On a cracked cross-section, tensile stress of any magnitude cannot
be carried normal to the crack surface at any time after cracking and tensile
forces can only be carried across a crack by steel reinforcement. Therefore,
on a cracked cross-section, internal actions can be carried only by the steel
reinforcement (and tendons) and the uncracked parts of the concrete section.

In members subjected only to axial tension, caused either by external
loads or by restraint to shrinkage or temperature change, full-depth cracks
occur when the tensile stress reaches the tensile strength of the concrete
at a particular location (i.e. at each crack location, the entire cross-section
is cracked). When the axial tension is caused by restraint to shrinkage,
cracking causes a loss of stiffness and a consequent decrease in the internal
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tension. The crack width and the magnitude of the restraining force, as well
as the spacing between cracks, depend on the amount of bonded reinforce-
ment. The steel carries the entire tensile force across each crack, but between
the cracks in a member subjected to axial tension the concrete continues to
carry tensile stress due to the bond between the steel and the concrete, and
hence, the tensile concrete between the cracks continues to contribute to the
member stiffness. This is known as the tension stiffening effect.

In a flexural member, cracking occurs when the tensile stress produced
by the external moment at a particular section overcomes the compression
caused by prestress, and the extreme fibre stress reaches the tensile strength
of concrete. Primary cracks develop at a reasonably regular spacing on the
tensile side of the member. The bending moment at which cracking first
occurs is the cracking moment M_,. If the applied moment at any time is
greater than the cracking moment, cracking will occur and, at each crack,
the concrete below the neutral axis on the cracked section is ineffective. In
the previous section, we saw that the initial compressive stress in the con-
crete due to prestress is gradually relieved by creep and shrinkage and so
the cracking moment decreases with time.

A loss of stiffness occurs at first cracking and the short-term moment—
curvature relationship becomes non-linear. The height of primary cracks b,
depends on the quantity of tensile reinforcement and the magnitude of any
axial force or prestress. For reinforced concrete members in pure bending
with no axial force, the height of the primary cracks b, immediately after
cracking is usually relatively high (0.6-0.9 times the depth of the mem-
ber depending on the quantity and position of tensile steel) and remains
approximately constant under increasing bending moments until either
the steel reinforcement yields or the concrete stress—strain relationship in
the compressive region becomes non-linear. For prestressed members and
members subjected to bending plus axial compression, b, may be relatively
small initially and gradually increases as the applied moment increases.

Immediately after first cracking, the intact concrete between adjacent
primary cracks carries considerable tensile force, mainly in the direction
of the reinforcement, due to the bond between the steel and the concrete.
The average tensile stress in the concrete may be a significant percentage of
the tensile strength of concrete. The steel stress is a maximum at a crack,
where the steel carries the entire tensile force, and drops to a minimum
between the cracks. The bending stiffness of the member is considerably
greater than that based on a fully cracked section, where concrete in ten-
sion is assumed to carry zero stress. This tension stiffening effect is par-
ticularly significant in lightly reinforced concrete slabs under service loads.

For prestressed concrete members, or reinforced members in combined
bending and compression, the effect of tension stiffening is less pronounced
because the loss of stiffness caused by cracking is less significant. As the
applied moment increases, the depth of the primary cracks increases gradu-
ally (in contrast to the sudden crack propagation in a reinforced member
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in pure bending) and the depth of the concrete compressive zone is signifi-
cantly greater than would be the case if no axial prestress was present.

5.8.2 Assumptions

The Euler-Bernoulli assumption that plane sections remain plane is not
strictly true for a cross-section in the cracked region of a beam. However, if
strains are measured over a gauge length containing several primary cracks,
the average strain diagram may be assumed to be linear over the depth of
a cracked cross-section.

The analysis presented here is based on the following assumptions:

1. Plane sections remain plane and, as a consequence, the strain distri-
bution is linear over the depth of the section.

2. Perfect bond exists between the non-prestressed steel reinforcement
and the concrete and between the bonded tendons and the concrete,
i.e. the bonded steel and concrete strains are assumed to be compat-
ible. This is usually a reasonable assumption at service loads in mem-
bers containing deformed steel reinforcing bars and strands.

3. Strain in unbonded tendons is assumed to be unaffected by deforma-
tion of the concrete cross-section.

4. Tensile stress in the concrete is ignored, and therefore the tensile con-
crete does not contribute to the cross-sectional properties.

5. Material behaviour is linear-elastic. This includes concrete in compres-
sion, and both the non-prestressed and prestressed reinforcements.

5.8.3 Analysis

In the short-term analysis of fully cracked prestressed concrete cross-sections
at first loading (at time ¢,), it is assumed that the axial force and bending
moment about the x-axis (N, and M, ,, respectively) produce tension
of sufficient magnitude to cause cracking in the bottom fibres of the cross-
section and compression at the top of the section.

Consider the cracked prestressed concrete cross-section shown in
Figure 5.17. The section is symmetric about the y-axis, and the orthogonal
x-axis is selected as the reference axis. Also shown in Figure 5.17 are the
initial stress and strain distributions when the section is subjected to com-
bined external bending and axial force (M,,, , and N.,, ,) sufficient to cause
cracking in the bottom fibres.

As for the analysis of an uncracked cross-section, the properties of each
layer of non-prestressed reinforcement are defined by its area, elastic modu-
lus and location with respect to the arbitrarily chosen x-axis, i.e. A, E;
and y; (= d,.¢ - d), respectively. Similarly, A ), E; and y ;) (= d.s - d,)

ref ref
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Figure 5.17 Fully cracked prestressed concrete cross-section. (a) Cross-section.
(b) Strain diagram. (c) Stress.

represent the area, elastic modulus and location of the prestressing steel
with respect to the x-axis, respectively.

The strain at any distance y from the reference x-axis at time #, is
given by:

€0 = &0 — YKo (5.113)

and the stresses in the concrete, the steel reinforcement and the bonded
tendons are:

60 = Ecm 080 = Ecmo(€r0 —yi0)  for y >y, (= —dy o + drer) (5.114)
G0 =0 fory<yno (5.115)
Osino = Espeo = Ei)(€r0 — YsiKo) (5.116)
Spi0 = Epiy(€0 + Epiiyinic) = Epi (€r,0 = Yp(iyKo + Ep(iinit) (5.117)

where vy, , is the y coordinate of the neutral axis, as shown in Figure 5.17a
and &, ;i is the strain in the i-th layer of prestressing steel immediately
before the transfer of prestress to the concrete as expressed in Equation
5.27. For unbonded tendons, the stress in the steel at #, is E ;€ inic-

The internal axial force Ny, , on the cracked cross-section is the sum of
the axial forces resisted by the various materials forming the cross-section
and is given by:

Nino = Neo + N + Ny (5.118)
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where N_, N, ,and N, ; are as previously given for an uncracked section in
Equations 5.29 through 5.31 and re-expressed here as:

NC,O = J‘Ecm,O (Sr,O - yKO)dA = AcEcm,Ogr,O - BcEcm,OKO (5.119)
Ac
Nio = Raser0 — Rpsko (5.120)
71p
Npo = Rapero = Rppko + Z(Ami)Ep(i)Sp(i),imt) (5.121)

i=1

where A_and B, are the area and the first moment of area about the x-axis
of the compressive concrete above the neutral axis (i.e. the properties of the
intact compressive concrete). The rigidities of the bonded steel are:

Ry = Z(As(i)Es(i)) (5.122)
i=1
Ry = Z(ys(i)As(i)Es(i)) (5.123)
pr
Ry, = Z(ysz(i)As(i)Es(i)) (5.124)
i=1
77p
Rap = D (ApiEyin) (5.125)
i=1
Ry = Z(yp(i)Ap(i)Ep(i)) (5.126)
i=1
Ry, = Z(J’ﬁu)Ap(i)Epm) (5.127)
i=1
For unbonded tendons, R, , = Ry , = R, = 0.
Noting that:
71p

Pyic = Z(Ap(i)Ep(i)Sp(i),init) (5.128)

i=1
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and defining the internal moment caused by P, about the reference axis as:

init
1p

My = —Z(3’p(i)Ap(i)Ep(i)Sp(i),init) (5.129)

i=1

Equation 5.118 can be rewritten as:

Nino = J.Ecm,O(gr,O —yKo)dA + (Ras +Raplero —(Rps + Rpp)co + Pie (5.130)
Ac

Remembering that for equilibrium N, , = N, o, Equation 5.130 can be
re-expressed as:

Nexto = Poie = IEcm,o(Sr,o —yKo)dA + (Ras +Raplero —(Rps + Rpplo (5.131)
Ac

Similarly, the following expression based on moment equilibrium can be
derived as:

Mo — Miyie = —J‘ Ecmolero —yKo)y dA - (Rps + RB,p)Sr,o +(Rys + Rl,p)Ko
Ac
(5.132)

For a reinforced concrete cross-section comprising rectangular compo-
nents (e.g. rectangular flanges and webs) loaded in pure bending (i.e.
N0 = Niyo = 0) and with no prestress, Equation 5.131 becomes a qua-
dratic equation that can be solved to obtain the location of the neutral
axis y, o-

If the cross-section is prestressed or the axial load N, , is not equal to zero
(i.e. if Ny, o = Py # 0), dividing Equation 5.132 by Equation 5.131 gives:

Moo — Minie —I& S yKo)ydA — (Rps + R p)ero + (Ris + Rip)ico

Next.o = Pone J  Eonofeco - yko)dA + (Ras + Rup)ero — (Rus + Ry )ico
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and dividing the top and bottom of the right-hand side by «, and recognis-
ing that at the axis of zero strain y =y, o = &, y/k,, the previous expression
becomes:

Moy My ) Eonotno ~¥AA~ (R, + Rag)yuo +(Riy + Ry

= (5.133)
Nexto = Pine IA Ecno(Yno = ¥)dA + (R + Rap)¥no — (Rps + Rpp)

For a rectangular section of width b, Equation 5.133 becomes:

y=dref
- EcnoWno —=y)bydy — (R + R, )Yno + (Ris + R,
Mo~ My J‘y:ym0 0(Vn0 =)0y dy —(Rg, B,p)¥n0 + (Ry, 1p)

T py=det
Next,O - Pinit J. *

Y=Yn,0

Ecm,O (yn,O - y) b dy + (RA,s + RA,p )yn,O - (RB,S + RB,p)

(5.134)

Equation 5.134 may be solved for y, , relatively quickly using a simple trial-
and-error search.

When y, , is determined, and the depth of the intact compressive concrete
above the cracked tensile zone d,, , is known, the properties of the compres-
sive concrete (A_, B. and I.) with respect to the reference axis may be readily
calculated. Similarly, the axial rigidity and the stiffness related to the first
and second moments of area of the cracked section about the reference axis
(i.e. Ry o, Ry pand R ) are calculated at time £, using Equations 5.35, 5.36
and 5.39 and are re-expressed here as:

Rap = AcEcmo + Ras + Rap (5.135)
RB,O = BcEcm,O + RB,S + RB,p (5.136)
RI,O = IcEcm,O + RI,s + RI,p (5.137)

Using the same solution procedure previously adopted for an uncracked
cross-section, the system of equilibrium equations governing the problem
(Equation 5.40) is rewritten here as:

Texe0 = Dogo + £y jinie (5.40)

where

N,
fowro = | (5.41)
Mext,O
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R -R

Do=| B (5.42)
“Rso  Rip

g = rf’o} (5.43)
Ko

Piniti .
£ = 2P {P‘““} (5.44)

p,init —
Z =Y p(iPiniti Minic

The vector g, is readily obtained by solving the equilibrium equations
(Equation 5.40) giving:

€0 = Dy (Texr0 — £, inic) = Fo (Texe0 — o inic) (5.45)
where:
R R
S S U (5.46)
RaoRio—Rzo| Ry  Rap

The stress distribution related to the concrete and reinforcement can then
be calculated from the constitutive equations specified in Equations 5.114
through 5.117.

As an alternative approach, the solution may also be conveniently obtained
using the cross-sectional properties of the transformed section. For example,
for the cross-section of Figure 5.17, the transformed cross-section in equiva-
lent areas of concrete for the short-term analysis is shown in Figure 5.18.

The cross-sectional rigidities of the transformed section defined in
Equations 5.135 through 5.137 can be recalculated as:

Ry = AoEcmyp (5.138)
R0 = BoEcmyo (5.139)
Ryy = I)E. 0 (5.140)

where A, is the area of the transformed cracked concrete section and B,
and I, are the first and second moments of the transformed area about the
reference x-axis at first loading.

Substituting Equations 5.138 through 5.140 into Equation 5.46, the
matrix F; becomes:

I, -B
F, = 12{ 0 0} (5.141)
Eano(Alo—B3)[=Bo Ay
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Figure 5.18 Transformed cracked section with bonded reinforcement transformed into
equivalent areas of concrete.

EXAMPLE 5.7

The depth of the concrete compression zone d, and the short-term stress
and strain distributions are to be calculated on the prestressed concrete beam
cross-section shown in Figure 5.19, when M_,., = 400 kNm (and N,,., = 0).
The section contains two layers of non-prestressed reinforcement as shown
(each with E; = 200,000 MPa) and one layer of bonded prestressing steel
(E, = 195,000 MPa). The prestressing force before transfer is P,,;; = 900 kN
(i-e. 6, = 1200 MPa). The tensile strength of the concrete is 3.5 MPa, and the

elastic modulus is E_,, , = 30,000 MPa.

From Equations 5.122 through 5.127:
Ras = (Aypy+ Ayp) E;= (500 + 1,000) x 200,000 = 300 x 10¢ N
Res = (YsyAsy * Ys@As) Es = (250 x 500 — 400 = 1,000) x 200,000
=-=55.0 x 10° Nmm
Ris = (yau Ay + ya A) Es =[2507 x 500 + (—400)* x ,000]
%200,000
= 38.25 % 10'2 Nmm?
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Figure 5.19 Cross-section (Example 5.7).

Rap = A, E, = 750 x 195,000 = 146.3 x 10¢ N
Re, = ¥, A, E, = =275 x 750 x 195,000 = -40.22 x 10° Nmm

Ry, = y2 A, E, = (-275)2x 750 x 195,000 = 11.06 x 102 Nmm?

The vector of actions due to initial prestress is given by Equation 5.44:

¢ | P | _ 900 x 10° | 900xI0° N
PP M | | ~(=275)x 900x10° | | +247.5x10° Nmm

If it is initially assumed that the section is uncracked, an analysis using the

procedure outlined in Section 5.6.2 indicates that the tensile strength of

the concrete has been exceeded in the bottom fibres of the cross-section.
= 300 mm below the top of the
section, the depth of the neutral axis below the reference axis y, , is deter-
mined from Equation 5.134. The left-hand side of Equation 5.134 is first

With the reference axis selected at d,

calculated as:

Mext,O - Minit _ 400 x |06 —247.5x% |06

=-169.4 mm
NexLO - Pinit 0 - 900 X |03
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and therefore

y=300
—I Ecno(¥no —y)y bdy — (Res + Rep)yno + (Ris + Rip)

Y=Yno0
y=300

Ecm.O (yn.O - )’) b d)’ + (RA,s + RA,P)yn,O - (RB,s + RB,p)

Y=yno

—169.4 =

y=300
—j 30,000 x 200 x (y,0 — y)y dy — (~55.0 — 40.22) x10%y,.

Y=o
+(38.25+11.06)x10'
y=300
J 30,000 x 200 x (y,o — y) dy + (300 +146.3) x 10%y,.
y

=Yn0

+(55.0 + 40.22) x10°

] 6.0x10° x (05y,0p* ~ 033) ’ L
d Synoy” —033y%)|  +95.22x107y,, +49.31x10

30
Yn,

,0

6 Ay [ 6 9
|6.0X10° x (yooy —0.5y%) | +446.3x10%y, +95.22 10
0

3
Yn,

_ yao—1748x10%y,, +103.3x10°
=3y, +2.246 x10%y,, —174.78 x10°

Solving gives y, , = =206.8 mm and the depth of the neutral axis below the top
surface is d, ; = d,os = Yoo = 506.8 mm.

The properties of the compressive concrete (A, B. and I.) with respect to
the reference axis are:

A, = 506.8 x 200 - 500 = 100,858 mm>

B. = 506.8 x 200 x (300-253.4) — 500 x (300-50) = +4.599 x 10¢ mm?

I, =200 x 506.8%/12 + 506.8 x 200 x (300-253.4)> - 500 x (300-50)
= 2358 x 106 mm*

The cross-sectional rigidities R, o, Ry and R, are obtained from Equations
5.135 through 5.137:

Rao=Ac Eano *+ Ras * Ra, = 100,858 x 30,000 + 300 x 106 + 146.3 x |08

= 3,472 x 106 mm?

Reo = B Eqno * Re, + Ry, = 4.599 X 106 30,000 — 55 x 10° - 40.22 x 10°

=42.75 x 10° mm?
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C

Rio=1Eqmo

=120.1 x 10'2 mm*

+R,,+ R, =2,358 x 10¢x 30,000 + 38.25 x 102 + [1.06 x 10

From Equation 5.46:
F I Ro Reo| [289.3x107* 103.0x107"°
" RaoRio—Rio[Reo Rao] |103.0x107°  8366x10"
and the strain vector is obtained from Equation 5.45:

289.3x107'2  103.0x107"® 0-900x10°
103.0x107"°  8.366x107" || 400 x10° — 247.5 x 10°

—2447x107°
1.183%x107® mm™

The top (y = 300 mm) and bottom (y = —450 mm) fibre strains are:

€ = FO (rext,O - f‘p,init) = |:

€o(iop) = €n0 = 300 X K, = (~244.7 = 300 x 1.183) x 10-¢ = ~600 x 06
Eoboy = = Eno + 450 X Ky = (—244.7 + 450 x 1.183) x 106 = +288 x 1076

The distribution of strains is shown in Figure 5.20b.
The top fibre stress in the concrete and the stress in the non-prestressed
reinforcement are (Equations 5.114 and 5.116):

Oco(top) = Ecmyo Eo(topy = 30,000 x (=600 x 107¢) = —17.99 MPa
Oiy.0 = Es (B0 = Y51y Ko) = 200,000 x (-244.7 — 250 x 1.183) x 107¢
=-108.1 MPa
Os20 = Es (r0 ~ Ys2 o) = 200,000 x (-244.7 + 400 x |.183) x 107
= +45.7 MPa
and the stress in the prestressing steel is given by Equation 5.117:
G0~ E, (80— YoKo + Sp,init)
= 195,000 x (—244.7 + 275 x [.183+ 6,000) x 107¢
= +[,216 MPa

The stresses are plotted in Figure 5.20c.
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Figure 5.20 Stress and strain distributions for cracked section (Example 5.7).
() Section. (b) Strain (x107). (c) Stress (MPa).

5.9 TIME-DEPENDENT ANALYSIS OF CRACKED
CROSS-SECTIONS

5.9.1 Simplifying assumption

For a cracked cross-section under sustained actions, creep causes a grad-
ual change of the position of the neutral axis and the size of the concrete
compressive zone gradually increases with time. With the size of the
cross-section gradually changing, and hence the sectional properties of the
concrete gradually change, the principle of superposition does not apply.
To accurately account for the increasing size of the compressive zone, a
detailed numerical analysis is required in which time is discretised into
many small steps.

However, if one assumes that the depth of the concrete compression zone
d, remains constant with time, the time analysis of a fully cracked cross-
section using the AEMM is essentially the same as that outlined in Section
5.7.3. This assumption greatly simplifies the analysis and usually results in
a relatively little error in the calculated deformations.

5.9.2 Long-term analysis of a cracked cross-section
subjected to combined axial force
and bending using the AEMM

Consider the fully cracked cross-section shown in Figure 5.21a subjected to
a sustained external bending moment M,,,, and axial force N, . Both the
short-term and time-dependent strain distributions are shown in Figure 5.21b.
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Figure 5.21 Fully cracked cross-section — time analyses (AEMM). (a) Cross-section.
(b) Strain.

For the time analysis, the constitutive relationship for the concrete at #, is
that given by Equation 5.59 as follows:

Ok = E<:,eff(8k - 8cs,k) + E,OGC,O fOI' y 2 Yn,0 (5'142)

o =0 fory<yno (5.143)

where E . and F. are as defined in Equations 5.57 and 5.60. The stress—
strain relationships for the reinforcement and tendons are as given in
Equations 5.69 through 5.72.

At time ¢, the internal axial force N, and moment M;,, on the cross-
section are given by Equations 5.83 and 5.88 and the axial rigidity and the
stiffness related to the first and second moments of area (R, Ry, and Ry,
respectively) are given by Equations 5.84, 5.85 and 5.89 (ignoring the cracked
concrete below the neutral axis). The equilibrium equations are expressed in
Equation 5.93, and solving using Equation 5.101 gives the strain vector at
time #,. The stresses in the concrete, steel reinforcement and tendons at time
t, are then calculated from Equations 5.103 through 5.107, respectively.

EXAMPLE 5.8

Calculate the change of stress and strain with time on the cracked prestressed
cross-section of Example 5.7 using the AEMM. The cracked section and the
initial strain distribution are shown in Figure 5.20. The actions on the section
are assumed to be constant throughout the time period under consideration
(i.e. t; to t,) and equal to:

Nexeo = Neet =0 and M My = 400 kNm

ext,0 ext,k ext,0 — Mlextk
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The relevant material properties are:
Ecno=30GPa E =200,000 MPa E, = 195000 MPa o(tt,) = 2.5
X(toto) = 0.65 e (t,) = =400 x 1076 @, (t,,0,,0) = 0.02

and the steel reinforcement is assumed to be linear-elastic. The post-tensioned
tendon was bonded at t, in the cracked section analysis of Example 5.7.

From Example 5.7:

d,o=506.8mm g.,=-2447 % [0® x,=1.183 x 107 mm™'
A.=101,858 mm? B_=+4.599 x 106 mm?® I _=2,358 x [0® mm*

and the rigidities of the steel reinforcement and tendons are:

R, =300 % 106N Ry, =-55.0x 10°Nmm R, =38.25 x 10> Nmm?
Ra, = 1463 x 106N Ry, =-40.22 x 10° Nmm R, = 11.06 X 10> Nmm?

From Equations 5.57 and 5.60:
= 30,000

e _11430MPa and Fo = 22X(065-10) 453

T 1+065x25 1.0+0.65x2.5

From Equation 5.96, the axial force and moment resisted by the concrete
part of the cross-section at time t, are:

Neo = AEcmoro — BEcmoko = -903.5x10° N

Meo = —BEcmotro + IEcmotco = +117.5x10° Nmm

and from Equations 5.84, 5.85 and 5.89, the cross-sectional rigidities Ry ,, Rz
and R, are:

Rax = AEcest + Ras + Rap =1599x10°N
Rs). = B.E. i + Rss + Rs, = —42.66 x10° Nmm

Ry =IEcei +Ris + Ry = 76.26 x 10> Nmm?

Equation 5.102 gives:

F - | Ri  —Re| | 6349x107"*  -3552x107"°
RaxRiy —Réx | —Rex  Rax | [-3552x107"  1331x107"®
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From Equations 5.96 through 5.100:
— | N 1.2x10°
f =Fo| Moo |2 +301.2x10
Moo | |-39.15x10°
A |- —461.1x10°
fCS, = Ec,e SCS, =
“ {—BJ ek Lzl.oleo"}

i A Ep()Ep(iyini 900 x10’
£y =Z{ POTROR (O } (from Example 5.7)
Yoo A0 EpiErtninie | | 247.5 108

i=l

m, 3
£ o= ZP:{ Ao Ep)p(.0Po(i) }{ [y }
prelk — -

= Yoy Ao)Er)Ep().0Pp() | | 4.95 %10

and as the tendon was bonded at transfer:

0
f.cp,O =
0

The strain vector is obtained from Equation 5.101:
& = Fl((rext.k - fcr,k + fcs,k - fp,init + fp.rel,k)

[ 6349x107"2 —3552x]0-'5]| (0—301.2—461.1-900 +18) x10°
& =
< |-3552x107° 1331x10°"

- —1121x10°®
13481107 mm™'
The top (y = 300 mm) and bottom (y = —450 mm) fibre strains are:

Exeon) = Enc = 300 X K, = (=121 = 300 x 3.481) x 1076 = =2166 x 106
Exbem) = € + 450 X 1, = (—1121 + 450 x 3.481) x 1076 = +445 x |06

At the neutral axis depth at y, , = =208.] mm (below the reference axis):

Eien) = Enk ~ Yoo X K = (-1121 +206.8 x 3.481) x 1076 = —401 x [0

(400 +39.15 +21.02 — 247.5 + 4.95) x 1 0°



174 Design of Prestressed Concrete to Eurocode 2

The concrete stresses at time t, at the top fibre (y = +300 mm) and the
bottom fibre of the compressive concrete are obtained from Equation 5.103:
At the top of section:

Oex = 11,430 % (—2,166 + 400) x 107 —0.333x (~17.99) = —14.2 MPa
Aty = -206.8 mm:
Gex = 11,430 x (— 1,121+ 208.1x 3.483 + 400) x 107 — 0.333x 0 = 0.0 MPa

The stresses in the non-prestressed reinforcement are (Equation 5.104):
S5k = Es (€ — Ysyki) = —398 MPa

Gk = Es(&rx — Ys)Kk) = +54.2 MPa

and the stress in the prestressing steel is given by (Equation 5.105)

Opk = Ep(gr.k - ypKk + Sp.init.k - 8p.rel.k) =+1144 MPa

The results are plotted in Figure 5.22. It can be seen that the time-dependent
loss of prestress in the tendon on this cross-section is only 72 MPa or only
6% of the initial prestress. With relaxation losses at 2%, creep and shrinkage
have resulted in only 4% loss as the change in strain at the tendon level is

relatively small after cracking.

-600 -2166 -14.2-17.99
5 I F— 7 g (—108 at to)
/ —398 at ¢
y dyer =300 I’I\to hd e Is
506.8 l ; b
~ / 4
750 | X DMext,k = II ~ tk
400 kNm
S - i 0.0 +1216 at ¢,
i i —_— / —
' : (+1144 at 1)
; U Pyinge=900kN /
; : f +45.7 at t;,
1 ! _’
i/ R g (+54.2 at t;)
All dimensions in mm 445 288

(@ (b) (©

Figure 5.22 Initial and time-dependent strain and stress distributions. (a) Section.
(b) Strain (x107®). (c) Stress (MPa).
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5.10 LOSSES OF PRESTRESS

5.10.1 Definitions

The losses of prestress that occur in a tendon are categorised as either imme-
diate losses or time-dependent losses and are illustrated in Figure 5.23.

Immediate losses occur when the prestress is transferred to the concrete
at time t, and may vary along the length of the tendon. Immediate losses
are the difference between the force imposed on the tendon by the hydraulic
prestressing jack P, (=P;) and the force in the tendon immediately after
transfer at a distance x from the active end of the tendon P, ,(x) and can be
expressed as:

Immediate loss = P, — P,(x) (5.144)

ax
Time-dependent losses are the gradual losses of prestress that occur with
time over the life of the structure. If P (x) is the force in the prestressing
tendon at x from the active end of the tendon after all losses, then:

Time-dependent loss = P, o(x) - P, (x) (5.145)

Both immediate and time-dependent losses are made up of several compo-
nents. Immediate losses depend on the method and equipment used to pre-
stress the concrete and include losses due to elastic shortening of concrete,
wedge draw-in at the prestressing anchorage, friction in the jack and along
the tendon, deformation of the forms for precast members, deformation
in the joints between elements of precast structures, temperature changes
that may occur during this period and the relaxation of the tendon in a
pretensioned member between the time of tensioning the wires before the
concrete is cast and the time of transfer (particularly significant when
the concrete is cured at elevated temperatures prior to transfer).

Time-dependent losses are the gradual losses of prestress that occur with
time over the life of the structure. These include losses caused by the grad-
ual shortening of concrete at the steel level due to creep and shrinkage,
relaxation of the tendon after transfer and time-dependent deformation
that may occur within the joints in segmental construction.

Immediate Time-dependent
losses losses
P, max b P mo0 > P m,t
Jacking Prestressing force Final or effective
force immediately after prestressing

transfer force

Figure 5.23 Losses of prestress in the tendons.
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5.10.2 Immediate losses

The magnitude of immediate losses is taken as the sum of the losses caused
by each relevant phenomenon. Where appropriate, the effects of one type
of immediate loss on the magnitude of other immediate losses should be
considered. For example, in a pretensioned member, the loss caused by
relaxation of the tendon prior to transfer will affect the magnitude of the
immediate loss caused by elastic deformation of concrete.

5.10.2.1 Elastic deformation losses

Pretensioned members: The change in strain in a tendon in a pretensioned
member immediately after transfer Ae,, caused by elastic shortening of the
concrete is equal to the instantaneous strain in the concrete at the steel level g, o:

AGp,O
E

Gep,0
_ PV _ —
€ep0 = =Agy =

Ecm,O

P

The corresponding loss of stress in a tendon at transfer is therefore the
product of the modular ratio (E /E,,), and the stress in the adjacent con-
crete at the tendon level 6, , and the loss of force in the tendon is given by:

E
APel = AcSp,014p = Eipccp,OAp (5.146)

cm,0

Post-tensioned members: For post-tensioned members with one tendon, or
with two or more tendons stressed simultaneously, the elastic deformation
of the concrete occurs during the stressing operation before the tendons
are anchored. In this case, elastic shortening losses are zero. In a mem-
ber containing more than one tendon and where the tendons are stressed
sequentially, stressing of a tendon causes an elastic shortening loss in all
previously stressed and anchored tendons. Consequently, the first tendon
to be stressed suffers the largest elastic shortening loss and the last ten-
don to be stressed suffers no elastic shortening loss at all. Elastic shorten-
ing losses in the tendons stressed early in the prestressing sequence can be
reduced by re-stressing the tendons (prior to grouting of the prestressing
ducts).

It is relatively simple to calculate the elastic shortening losses in an indi-
vidual tendon of a post-tensioned member, provided the stressing sequence
is known. For most cases, it is sufficient to determine the average loss of
stress as follows:

A == 1 E,
’ 271 Ecm,O

(5.147)

|~
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where 7 is the number of tendons and P/A is the average concrete compres-
sive stress. In post-tensioned members, the tendons are not bonded to the
concrete until grouting of the duct occurs after the stressing sequence is
completed. It is the shortening of the member between the anchorage plates
that leads to elastic shortening, and not the strain at the steel level, as is the
case for pretensioned members.

5.10.2.2 Friction in the jack and anchorage

The loss caused by friction in the jack and anchorage depends on the
jack pressure and the type of jack and anchorage system used. It is usu-
ally allowed for during the stressing operation and is generally relatively
small.

5.10.2.3 Friction along the tendon

In post-tensioned members, friction losses occur along the tendon during
the stressing operation. Friction between the tendon and the duct causes a
gradual reduction in prestress with the distance along the tendon x from
the jacking end. The coefficient of friction between the tendon and the duct
depends basically on the condition of the surfaces in contact, the profile of
the duct, the nature of the tendon and its preparation. The magnitude of the
friction loss depends on the tendon length, x, and the total angular change
of the tendon over that length, as well as the size and type of the duct con-
taining the tendon. An estimation of the loss of force in the tendon due to
friction at any distance x from the jacking end may be made using [1]:

AP (X) = Py (1 — e™O7) (5.148)

where 0 is the sum in radians of the absolute values of successive angular
deviations of the tendon over the length x. Care should be taken dur-
ing construction to achieve the same cable profile as that assumed in the
design. p is the coefficient of friction between the tendon and its duct
and depends on the surface characteristics of the tendon and the duct,
the presence of rust on the surface of the tendon and the elongation of
the tendon. In the absence of more specific data, the values of p given in
Table 5.3 are specified in EN 1992-1-1 [1], when all tendons in contact
within the same duct are stressed simultaneously. For tendons showing a
high but still acceptable amount of rusting, the value of p may increase by
20%. If the wires or strands in contact in one duct are stressed separately,
p may be significantly greater than the values given above and should be
checked by tests. For external tendons passing over machined cast-steel
saddles, p may increase markedly for large movements of tendons across
the saddles. k is an estimate of the unintentional angular deviation (in
radians/m) due to wobble effects in the straight or curved parts of internal
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Table 5.3 Coefficient of friction p for post-tensioned tendons [I]

External unbonded tendons

Internal Steel duct/ HDPE duct/ Steel duct/  HDPE duct/
tendons®  non-lubricated  non-lubricated  lubricated lubricated
Cold-drawn 0.17 0.25 0.14 0.18 0.12
wire
Strand 0.19 0.24 0.12 0.16 0.10
Deformed bar 0.65 — — — —
Smooth round 0.33 — — — —
bar

HDPE, high-density polyethylene.

2 For tendons that fill about half the duct.

tendons and depends on the rigidity of sheaths, the spacing and fixing of
their supports, the care taken in placing the prestressing tendons, the clear-
ance of tendons in the duct, the stiffness of the tendons and the precautions
taken during concreting. In segmental construction, the angular deviation
per metre (k) may be greater in the event of mismatching of ducts and the
designer should allow for this possibility. The most important parameter
affecting the rigidity of sheaths is their diameter ¢. In the absence of other
data, EN 1992-1-1 [1] suggests that for internal tendons k will generally
be in the range of 0.005 < k < 0.01 per metre. The Australian standard

AS3600-2009 [9] suggests that:

¢ for sheathing containing wires or strands:

k =0.024-0.016 rad/m when ¢ < 50 mm
k =0.016-0.012 rad/m when 50 mm < ¢ £ 90 mm
k =0.012-0.008 rad/m when ¢ > 90 mm

e for flat metal ducts containing wires or strands:

k = 0.024-0.016 rad/m
¢ for sheathing containing bars:

k =0.016-0.008 rad/m when ¢ < 50 mm
e for bars with a greased-and-wrapped coating:

k =0.008 rad/m.

EXAMPLE 5.9

Calculate the friction losses in the prestressing cable in the end span of the
post-tensioned girder of Figure 5.24. The jacking force P..,, = 2500 kN. For

this cable, p = 0.19 and k = 0.01.
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C D
A
B
L

2 2

| 9m | 9m | 7 m |

[ [ [ |
Slope (rad): 0.105 0 -0.105 0
0 (rad): 0 0.105 0.210 0.315
x (m): 0 9 18 25

Figure 5.24 Tendon profile for end span (Example 5.9).

From Equation 5.148:

At B: AP, (x) = 2500(] —e=019(0:105+0.019)) = 90.9 kN (i.e. 3.64% losses)
At C: AP, (x) = 2500 (1—e~01%0210+001x18) = 78,6 kN (. 7.14% losses)
At D: AP (x) = 2500 (1—e~019(0:315+0.0125)) = 2545 kN (i.e. 10.2% losses)

5.10.2.4 Anchorage losses

In post-tensioned members, some slip or draw-in occurs when the pre-
stressing force is transferred from the jack to the anchorage. This causes
an additional loss of prestress. The amount of slip depends on the type of
anchorage. For wedge-type anchorages used for strand, the slip (A;,) may
be as high as 6 mm. The loss of prestress caused by A, decreases with
distance from the anchorage owing to friction and, for longer tendons, may
be negligible at the critical design section. For short tendons, this loss may
be significant and should not be ignored in design.

The loss of tension in the tendon caused by slip is opposed by friction in
the same way as the initial prestressing force is opposed by friction, but
in the opposite direction, i.e. p and k are the same. The variations of pre-
stressing force along a member due to friction before anchoring the tendon
(calculated using Equation 5.148) and after anchoring are shown in Figure
5.25, where the mirror image reduction in prestressing force in the vicinity
of the anchorage is caused by slip at the anchorage. The slope of the draw-
in line adjacent to the anchorage has the same magnitude as the slope of
the friction loss line (), but the opposite sign. It follows that tendons with
a small drape (and therefore small §) will suffer anchorage slip losses over a
longer length of tendons than tendons with a large drape (larger f).

In order to calculate the draw-in loss at the anchorage AP, the length
of the draw-in line L must be determined. By equating the anchorage slip
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Figure 5.25 Variation of prestress adjacent to the anchorage due to draw-in. (a)
Prestressing force versus distance from anchorage. (b) Loss of prestress in
vicinity of anchorage.

A, with the integral of the change in strain in the steel tendon over the
length of the draw-in line, Ly may be determined. If B is the slope of the
friction loss line (i.e. the friction loss per unit length) as shown in Figure
5.25, the loss of prestress due to draw-in at a distance x from point O in
Figure 5.25b is (APy)z = 2Bx and A;, can be estimated as follows:

Lgi

2.
Agip = dx = PLa (5.149)

and rearranging gives:

Ly = ,/E"AEAS“" (5.150)

The immediate loss of prestress at the anchorage caused by A, is:
(APygi)ry = 2B Ly (5.151)

The immediate loss of prestress near an anchorage can be determined from
geometry using Figure 5.25. At a distance of more than L, from the live
end anchorage, the immediate loss of prestress due to A, is zero.

The magnitude of the slip that should be anticipated in design is usually
supplied by the anchorage manufacturer and should be checked on site.
Cautious overstressing at the anchorage is often an effective means of com-
pensating for slip.

5.10.2.5 Other causes of immediate losses

Additional immediate losses may occur due to deformation of the forms of
precast members and deformation in the construction joints between the
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precast units in segmental construction, and these losses must be assessed
in design. Any change in temperature between the time of stressing the ten-
don and the time of casting the concrete in a pretensioned member will also
cause immediate losses, as will any difference in the temperature between
the stressed tendons and the concrete during steam curing.

5.10.3 Time-dependent losses of prestress
5.10.3.1 Discussion

We have seen in Sections 5.7 and 5.9 that, in addition to causing time-
dependent increases in deflection or camber, both compressive creep and
shrinkage of the concrete cause gradual shortening of a concrete member
and this, in turn, leads to time-dependent shortening of the prestressing
tendons, and a consequent reduction in the prestressing force. These time-
dependent losses of prestress are in addition to the losses caused by steel
relaxation and may adversely affect the long-term serviceability of the
structure and should be accounted for in design.

In Section 5.7, a time analysis was presented for determining the effects of
creep and shrinkage of concrete and relaxation of the tendon on the long-term
stresses and deformations of a prestressed concrete cross-section of any shape
and containing any layout of prestressed and non-prestressed reinforcement.

In the following section, the approximate procedure specified in EN
1992-1-1 [1] for calculating time-dependent losses of prestress is outlined.
The method may give inaccurate and sometimes misleading results because
it does not adequately account for the significant loss of precompression in
the concrete that occurs when non-prestressed reinforcement is present. For
a realistic estimate of the time-dependent losses of prestress in the tendon,
and the redistribution of stresses between the bonded reinforcement and
the concrete, the method described in Section 5.7 is recommended.

For members containing only tendons, the loss in tensile force in the ten-
dons is simply equal to the loss in compressive force in the concrete. Where
the member contains a significant amount of longitudinal non-prestressed
reinforcement, there is a gradual transfer of the compressive prestressing
force from the concrete into the bonded reinforcement. Shortening of the
concrete, due to creep and shrinkage, causes a shortening of the bonded rein-
forcement and therefore an increase in compressive stress in the steel. The
gradual increase in compressive force in the bonded reinforcement is accom-
panied by an equal and opposite decrease in the compressive force in the
concrete. The loss in compressive force in the concrete is therefore consider-
ably greater than the loss in tensile force in the tendon. The redistribution of
stresses with time was discussed in Section 5.7, and illustrated, for example,
in Figures 5.14 and 5.15, where the immediate strain and stress distributions
(at time ¢, immediately after the application of both prestress and the applied
moment M, o) and the long-term strain and stress distributions (after creep
and shrinkage at time #,) on prestressed concrete cross-sections are shown.
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Many authorities suggest that the total time-dependent loss of prestress
should be estimated by adding the calculated losses of prestress due to shrink-
age, creep and relaxation. However, separate calculation of these losses is
problematic as time-dependent losses interact with each other, and this inter-
action should be considered when the sum of all the losses is determined. For
example, the loss in tendon force due to creep and shrinkage of the concrete
decreases the average force in the tendon with time, and this in turn reduces
the relaxation loss. Restraint to shrinkage often substantially reduces the com-
pressive stresses in the concrete at the steel level, and this may significantly
affect the creep of the concrete at this level and reduce losses due to creep.

5.10.3.2 Simplified method specified in EN 1992-1-1:2004

The time-dependent losses due to creep, shrinkage and relaxation (AP,,, )
at any location x under permanent loads may be approximated by:

eE, +0.8Ac,, + E ¢(t,19) Oc.qp
APy = AJAC, oo = A, cm (5.152)

E A A
T+ P2 14+ 22 22 |[1+0.80(2,¢
E A ( I pj[ o(t,10)]
where:
c is the absolute value of the variation of stress in the tendon due

P>CHS+I

to creep, shrinkage and relaxation at location x at time ¢;

g 1s the absolute value of the estimated shrinkage strain at the time
under consideration and may be estimated using the procedures out-
lined in Section 4.2.5.4;

Ao, is the absolute value of the variation of stress in the tendon at time ¢
due to relaxation of the tendon and should be calculated from the ini-
tial stress in the tendon caused by P, and the quasi-permanent actions
(G +y,0)

¢ (2,t,) is the creep coefficient at time # for loads applied at ¢,;

. qp is the stress in the concrete adjacent to the tendon due to self-
weight, initial prestress and other quasi-permanent actions where rel-
evant (depending on the stage of construction under consideration);

A, is the total area of all the tendons at location x;

A_ is the area of the concrete cross-section;

I is the second moment of the concrete cross-section about its cen-
troidal axis; and

2., is the distance between the centre of gravity of the concrete section
and the tendons.

The denominator in Equation 5.152 accounts for the restraint to creep and
shrinkage provided by the bonded tendons but largely ignores the effect of
the restraint offered by any non-prestressed bonded reinforcement on the
loss of prestress in the tendon.
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5.10.3.3 Alternative simplified method

If a concrete member of length L contains no bonded reinforcement (and no
bonded tendons) and is unrestrained at its supports and along its length, the
member would shorten due to shrinkage by an amount equal to L. If the
member contained an unbonded post-tensioned tendon with an anchorage
at each end of the member, the tendon would shorten by the same amount
and the change of stress in the tendon due to shrinkage (ignoring the effects
of friction) would be constant along its length and equal to Ao, = E €.
In concrete structures, unrestrained contraction is unusual. Reinforcement
and bonded tendons embedded in the concrete provide restraint to shrink-
age and reduce the shortening of the member. This in turn reduces the loss
of prestress in any tendon within the member.

Where the centroid of the bonded steel area (non-prestressed and pre-
stressed) is at an eccentricity e, from the centroidal axis of the concrete
cross-section, the change of strain due to shrinkage at the centroid of the
tendon can be approximated by Equation 5.153 and the corresponding
change of stress in a tendon at this location is given by Equation 5.154:

8CS

Mgy, = (5.153)
- acpvkp{l .\ Acches}
E
Ac,, = Sl (5.154)
_ Aczpes
1+ Qep kP 1+ 17

where o, is the age-adjusted modular ratio (= E, /Ec,eff), p is the ratio of the
area of the bonded steel (A, + A)) to the area of concrete (i.e. p = (A, + A )/A,)
and z, is the distance between the centroidal axis of the concrete section
and the tendons. Equation 5.154 is in fact similar to the change in stress
indicated in the first term of the right-hand side of Equation 5.152, except
that, in Equation 5.152, the ageing coefficient x has been taken as 0.8 and
the only bonded steel assumed to provide restraint is the tendon, A ..

Creep strain in the concrete at the level of the bonded tendon depends
on the stress history of the concrete at that level. Because the concrete
stress varies with time, a reliable estimate of creep losses requires a detailed
time analysis of the cross-section (such as that presented in Section 5.7).
An approximate and conservative estimate of creep losses can be made by
assuming that the concrete stress at the tendon level remains constant with
time and equal to the short-term value 6, p which is calculated using the ini-
tial prestressing force (prior to any time-dependent losses) and the sustained
portion of all the service loads. Under this constant stress, the creep strain
that would develop in the concrete is the product of the immediate elastic
strain (o, op/E.,,) and the creep coefficient ¢ (2,t,). With this assumption, the
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change in stress in the tendon due to creep Ao,
Equation 5.155:

may be obtained from

C

Ao = Epolt:t0)(Ocqp/Een) (5.155)

P T+ O pIL + ((Aczepes )LL)

Again, this is similar to the creep term in Equation 5.152, where y is 0.8
and the area of bonded steel is taken as A, i.e. the restraint provided by any
non-prestressed reinforcement has been ignored.

The loss of stress in a tendon due to relaxation depends on the sustained
stress in the steel. Owing to creep and shrinkage in the concrete, the stress
in the tendon decreases with time at a faster rate than would occur due to
relaxation alone. Since the steel strain is reducing with time due to con-
crete creep and shrinkage, the relaxation losses are reduced from those
that would occur in a constant strain relaxation test. With the creep coef-
ficient for the prestressing steel given in Table 4.9 (or calculated from the
design relaxation loss using Equation 4.38), the percentage loss of prestress
due to relaxation may be calculated from a detailed time analysis such as
described in Section 5.7. In the absence of such an analysis, the change of
stress in the tendon due to relaxation is approximated by:

AG,+Ac,
AG,, = _{1 _‘1"71"
Gpi

J @5 (5.156)

where Ao, and Ao, are the changes in stress in the tendon caused by
shrinkage and creep as given by Equations 5.154 and 5.155, respectively,
and are usually compressive; 6,; is the tendon stress just after transfer under
the sustained service loads (=P,,/A,). The absolute values of A, and Ac,
are used in Equation 5.156 to convert the negative changes of stress into

positive losses.

EXAMPLE5.10

Determine the time-dependent loss of prestress in the bonded tendon in the
post-tensioned concrete cross-section shown in Figure 5.26 using:

I. the approximate procedure discussed in Section 5.10.3.3 (Equations
5.154 through 5.156); and

2. the approach specified in EN 1992-1-1 [I], i.e. Equation 5.152 in Section
5.10.3.2.
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Egmo = 30,000 MPa

b =300 -
|‘—'| 60 E, = 11,430 MPa

L2
i ¢ t Ag(1y =900 mm? = B LIT AL
AL 0= Ep/Ecm,O =6.5
600 10 : kN o =
740 i Mext =300 kNm D(ep.k = Ep/Ec,eff =17.1
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+ (and from Equation 4.38
60 Section Aoy, =-0.0459 0y,)

Figure 5.26 Cross-section and material properties (Example 5.10).

The material properties are as shown in the figure and the prestressing force
in the tendon immediately after transfer, when immediate losses had taken
place and before the duct was grouted, is P, = 1350 kN. The sustained exter-
nal bending moment is M_,. = 270 kNm.

In this example, the area of the concrete cross-sectionis A.=bh = A,y = A, = A,
=236.3 x 103> mm? and its centroid lies 397.9 mm below the top of the cross-
section. The second moment of area of the concrete cross-section about its
centroidal axis is | = 12,450 x 10 mm*. The total area of bonded steel is A, +
A,y + A, = 3700 mm? and its centroid is 536.8 mm below the top of the cross-
section. The distance between the centroid of the concrete section and the
centroid of the bonded steel area is e, = 138.9 mm, and the distance between
the centroid of the concrete section and the centroid of the tendon is z_, =
202.1 mm. The steel ratio is p = 3700/(236.3 x 10%) =0.0157.

I. Using the simplified analysis of Section 5.10.3.3:
Shrinkage loss: From Equation 5.154:

o — 8k, ~ —0.0006 x 195,000
ps — - 3
, aep,kp{l | Azat, } L1712 001 57% , 2363 ><I |2 045ono|26|6 x| 38.9}
c s X

=-82.9MPa

The calculated loss of stress in the tendon determined using the time
analysis of Section 5.7.3 caused by restrained shrinkage is —83.2 MPa,
and this is in close agreement with the approximation of Equation 5.154.
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Creep loss: The concrete stress 6 op at the tendon level due to the initial
prestress and sustained actions may be determined using gross section
properties (A, = 300 x 800 = 240 x 10> mm? and I, = 300 x 800%12 =
12,800 x 106 mm*):

Pmo Pmoyg Mext,OYP

T T,
__1,350x10° 1,350 x10° x (-200)°
240x10° 12,800 x10°
6 -
27010 x( 2600) 6425 MPa
12,800 x 10

and this value of 6 is used in Equation 5.155 to approximate the loss
of stress in the tendon due to creep:

E, ¢(t,t0)(0cqp/Ecm)
Acches
I

B 195,000 x 2.5 x (—5.625/30,000) — _64.8 MPa

3
1417100157 x| 1+ 236.3x10 ><202.I6><I38.9
12,450 <10

Ao, =
I+ aeP‘kp{l +

Using the time analysis of Section 5.7.3, the loss of stress in the tendon
due to creep is equal to —60.7 MPa and the approximation of Equation
5.155 is conservative.

Relaxation loss: With the stress in the tendon immediately after transfer
oi = PmofA, = 1350 MPa, the loss of stress in the tendon due to relax-
ation is obtained from Equation 5.156:

A __|y ‘Acsp,s + Ac,.
cSp.r N (Ppcpi
Opi

(&

_(_ -82.9 - 64.8)
- 1350

Jx 0.0459 x1350 = -55.2 MPa

Using the time analysis of Section 5.7.3, the loss of stress in the tendon
due to relaxation is equal to =56.8 MPa and this is in good agreement
with the approximation of Equation 5.156.

Total time-dependent losses: Summing the losses caused by shrinkage,
creep and relaxation, we get:

AG,cisir = AC,s + Ao, + Ac,, =—202.9 MPa
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This is 15.0% of the initial prestress in the tendon, and this is in excel-
lent agreement with the 14.9% losses (—200.7 MPa) determined using
the more rigorous time analysis of Section 5.7.3.

2. Simplified approach in EN [1992-1-1 [I]:
Equation 5.152 (with values of stresses and strains specified according
to the sign convention adopted throughout this book) gives:

E
8csEp + O-SAcp.r + 7p(p(t» tO) Ocqr
AGPA cts+r = -

|+%(H’?CZZPJ[HO.S(p(t,to)]

cm?ic

c

195,000
30,000

x 202. |2][| +0.8x2.5]

~0.0006 % 195,000 + 0.8 x (—0.0459 x |, 350) + x 2.5 % (~5.625)

195,000 x 1,000 N 236.3x10°
30,000 x 236.3x10° 12,450 x10°

=-225.0 MPa

This significantly overestimates time-dependent losses. Equation 5.152
fails to account for the restraining effects of the bonded non-
prestressed steel on the creep and shrinkage losses and inappropri-
ately assumes that the restraint to creep and shrinkage in the concrete
provided by the tendon also applies to the development of relaxation
(tensile creep) in the tendon.

5.11 DEFLECTION CALCULATIONS

5.11.1 General

If the axial strain and curvature are known at regular intervals along a
member, it is a relatively simple task to determine the deformation of that
member. Consider the statically determinate member AB of span [ sub-
jected to the axial and transverse loads, as shown in Figure 5.27a. The axial
deformation of the member e, (either elongation or shortening) is obtained
by integrating the axial strain at the centroid of the member ¢,(z) over the
length of the member, as shown:

!
ens = J.sa(z) dz (5.157)

0

where z is measured along the member.
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Figure 5.27 Deformation of a statically determinate member. (a) Original geometry.
(b) Deformed shape.

Provided that deflections are small and that simple beam theory is appli-
cable, the slope 6 and deflection v at any point z along the member are
obtained by integrating the curvature x(z) over the length of the member
as follows:

]
0= IK(z) dz (5.158)
0

l
v=|
0

Equations 5.158 and 5.159 are quite general and apply to both elastic and
inelastic material behaviour.

If the axial strain and curvature are calculated at any time after loading
at a preselected number of points along the member shown in Figure 5.27a
and, if a reasonable variation of strain and curvature is assumed between
adjacent points, it is a simple matter of geometry to determine the defor-
mation of the member. For convenience, some simple equations are given
below for the determination of the deformation of a single span and a can-
tilever. If the axial strain ¢, and the curvature x are known at the mid-span
and at each end of the member shown in Figure 5.27 (i.e. at supports A
and B and at the mid-span C), the axial deformation e,, the slope at each
support 0, and 05 and the deflection at mid-span v are given by Equations
5.160 through 5.167.

k(z) dz dz (5.159)

© e —
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For a linear variation of strain and curvature:

€A = %(SQA +28&C + gaB) (5160)
12
Uc :478(KA+4K(:+KB> (5161)
0 :L(SK + 6K + Kp) (5.162)
A 24 A C B .
0p = —L(K +6K¢c + S5Kp) (5.163)
B — 24 A C B .

and for a parabolic variation of strain and curvature:

EAB = é(gaA +48aC + SaB) (5164)
ll
ve =%(KA+10KC+KB) (5.165)
)
OA Zg(KA+2Kc) (5.166)
/
OB = —g(ZKC + KB) (5.167)

In addition to the simple span shown in Figure 5.27, Equations 5.160
through 5.167 also apply to any member in a statically indeterminate frame,
provided the strain and curvature at each end and at mid-span are known.
Consider the fixed-end cantilever shown in Figure 5.28. If the curvatures at
the fixed support at A and the free end at B are known, then the slope and deflec-
tion at the free end of the member are given by Equations 5.168 through 5.171.

I A A

—_— I
=
! ; |
I’ |

Figure 5.28 Deformation of a fixed-end cantilever.
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For a linear variation of curvature:

Op :_é(KA'f'KB) (5.168)

2

Up = %(ZKA +Kg) (5.169)

For a parabolic variation of curvature typical of what occurs in a uniformly
loaded cantilever:

Oy = ‘é(“ +2K3) (5.170)
12
U =—Z(KA+KB) (5.171)

5.11.2 Short-term moment-curvature
relationship and tension stiffening

For any prestressed concrete section, the instantaneous moment—curvature
relationship before cracking is linear-elastic. For an uncracked cross-
section, the instantaneous curvature may be calculated using the procedure
of Section 5.6.2. In particular, from Equation 5.45, the instantaneous
curvature is:

o = Ry oNg,o + Ry oMg
0= 2
RaoRip —Rgp

(5.172)

where R, o, Ry pand R, are the cross-sectional rigidities given by Equations
5.35,5.36 and 5.39; Ny, is the sum of the external axial force (if any) and
the resultant compressive prestressing force exerted on the cross-section by
the tendons and My, ; is the sum of the external moment and the resultant
moment about the centroidal axis caused by the compressive forces exerted
by the tendons:

1p
Nro = Nexo— ZPinit(i) (5.173)
i1

1p
Mgy = Mo + Zyp(i)Pinit(i) (5.174)
i1
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For uncracked, prestressed concrete cross-sections, if the reference axis is
taken as the centroidal axis of the transformed section, the flexural rigidity
E 0 Lune 18 in fact the rigidity R, calculated using Equation 5.39, where
I, is the second moment of area of the uncracked transformed cross-
section about its centroidal axis. Codes of practice generally suggest that,
for short-term deflection calculations, I, may be approximated by the
second moment of area of the gross cross-section about its centroidal axis.
The initial curvature caused by the applied moment and prestress acting on
any uncracked cross-section may therefore be approximated by:

Mg,

Kog=——2>— 5.175
’ Ecm,OI uncr ( )

After cracking, the instantaneous moment—curvature relationship can
be determined using the analysis described in Section 5.8 (and illustrated
in Example 5.7) for any level of applied moment greater than the crack-
ing moment, provided the assumption of linear-elastic material behaviour
remains valid for both the steel reinforcement/tendons and the concrete in
compression. The analysis of the cross-section of Figure 5.19 after cracking
in pure bending (i.e. when M, , = 400 kNm and N.,,, = 0) was illustrated
in Example 5.7. If the analysis is repeated for different values of applied
moment (M., , greater than the cracking moment M_,), the instantaneous
moment versus curvature (M,,, , Vs k) relationship for the cross-section can
be determined and is shown in Figure 5.29. In addition to the post-cracking

600 Slope of tangent to

curve=(E., o1.)

Uncracked
5007 \ . Cracked

j , /200
s

External moment, M, o (kNm)

L] L]
A
Y
!
i
Mo 50 - _.4;4_4_._.x. )Mmyo
Mext 0= M -
s =293 —
400 kNm L ¥p=-189.1 Pipir=900 kN
B o0 00
All dimensions in mm.
prinit 100+

Curvature, K, (><1076) (mmfl)

T T O T T T
-1.0 /‘ -05 0.0 0.5\ 1.0 \1,5 2.0 25

-0.702x10™° Ko, = 0.506 x 107 Ko=1.182 x 10~%(from Example 5.7)

Figure 5.29 Short-term moment—curvature relationship for the prestressed concrete
cross-section of Figure 5.19.
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relationship, the linear relationship prior to cracking (Equation 5.175) is also
shown in Figure 5.29, with E_,, oI, = 242.4 x 10'> Nmm?in this example.

Itis noted that after cracking the neutral axis gradually rises as the applied
moment increases. With the area of concrete above the crack becoming
smaller, the second moment of area of the cracked section I, decreases as
the applied moment increases. This is not the case for reinforced concrete
sections where the depth to the neutral axis remains approximately con-
stant with increasing moment and I, is constant in the post-cracking range.

For the cross-section shown in Figure 5.29, the x-axis has been taken
to coincide with the centroidal axis of the transformed cross-section, and
so the y coordinate of the prestressing steel (y,) is numerically equal to the
eccentricity of the prestressing force e. In this case, from Equation 5.174,
My o= Mo + YpPinic = Moy o = €Piyie- In Figure 5.29, at any moment M., o
greater than the cracking moment (M_,), the curvature is:

Mg
Ecm,OI av

Ko =

(5.176)

where E_, I, is the secant stiffness. The secant stiffness E_,, ,I,, correspond-
ing to the external moment of M, , = 400 kNm is shown in Figure 5.29,
with y P, = - 170.2 kNm and, therefore, My, , = 229.8 kNm. With the value
of curvature determined in Example 5.7 at this moment equal to 1.182 x 10-6,
the stiffness E,, oI, is obtained from Equation 5.176:

MRO 229.8X106
EcmOIav = == 6
’ Ko  1.182x10

=194.4x10"* Nmm*

A conservative estimate of the instantaneous deflection of a prestressed
concrete member is obtained if the value of E_ oI, for the cross-section at
the point of maximum moment is taken as the flexural rigidity of the mem-
ber. In addition, when designing for crack control, variations in tensile steel
stresses after cracking can be determined from the cracked section analysis.

The tangent stiffness E, oI, is also shown in Figure 5.29. The second
moment of area of the cracked section I, may be obtained using the cracked
section analysis of Section 5.8. In that analysis, the tangent stiffness of
the cracked cross-section was expressed as R; , and was given by Equation
5.137 or 5.140. In our example, we can now calculate the tangent stiffness
E mol.. with respect to the centroidal axis when the external moment is
M0 = 400 kNm using the rigidities of the cracked section R, o, Ry and
R, as determined in Example 5.7:

2
RaoRio — Rgp

A0

Eanole = =120.2x10"2 Nmm?



Design for serviceability 193

If the reference axis had corresponded to the centroidal axis of the cracked
section, then Ry, would equal zero and E_,, 1., = Ry .

For small variations in applied moment, curvature increments can be
calculated using I_,. In reinforced concrete construction, I, is constant and
equal to I, but this is not so for prestressed concrete. For the moment—
curvature graph of Figure 5.29, at M, , = 400 kNm, we have ., = 8080 x
106 mm*, I,, = 6480 x 10¢ mm* and I, = 4020 x 106 mm*. It is noted that
for this 200 mm by 750 mm rectangular cross-section, I, = 7030 x 10¢ mm*
and this is 13% less than I,

For the case where M, , = 0 in Figure 5.29, the internal moment caused
by the resultant prestressing force about the centroidal axis of the uncracked
section causes an initial negative curvature of My o/(E .y olune) = —€,Pinid/
(Ecmolunes) = =0.702 x 10-¢ mm-'. If the beam remained unloaded for a
period of time after transfer and, if shrinkage occurred during this period,
the restraint provided by the bonded reinforcement to shrinkage would
introduce a positive change of curvature x, provided the centroid of the
bonded reinforcement is below the centroidal axis of the cross-section (as
is the case in Figure 5.29). Shrinkage before loading causes the curve in
Figure 5.29 to shift to the right. The restraint to shrinkage also causes tensile
stresses in the bottom fibres of the cross-section, and this may significantly
reduce the cracking moment. The effect of a modest early shrinkage on the
moment-curvature relationship of Figure 5.29 is illustrated in Figure 5.30.

800 A

Without early
700 4 , shrinkage

600 -

500

400
i With early shrinkage

cr /.
M 200 4/

cr,cs

External moment, M, o (kNm)

/
100/ -
/

-2.0 0.0 2.0 4.0 6.0 8.0 10.0
J L Curvature (x107°) (mm™')

Kes,0

Figure 5.30 Effect of early shrinkage on the short-term moment—curvature relationship
for a prestressed concrete cross section.
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For cracked prestressed concrete members, the stiffness of the cracked
cross-section, calculated using the procedure outlined in Section 5.8.3,
may underestimate the actual stiffness of the member in the cracked
region. The intact concrete between adjacent cracks carries tensile force,
mainly in the direction of the reinforcement, due to the bond between the
steel and the concrete. The average tensile stress in the concrete is there-
fore not zero and may be a significant fraction of the tensile strength of
concrete. The stiffening effect of the uncracked tensile concrete is known
as tension stiffening. The moment—curvature relationship of Figure 5.29 is
reproduced in Figure 5.31. Also shown as the dashed line in Figure 5.31 is
the moment versus average curvature relationship, with the average curva-
ture being determined for a segment of beam containing two or more pri-
mary cracks. The hatched region between the curves at moments greater
than the cracking moment M_, represents the tension stiffening effect, i.e.
the contribution of the tensile concrete between the primary cracks to the
cross-sectional stiffness.

For conventionally reinforced members, tension stiffening contributes
significantly to the member stiffness, particularly when the maximum
moment is not much greater than the cracking moment. However, as the
moment level increases, the tension stiffening effect decreases owing to
additional secondary cracking at the level of the bonded reinforcement. For
a prestressed member (or a reinforced member subjected to significant axial

Tension
600 7 stiffening
el Average section effect
Z \
500 4 =2
2 Uncracked section
g ¥ Cracked section
400 4 £ 200
S
E L] L]
E s
——Mro— 3003 g Y i
i |
- [EE—— . _ ) Mexio
M, ' ¥
ext,0 200 ) —
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Mo, e o0
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K
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Figure 5.31 Short-term moment—average curvature relationship for the prestressed
concrete cross section of Figure 5.19.
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compression), the effect of tension stiffening is less pronounced because the
loss of stiffness due to cracking is more gradual and significantly smaller.

Shrinkage-induced cracking and tensile creep cause a reduction of the
tension stiffening effect with time. Repeated or cyclic loading also causes a
gradual breakdown of tension stiffening.

Tension stiffening is usually accounted for in design by an empirical
adjustment to the stiffness of the fully-cracked cross-section as discussed in
the following section.

5.11.3 Short-term deflection

If the initial curvature is determined at the mid-span and at each end of the
span of a beam or slab, the short-term deflection can be estimated using
Equation 5.161 or 5.165, whichever is appropriate.

For uncracked cross-sections, the initial curvature is given by Equation
5.175. For cracked prestressed cross-sections, the initial curvature may be
determined from Equation 5.176. This will be conservative unless an adjust-
ment is made to include the tension stiffening effect. In codes of practice, this
adjustment is often made using simplified techniques involving the determi-
nation of an effective second moment of area I for the member. A num-
ber of empirical equations are available for estimating I,;. Most have been
developed specifically for reinforced concrete, where for a cracked member,
I¢ lies between the second moments of area of the uncracked cross-section
and the cracked transformed section about their centroidal axes I, and I,
respectively. We have seen that for a prestressed concrete cross-section, I,
varies with the applied moment as the depth of the crack gradually changes
and its value at any load level is usually considerably less than I, as illus-
trated in Figure 5.29. The equations used for estimating I, for a reinforced
section are not therefore directly applicable to prestressed concrete.

The empirical equation for I, proposed by Branson [10] is adopted in
many codes and specifications for reinforced concrete members, including
ACI318M [2]. For a prestressed concrete section, the following form of the
equation can be used:

Ief = Iav + (I - Iav)(]vfcr/]\4ext,0)3 < I (5'177)

uncr uncr

where M., is the maximum bending moment at the section, based on the
short-term serviceability design load or the construction load and M, is the
cracking moment. The cracking moment is best determined by undertaking
a time analysis, as outlined in Section 5.7, to determine the effects of creep
and shrinkage on the time-dependent redistribution of stresses between
the concrete and the bonded reinforcement. An estimate of the cracking
moment can be made from:

M, =Z| fum — 0 + P +£ 20.0 (5.178)
A) A
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where Z is the section modulus of the uncracked section, referred to the
extreme fibre at which cracking occurs; f,,,, is the mean tensile strength
given by Equation 4.6 or 4.7; P is the effective prestressing force (after
all losses); e is the eccentricity of the effective prestressing force mea-
sured to the centroidal axis of the uncracked section; A is the area of
the uncracked cross-section and o, is the maximum shrinkage-induced
tensile stress on the uncracked section at the extreme fibre at which
cracking occurs. In the absence of more refined calculation, o, may be
taken as [9]:

G = MESSCS (5.179)
1+50p,,

where p, is the web reinforcement ratio for the tensile steel (A, + A,)/(b,, d);
Pew 18 the web reinforcement ratio for the compressive steel, if any, A, /(b,, d);
A, is the area on non-prestressed tensile reinforcement; A, is the area of pre-
stressing steel in the tensile zone; A, is the area of non-prestressed compres-
sive reinforcement; E; is the elastic modulus of the steel in MPa and ¢ is the
final design shrinkage strain (after 30 years).

The approach to account for the tension stiffening effect in EN 1992-1-1
[1] involves estimating the instantaneous effective curvature of a cracked
prestressed section ¥, as a weighted average of the values calculated on a
cracked section (k) and on an uncracked section (k,,,) as follows:

uncr)
Kef = Z;Kcr + (1 - Z;)Kuncr (5-180)

where ( is a distribution coefficient that accounts for the moment level and
the degree of cracking. For prestressed concrete flexural members, { may
be taken as:

C=1—B[ M ] (5.181)

ext,0

where B is a coefficient to account for the effects of duration of loading or
repeated loading on the average deformation and equals 1.0 for a single,
short-term load and 0.5 for sustained loading or many cycles of repeated
loading; M_, is the external moment at which cracking first occurs and
M., is the external moment at which the instantaneous curvature is to be
calculated (see Figure 5.31).

The introduction of B = 0.5 in Equation 5.181 for long-term loading
reduces the cracking moment by about 30% and is a crude way of account-
ing for shrinkage-induced tension and time-dependent cracking. If o, is
included in the calculation of M, (as in Equation 5.178), B should be taken
as 1.0 for sustained loading.
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If we express the curvatures in Equation 5.180 in terms of the flexural

rigidities, Le. Kef = MR,O/(Echef)') Kee = MR,O/(Echav) and Kuner = MR,O/(Echuncr))
Equation 5.180 can be rearranged to give:
Ief = < Iuncr (5'182)

I av
L ) M. )
1 _ B 1 _ av cr
I uncr Mext,O

An expression similar to Equation 5.182 for reinforced concrete was first
proposed by Bischoff [11].

Several other approaches have been developed for modelling the tension
stiffening phenomenon. However, for most practical prestressed members,
the maximum in-service moment is less than the cracking moment and
cracking is not an issue. Even for those members that crack under ser-
vice loads, the maximum moment is usually not much greater than the
cracking moment and tension stiffening is not very significant. A conserva-
tive, but often quite reasonable estimate of deflection can be obtained by
ignoring tension stiffening and using E ., , I, (from Equation 5.176) in the
calculations.

EXAMPLE 5.11

Determine the short-term or instantaneous deflection immediately after first
loading of a uniformly loaded, simply-supported post-tensioned beam of span
12 m. An elevation of the member is shown in Figure 5.32, together with
details of the cross-section at mid-span (which is identical with the cross-
section analysed in Example 5.3). The prestressing cable is parabolic with the
depth of the tendon below the top fibre d, at each support equal to 400 mm
and at mid-span d, = 600 mm, as shown. The non-prestressed reinforcement
is uniform throughout the span.

Owing to friction and draw-in losses, the prestressing force at the left
support is P = 1300 kN, at mid-span P =1300 kN and at the right support
P =1250 kN (see Figure 5.32c). The tendon is housed inside a 60 mm diameter
ungrouted duct.

The following two service load cases are to be considered:

a. a uniformly distributed load of 6 kN/m (which is the self-weight of the
member); and
b. a uniformly distributed load of 40 kN/m (and this includes self-weight).
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Figure 5.32 Beam details (Example 5.11). (a) Elevation. (b) Section at mid-span.
(c) Prestressing force.

The material properties are E. ., = 30,000 MPa, E, = 200,000 MPa,
E, = 195,000 MPa and f,, = 40 MPa, and the mean tensile strength is taken to
be f,, = 3.5 MPa.

At support A: The applied moment at support A is zero for both load cases.
The prestressing tendon is located at the mid-depth of the section (d, =
400 mm) and the prestressing force P = 1300 kN. With the reference axis
taken as the centroidal axis of the gross cross-section (as shown in Figure
5.32b) and using the cross-sectional analysis described in Section 5.6.2, the
initial strain at the centroidal axis and the curvature are determined using
Equation 5.45 as follows:

€0=~-171.7%x 10 and «,=+0.0204 x 107 mm™'

At support B: The prestressing force is 1250 kN and the tendon is located
400 mm below the top fibre. As at support A, M., = 0, and solving
Equation 5.45, we get:

€.0=—165.1 x 107® and 1x,=+0.0196 x 1076 mm"™"
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At mid-span C: The prestressing force is 1300 kN at a depth of 600 mm below
the top fibre (i.e. at an eccentricity e = 200 mm) and, assuming no shrinkage
has occurred prior to loading, the cracking moment may be estimated from
Equation 5.178:

1300 x 103
300 x 800

2
Me = Z(foun +PIA) + Pe = 300 X68°° [3.5 +

]+I300><I03><200

=545 x 10 Nmm = 545 kNm

Using the more accurate uncracked section analysis of Section 5.6.2, the

second moment of area of the uncracked cross-section is [, = 14,450 x
106 mm* and the cracking moment is determined to be M_ = 570 kNm.
6x12?

For load case (2): Mexe0 = =108 kNm

The cross-section is uncracked and from Equation 5.45:
€.,0=—170.1 x [0® and ¥,=-0.337 x [0~ mm"'

40 x 122

For load case (b): My o = =720 kNm

The cross-section has cracked and from Equation 5.134, the depth to the
neutral axis is d, = 443.6 mm. From Equation 5.45:

€,0=-703x 10 and x,=+l.6l1 x 107 mm™
The value of [, is calculated from Equation 5.176 as:

Mro Moo +y,P 720 x10° —200 % 1,300 x10°

E oo E.moko 30,000 x1.611x107¢

=9,520 x 10® mm*

’av

Deflection: With the initial curvature calculated at each end of the member
and at mid-span, and with a parabolic variation of curvature along the beam,
the short-term deflection at mid-span for each load case is determined using
Equation 5.165.

For load case (a):

12,0002
96

Ve [0.0204 +10 x (—0.337) + 0.0196] x10* = —5.0 mm (1)

For load case (b):

_ 12,0007
9

[0.0204 +10x1.611+0.0196]x10°=+24.2 mm ({)

Ve
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For load case (b), tension stiffening in the cracked region of the member
near mid-span has been ignored. To include the effects of tension stiffening
in the calculations, the effective second moment of area given by Equation
5.182 can be used instead of |, for the estimation of curvature. With = |
for short-term calculations, we have:

6
= 552010 - =12,110x 10° mm*

I
' 9,520x10° )( 570
|—1.0x]| 1222029157
14,450 x10° )\ 720

The revised curvature at mid-span for load case (b) is:

Ko = Mo +yoP =1.266 x 10~ mm™'

Ecm,O ef

and the revised mid-span deflection for load case (b) is:

Ve

2
- %(0.0204 +10x1.266 +0.0196) x 104 = +19.0 mm ({).

5.11.4 Long-term deflection

Long-term deflections due to concrete creep and shrinkage are affected by
many variables, including load intensity, mix proportions, member size,
age at first loading, curing conditions, total quantity of compressive and
tensile reinforcing steel, level of prestress, relative humidity and tempera-
ture. To account accurately for these parameters, a time analysis similar
to that described in Sections 5.7.3 and 5.9.2 is required. The change in
curvature during any period of sustained load may be calculated using
Equation 5.101. Typical calculations are illustrated in Examples 5.5
and 5.6 for uncracked cross-sections and in Example 5.8 for a cracked
cross-section.

When the final curvature has been determined at each end of the member
and at mid-span, the long-term deflection can be calculated using either
Equation 5.161 or 5.165.

In prestressed concrete construction, a large proportion of the sustained
external load is often balanced by the transverse force exerted by the ten-
dons. Under this balanced load, the short-term deflection may be zero, but
the long-term deflection is not zero. The restraint to creep and shrinkage
offered by non-symmetrically placed bonded reinforcement on a section can
cause significant time-dependent curvature and, hence, significant deflection
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of the member. The use of a simple deflection multiplier to calculate long-
term deflection from the short-term deflection is therefore not satisfactory.

In this section, approximate procedures are presented that allow a
rough estimate of long-term deflections. In some situations, this is all that
is required. However, for most applications, the procedures outlined in
Sections 5.7.3 and 5.9.2 are recommended.

5.11.4.1 Creep-induced curvature

The creep-induced curvature x(¢) of a particular cross section at any time ¢
due to a sustained service load first applied at age #, may be obtained from:

(P(t, tO)

Kee (t) = Ksus,0 (5183)

where k., is the instantaneous curvature due to the sustained service
loads; @(t,t,) is the creep coefficient at time ¢ due to load first applied at
age t, and « is a creep modification factor that accounts for the effects of
cracking and the restraining action of the reinforcement on creep and may
be estimated from Equations 5.184, 5.185 and 5.186 [6,12].

For a cracked reinforced concrete section in pure bending (I; < I
o = oy, where:

uncr)>

[\ A )2
oy =(0.48p7"%)| = 1+(125p+0.1)] == (5.184)
Ief Ast
For an uncracked reinforced or prestressed concrete section (I ¢ = I,..,), & = o,,
where:
2 Asc
o, =1.0+(45p-900p") 1+A— (5.185)

and A, is the equivalent area of bonded reinforcement in the tensile zone
(including bonded tendons); A, is the area of the bonded reinforcement in
the compressive zone between the neutral axis and the extreme compres-
sive fibre; p is the tensile reinforcement ratio A, /(b d,) and d, is the depth
from the extreme compressive fibre to the centroid of the outermost layer
of tensile reinforcement. The area of any bonded reinforcement in the ten-
sile zone (including bonded tendons) not contained in the outermost layer
of tensile reinforcement (i.e. located at a depth d, less than d,) should be
included in the calculation of A, by multiplying that area by d,/d,. For the
purpose of the calculation of A, the tensile zone is that zone that would be
in tension due to the applied moment acting in isolation.
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For a cracked prestressed concrete section or a cracked reinforced con-
crete section subjected to bending and axial compression, a may be taken as:

d 2.4
o=, +(0c1—(x2)( d“lj (5.186)

where a, is determined from Equation 5.184 provided I, is replaced by I,,,
d, is the depth of the intact compressive concrete on the cracked section and
d,, is the depth of the intact compressive concrete on the cracked section
ignoring the axial compression and/or the prestressing force (i.e. the value
of d, for an equivalent cracked reinforced concrete section in pure bending
containing the same quantity of bonded reinforcement).

5.11.4.2 Shrinkage-induced curvature

The shrinkage-induced curvature on a reinforced or prestressed concrete
section is approximated by:

Kelt) = —{kgh(ﬂ (5.187)

where b is the overall depth of the section; ¢, is the shrinkage strain (note
that e, is a negative value) and k, depends on the quantity and location
of bonded reinforcement areas A, and A, and may be estimated from
Equations 5.188, 5.189, 5.190 and 5.191, as appropriate [6,12].

For a cracked reinforced concrete section in pure bending (I < I
k. =k, where:

0.67
1 A h
ky=1.2] =% 1-0.5>2 || — 5.188
1 (Iefj [ Asrj(do] ( )

, k. =k, where:

Lll'lC[')’

For an uncracked cross-section (I = I

uncr)

4 A
— (100p —2500p2)[ P _1 || 1- 2 hen p = A, /bd, <0.01
k., =(100p —2500p )(0.5}] j( ASJ when p = A, /bd, <0.0

(5.189)

ASC
Ay

13
ko = (40p+0.35)( ds —1}{1— j when p = A,/bd, > 0.01

0.5h
(5.190)



Design for serviceability 203

In Equations 5.188, 5.189 and 5.190, A, is defined as the area of the bonded
reinforcement on the compressive side of the cross-section. This is a differ-
ent definition to that provided under Equation 5.185. Whilst bonded steel
near the compressive face of a cracked cross-section that is located at or
below the neutral axis will not restrain compressive creep, it will provide
restraint to shrinkage and will be effective in reducing shrinkage-induced
curvature on a cracked section.

For a cracked prestressed concrete section or for a cracked reinforced
concrete section subjected to bending and axial compression, k, may be
taken as:

kr = er + (krl - er)(iljnlj (5191)

where k., and k., are determined from Equations 5.188 through 5.190
by replacing A, with (A, + A,) and, for a cracked prestressed section I,
is replaced by I, in Equation 5.188 and d, and d,, are as defined after
Equation 5.186.

Equations 5.183 through 5.190 have been developed [12] as empirical fits
to the results obtained from a parametric study of the creep- and shrink-
age-induced changes in curvature on reinforced and prestressed concrete
cross-sections under constant sustained internal actions using the AEMM
of analysis presented in Sections 5.7 and 5.9.

EXAMPLE 5.12

The final time-dependent deflection of the beam described in Example 5.11
and illustrated in Figure 5.32 is to be calculated. It is assumed that the duct is
grouted soon after transfer and the tendon is effectively bonded to the con-
crete for the time period t; to t,. As in Example 5.11, the following two load
cases are to be considered:

a. a uniformly distributed constant sustained load of 6 kN/m; and
b. a uniformly distributed constant sustained load of 40 kN/m.

For each load case, the time-dependent material properties are:
Qtoto) = 2.5 x(toto) = 0.65 e (t) = =450 X 1074 @, (tOp)ne) = 0-03.

All other material properties are as specified in Example 5.11.
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i. Calculation using the refined method (AEMM analysis):
At support A: The sustained moment at support A is zero for both load
cases and the prestressing force is P = 1300 kN at d, = 400 mm. Using
the procedure outlined in Section 5.7.3 and solving Equation 5.101, the
strain at the reference axis and the curvature at time t, are:

€,=—843x 1076 and K, =+0.275x 10¢ mm™"'

At support B: As at support A, the sustained moment is zero, but the
prestressing force is P = 1250 kN at d, = 400 mm. Solving Equation
5.101, the strain at the reference axis and the curvature at time t, are:

€, =—825%x10"% and «,=+0.269 x 10" mm™!, respectively.

At mid-span C: For load case (a), M., = 108 kNm and the prestressing

force is 1300 kN at a depth of 600 mm below the top fibre. For this
uncracked section, solving Equation 5.101 gives:

€, =—-827x 10" and x,=-0.503 % 107 mm™!

For load case (b), M = 720 kNm and for this cracked cross-section

ext,0

with d, = 443.6 mm, Equation 5.101 gives:
€, =771 x10¢ and x, = +4.056 x 107 mm™"

To include tension stiffening, we may use Equations 5.180 and 5.181.
If the cross-section at mid-span for load case (b) was considered to
be uncracked, and the uncracked cross-section reanalysed, the final
= +3.293 x 107 mm™'. With the cracking moment
determined in Example 5.11 to be M_, = 570 kNm, Equation 5.18I gives:

curvature is (k)

uncr

2
g=1- o.s(gzgj =0.687

and from Equation 5.180:
K. = 0.687 x 4,056 x 1076 + (I — 0.687) x 3.293 x 10 =3.817 x 10*mm'

Deflection: With the final curvature calculated at each end of the mem-
ber and at mid-span, and with a parabolic variation of curvature along
the beam, the long-term deflection at mid-span for each load case is
determined using Equation 5.165.



Design for serviceability 205

For load case (a):

12,0007

og [0:275+10(-0503) +0.269]x10"*= 6.6 mm M

Ve

For load case (b), including the effects of tension stiffening:

12,0002
96

Ve [0.275+10x3.817 +0.269]x 10 = +58.Imm ({)

i. Calculation using the simplified method (Equations 5.183

through 5.191):

Load case (a):

The creep- and shrinkage-induced curvatures at each support and at

mid-span are estimated using Equations 5.183 and 5.187, respectively.
At supports A and B, the cross-section is uncracked, with A, = A, =

900 mm2, A, = A, = 1800 mm? (noting that the tendons are at mid-

depth and therefore not in the tension zone) and p = A_/(bd,) = 0.008I 1.

From Equation 5.185:

o =0y =1.0 + (45 x 0.0081 | — 900 x 0.008| |2)(|+;((’;:)) =146

and from Equation 5.189:

k. = k., = (100 x 0.0081 | — 2500 x 0.0081 )

13
X A—I I—& =0.223
0.5x 800 1800
From Equation 5.183, the creep-induced curvatures are:
At support A:

Kee(t) =0.0139 %107 x 25 60238 %10 mm”
1.46

At support B:

Kee(t) =0.0133x107¢ x 25 0022810 mm”!
.46

and, from Equation 5.187, the shrinkage-induced curvature at each
support is:

_ —6
()= _{0.223><( 450 x10°°)

800

} =+0.125%10"® mm™
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For load case (a), the cross-section at the mid-span C is uncracked,
with A, =900 mm?, A = A, +A,(d,/d,) = 1800 + 1000 x (600/740) =
2611 mm? and p = A, /(bd,) = 0.0117. From Equations 5.185 and 5.190,
we get, respectively:

a=0o,=1.0+(45x0.0117-900x 0.0l I72)(I+;;)IOJ:I.54

and

1.3
ko = (40% 00117 +035)[ —40__4][1= 291" _ 5400
0.5 x 800 2611

From Equations 5.183 and 5.187, the creep- and shrinkage-induced
curvatures at mid-span are, respectively:

Kee(t) =—0.337 x107 x 25 _ 54710 mm”
1.54

and

_ —6
t) = {o.4oox( 450 x10°°)

=+0.225x107® mm™'
800

The final curvature at each cross-section is the sum of the instanta-
neous, creep and shrinkage-induced curvatures:

At support A: k(t) = (0.0139 + 0.0238 + 0.125) x 10-¢
= +0.163 x 10-® mm~!

At support B: k(t) = (0.0133 + 0.0228 + 0.125) x 10~
= +0.161 x 10=¢ mm~"

At mid-span C: k(t) = (-0.337-0.547 + 0.225) x 10-¢
= -0.659 x 10~ mm"~!

From Equation 5.165, the long-term deflection at mid-span for load

case () is:
2
Ve = '2’;’20 (0.163+10 x (~0.659) + 0.161) 10 = ~9.4 mm (1)

For this load case, the simplified equations (Equations 5.183 through
5.191) overestimate the upward camber of the uncracked beam calcu-
lated using the more refined AEMM method (6.6 mm).
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Load case (b):

As for load case (a), at supports A and B, the cross-sections are uncracked, with
A=A =900 mm?, A=A, = 1800 mm?and p = A, /(bd,) = 0.008l1. The final
curvatures at the two supports are identical to those calculated for load case (a):

At support A: k(t) = +0.163 x 107¢ mm™!
At support B: x(t) = +0.161 x 107® mm"!

At mid-span C, the cross-section is cracked, with A, =900 mm?, A, = A, +
A,(d,/d,) = 1800 + 1000 x (600/740) = 2611 mm?and p = A, /bd, = 0.0117. From
Example 5.11, d, = 443.6 mm. If the prestress is ignored and a cracked section
analysis is performed on the equivalent reinforced concrete cross-section, we
determine that d,, =227.3 mm (where d,, is defined in the text under Equation
5.186) and I, = 5360 x 10® mm*. In Example 5.11, the value of I ; determined
using Equation 5.182 was calculated as [, = 12,110 x 10® mm*.

From Equations 5.184 and 5.185, we get:

6 0.33
oy = (0.48x0.01177°%) M [+ (125x0.0117 +0.1)| =—— 900 =487
1211010 2599

and

oy =1.0+(45%x0.0117 —900x 0.0117%) 1+ 290 ) 54
2599

and from Equation 5.186, we have:
—I54+(487—I54)[227;j =221

The creep-induced curvature at mid-span is given by Equation 5.183:

Kee(t) =1.611x10" x%—l822><|0 mm™

From Equations 5.188 and 5.190, we get:
6 0.67
k=12 | 2360XI0° 1y g5, 900 1(800) 4 )
12110x10 2599 ) 740

1.3
k., = (40x 0.01 |7+o.35)( 740 _f,_ 900 j = 0.400
0.5x 800 2599
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and Equation 5.191 gives:

k, = 0.400 + (0.621—0.400) 227.3 =0.513
443.7

From Equation 5.187, the shrinkage-induced curvature at mid-span is:

0.513 x (—450%107°)
800

Ke(t) = —{ } =+0.289 %10 mm™

The final curvature at mid-span is therefore:

w(t)=(1.611+1.822 +0.289) 107 = +3.722 x10* mm™

From Equation 5.165, the long-term deflection at mid-span for load case (b)
(including the effects of tension stiffening) is:

12,0002
9

(0.163 +10x3.722 + 0.161) x10° = +56.3 mm ()

Ve

For this load case, the deflection determined using the simplified equations
(Equations 5.183 through 5.191) is in good agreement with the final long-term
deflection of the cracked beam calculated using the more refined AEMM
method (+58.1 mm).

5.12 CRACK CONTROL

5.12.1 Minimum reinforcement

When flexural cracking occurs in a prestressed concrete beam or slab,
the axial prestressing force on the concrete controls the propagation of the
crack and, unlike flexural cracking in a reinforced concrete member, the crack
does not suddenly propagate to its full height (usually a large percentage
of the depth of the cross-section). The height of a flexural crack gradually
increases as the load increases and the loss of stiffness due to cracking
is far more gradual than for a reinforced concrete member. The change
in strain at the tensile steel level at first cracking is much less than that
in a conventionally reinforced section with similar quantities of bonded
reinforcement. After cracking, therefore, a prestressed beam generally suf-
fers less deformation than the equivalent reinforced concrete beam, with
finer, less extensive cracks. EN 1992-1-1 [1] cautions that the durability
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of prestressed members may be more adversely affected by cracking than
that of reinforced concrete members. Nevertheless, flexural crack control
in prestressed concrete beams and slabs is not usually a critical design con-
sideration, provided an appropriate distribution and quantity of bonded
reinforcement is provided in the tensile zone.

According to EN 1992-1-1 [1], if the maximum tensile stress in the con-
crete due to the frequent combinations of service loads (after the effects of
creep, shrinkage and relaxation have been appropriately considered) is less
than the effective tensile strength of the concrete £, (t), the section may
be considered to be uncracked and no further consideration needs to be
given to crack control. In this context, f. «(t) may be taken as either the
mean value of the tensile strength of the concrete f,,,,(¢) or the mean value
of the flexural tensile strength of the concrete at the time f,., o(2), provided
that the calculation for the minimum tension reinforcement in Equation
5.192 is based on the same value. In the calculation of the maximum ten-
sile stress, care should be taken to consider the loss of compressive stress in
the concrete due to the restraint provided by the bonded reinforcement to
creep and shrinkage deformations and any restraint provided externally to
shrinkage by the supports or adjacent parts of the structure.

Where cracking does occur, the maximum crack width must not impair
the proper functioning of the structure or adversely affect its appearance.
EN 1992-1-1 [1] specifies a minimum quantity of bonded reinforcement
for members where crack control is required. This minimum quantity of
reinforcement is estimated by equating the force in the concrete just before
cracking with the tensile force in the reinforcement after cracking assum-
ing a stress in the reinforcement equal to the yield stress or an appropri-
ately lower stress required to limit the maximum crack width. In T-beams,
L-beams or box girders, the minimum reinforcement in each part of the
cross-section is determined by applying Equation 5.192 to each web or
flange that is in tension.

As,min O = kc k f::t,effAct (5192)

where A, ;, is the minimum area of bonded reinforcing steel in the tensile
zone; A, is the area of the concrete in the tensile zone just before crack-
ing; o, is the absolute value of the maximum stress permitted in the steel
to satisfy the maximum crack width limit (see Section 5.12.2) (but should
not exceed £, ); f.. .« is the mean tensile strength of the concrete at the time
when cracking is expected to occur (either f,,,,(¢) or .., a(t), as appropriate);
k accounts for non-uniform eigenstresses that develop due to differential
shrinkage in each web or flange of the cross-section, with k = 1.0 when
the width of a flange or the depth of a web is less than 300 mm and k =
0.65 when the width of a flange or the depth of a web is greater than
800 mm (intermediate values may be interpolated) and k. depends on the
shape of the stress distribution before cracking. For pure tension, k. = 1.0.
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For rectangular sections and the webs of box section and T-section sub-
jected to bending or bending and axial force, k_ is given by:

kh.=04[1-— % |<1.0 5.193
{ /q(b/h")fa,eJ ©-193)

and for flanges of box tension and T-section:

Fe 505 (5.194)

k.=0.9 >
Actfct,eff

where:

o, is the mean concrete stress acting on the part of the section under
consideration (=Ny,/bh);

Ny, is the axial force at the serviceability limit state acting on the part
of the section under consideration (compression is taken as positive
here), including the effect of prestress and axial force;

h* is equal to b for b < 1000 mm and equal to 1000 mm for » >
1000 mm;

k, accounts for axial force, with k, = 1.5 if Ny, is compressive and &k, =
(2h*)/(3b) if N is tensile; and

F_, is the absolute value of the tensile force within the flange immedi-
ately prior to cracking (using f.,,, to calculate the cracking moment
on the section).

For cross-sections containing bonded tendons in the tension zone, the
bonded tendons may be assumed to contribute to crack control up to a
distance of 150 mm from the centre of the tendon and the minimum rein-
forcement requirements within this area are obtained from the following
modification to Equation 5.192:

As,mincs + EJA;D AGp = kckfcr,effAct (5.195)

where A, is the area of the bonded tendons within the concrete area A
A .is the effective area of concrete in tension surrounding the tendon with
depth b_ ¢ equal to the lesser of 2.5(h - d), (b - x)/3 or h/2; Ac,, is the varia-
tion in stress in the tendons from the state of zero strain in the concrete at
the same level; €, is an adjusted ratio of bond strength to account for the
different diameters of the tendons and the reinforcing steel given by:

£, = /&j:p (5.196)
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Table 5.4 Ratio of bond strength (£) between tendons and reinforcing steel [1]

§

Bonded, post-tensioned

Pretensioned
Prestressing steel tendon <C50/60 >C70/85
Smooth bars and wires Not applicable 0.3 0.15
Strands 0.6 0.5 0.25
Indented wires 0.7 0.6 0.3
Ribbed bars 0.8 0.7 0.35

Note: For intermediate values between C50/60 and C70/85, interpolation may be used.

where:
€ is the ratio of bond strength of prestressing and reinforcing steel
(as given in Table 5.4);
¢, is the largest bar diameter of the reinforcing steel; and
¢, is the equivalent diameter of the tendon and is given by:

¢, = 1.6\/A7p for bundles of tendons

¢, = 1.75¢,,,,. for single 7-wire strands (¢, = wire diameter)
¢, = 1.20¢,,;,. for single 3-wire strands (¢,,;,. = wire diameter)

If no conventional reinforcement is included and only the bonded pre-
stressing steel is used to control cracking, & = \/E

5.12.2 Control of cracking without direct calculation

According to EN 1992-1-1 [1], when the areas of bonded reinforcement and
tendons exceed the minimum values obtained from Equations 5.192 and
5.195, crack widths will not be excessive, provided:

1. For cracking caused dominantly by restraint: the bar sizes given in
Table 5.5 are not exceeded, where the steel stress is the value deter-
mined on the cracked section immediately after cracking; and

2. For cracking caused dominantly by loading: the bar sizes given in
Table 5.5 are not exceeded or the bar spacings given in Table 5.6 are
complied with, where the steel stress is the value determined on the
cracked section under the relevant combination of actions.

It is recommended here that the bar spacing does not exceed 300 mm and
that the cover to the bars does not exceed about 100 mm.

For other values of the variables presented in the note at the bottom of
Tables 5.5 and 5.6, the maximum bar diameter may be modified as follows:
In bending;:

f ct,eff kchcr

¢ =8 5 2(h—d)

(5.197)
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Table 5.5 Maximum bar diameters ¢ for crack control® [I]

Maximum bars size (mm)

Steel stress (MPa) w, = 0.4 mm w, =03 mm w, = 0.2 mm
160 40 32 25
200 32 25 16
240 20 16 12
280 16 12 8
320 12 10 6
360 10 8 5
400 8 6 4
450 6 5 —

2 The values in the table were determined for ¢ = 25 mm, f. .4 = 2.9 MPa, h,, = 0.5,
(h—d)=0.1 hk, =08k, =05,k =04,k=10k =04and k' = 1.0.

Table 5.6 Maximum bar spacing for crack control? [1]

Maximum bars spacing (mm)

Steel stress (MPa) w, = 0.4 mm w, =03 mm w,=0.2 mm
160 300 300 200
200 300 250 150
240 250 200 100
280 200 150 50
320 250 100 —
360 100 50 —

2 The values in the table were determined for ¢ = 25 mm, f., 4 = 2.9 MPa, h,. = 0.5,
(h —d)=0.1 hk, =0.8,k, = 0.5,k = 0.4,k = 1.0,k, = 0.4 and k" = 1.0.

In direct tension:

2.9 8(h-d)

f ct,eff h cr

b =% (5.198)

where ¢, is the modified maximum bar diameter; ¢; is the maximum bar
diameter given in Table 5.5; b is the overall depth of the cross-section;
b, is the depth of the tensile zone immediately before cracking consider-
ing the characteristic values of prestress and internal actions under the
quasi-permanent combination of actions and d is the effective depth to the
centroid of the outer layer of reinforcement.
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For pretensioned concrete, where crack control is provided by the bonded
tendons, Tables 5.5 and 5.6 may be used except that the steel stress to
consider is the total stress after cracking minus the prestress. For post-
tensioned concrete, where crack control is provided mainly by ordinary
reinforcement, Tables 5.5 and 5.6 may be used with the calculated rein-
forcement stress accounting for prestressing.

For beams where » > 1000 mm and the main reinforcement is concen-
trated at either the top or bottom of the cross-section, skin reinforcement
is required to control cracking in the side faces of the beam. This side-face
reinforcement should be uniformly distributed between the main tensile
steel and the neutral axis and should be located inside the stirrups and tied
to them. It is preferable to use small-diameter bars at spacing not exceeding
300 mm. The area of the side-face reinforcement may be determined using
Equation 5.192 taking k = 0.5 and o, = ;.

5.12.3 Calculation of crack widths

For crack control by direct calculation, EN 1992-1-1 [1] permits the calcu-
lation of the crack width in a reinforced concrete member using:

w= Sr,max(gsm - 8cm) (5.199)

where s, ., is the maximum crack spacing; e, is the mean strain in the
reinforcement at design loads, including the effects of tension stiffening
and any imposed deformations; and ¢_,, is the mean strain in the concrete
between the cracks.

The difference between the mean strain in the reinforcement and the

mean strain in the concrete may be taken as:

O fcreff O,
€n — Eem = — — R (14 Ol Ppeit) = 0.6 — 5.200
E K Espp,eff( Pp.eff) E ( )

where o, is the stress in the tensile reinforcement assuming a cracked sec-
tion. For a pretensioned member, 6, may be replaced by the stress variation
in the tendons Ac, from the state of zero strain of the concrete at the same
level; k, is a factor that depends on the duration of load and equals 0.6
for short-term loading and 0.4 for long-term loading; o, is the modular
ratio E/E . f...;t is the mean value of the axial tensile strength of concrete

at the time cracking is expected; p, . is the reinforcement ratio given by
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(A +ETAN A otr; A, and A_ 4 are as defined under Equation 5.195; and &, is
given by Equation 5.196.

For cross-sections with bonded reinforcement fixed at reasonably close
centres, i.e. bar spacing < 5(c + 0.5¢), the maximum final crack width may
be calculated from:

Sanax = 3.4¢ +0.425kikd/py it (5.201)

in which ¢ is the bar diameter. Where a section contains different bar
sizes in the tensile zone, an equivalent bar diameter ¢, should be used in
Equation 5.201. For a section containing 7 different bar diameters:

2 2
g = PA0LE 0L (5.202)
mby + -+ 1,

and #; is the number of bars of diameter ¢;; ¢ is the clear cover to the
longitudinal reinforcement; k, is a coefficient that accounts for the bond
properties of the bonded reinforcement, with &, = 0.8 for high bond bars
and k; = 1.6 for plain bars and prestressing tendons; and k, is a coefficient
that accounts for the longitudinal strain distribution, with k, = 0.5 for
bending and k, = 1.0 for pure tension. For cases in combined tension and
bending, k, = (¢, + €,)/(2¢,) and ¢, is the greater and &, is the lesser of the
tensile strains at the boundaries of the cross-section (assessed on the basis
of a cracked section).

Where the spacing of the bonded reinforcement exceeds 5(c + 0.5¢),
or where there is no bonded reinforcement in the tensile zone, an upper
bound to the crack width is obtained by assuming a maximum crack spac-
ing of:

Semax = 1.3 (h—x) (5.203)

where x is the depth to the neutral axis on the cracked section.

In a member that is reinforced in two orthogonal directions, where the
angle between the axes of principal stress and the direction of the reinforce-
ment is significant (>15°), the crack spacing may be taken as:

(5.204)

Srmax =

cos0 sin®
+

Sr,max,y Sr,max,z
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where 0 is the angle between the reinforcement in the y direction and the direc-
tion of the axis of principal tension and s and s are the crack spacings

r,max,y r,max,z

in the y and z directions, respectively, calculated using Equation 5.201.

5.12.4 Crack control for restrained shrinkage
and temperature effects

Direct tension cracks due to restrained shrinkage and temperature changes
may lead to serviceability problems, particularly in regions of low moment
and in directions with little or no prestress. Such cracks usually extend
completely through the member and are more parallel-sided than flexural
cracks. If uncontrolled, these cracks can become very wide and lead to
waterproofing and corrosion problems. They can also disrupt the integrity
and the structural action of the member.

Evidence of direct tension type cracks is common in concrete slab sys-
tems. For example, consider a typical one-way beam and slab floor system.
The load is usually carried by the slab in the primary direction across the
span to the supporting beams, while in the orthogonal direction (the sec-
ondary direction), the bending moment is small. Shrinkage is the same in
both directions and restraint to shrinkage usually exists in both directions.

In the primary direction, prestress may eliminate flexural cracking, but if
the level of prestress is such that flexural cracking does occur, shrinkage will
cause small increases in the widths of flexural cracks and may cause addi-
tional flexure type cracks in the previously uncracked regions. However, in
the secondary direction, which is in effect a direct tension situation, there may
be little or no prestress and shrinkage may cause a few widely spaced cracks
that penetrate completely through the slab. Frequently, more reinforcement
is required in the secondary direction to control these direct tension cracks
than is required for bending in the primary direction. As far as cracking is
concerned, it is not unreasonable to say that shrinkage is a greater problem
when it is not accompanied by flexure and when the level of prestress is low.

When determining the amount of reinforcement required in a slab to
control shrinkage- and temperature-induced cracking, account should be
taken of the influence of bending, the degree of restraint against in-plane
movements and the exposure classification.

Where the ends of a slab are restrained and the slab is not free to expand
or contract in the secondary direction, the minimum area of reinforcement
in the restrained direction given by Equation 5.205 is recommended.

As.min = (6~0 - 2"Sccp)b b X 1073 (5.205)

where o, is the average prestress P, /A. When a slab or wall is greater than
500 mm thick, the reinforcement required near each surface may be deter-
mined assuming that » = 250 mm in Equation 5.205.
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5.12.5 Crack control at openings and discontinuities

Openings and discontinuities in slabs are the cause of stress concentra-
tions that may result in diagonal cracks emanating from re-entrant corners.
Additional reinforcing bars are generally required to trim the hole and con-
trol the propagation of these cracks. A suitable method of estimating the
number and size of the trimming bars is to postulate a possible crack and
provide reinforcement to carry a force at least equivalent to the area of the
crack surface multiplied by the mean direct tensile strength of the concrete.
For crack control, the maximum stress in the trimming bars should be lim-
ited to about 200 MPa.

While this additional reinforcement is required for serviceability to con-
trol cracking at re-entrant corners, it should not be assumed that this same
steel is satisfactory for strength. For a small hole through a slab, it is gener-
ally sufficient for bending to place additional steel on either side of the hole
equivalent to the steel that must be terminated at the face of the opening.
The effects of a large hole or opening should be determined by appropriate
analysis accounting for the size, shape and position of the opening. Plastic
methods of design, such as the yield line method (see Section 12.9.7) or
the simplified strip method, are convenient ways of designing such slabs to
meet requirements for strength.
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Chapter 6

Flexural resistance

6.1 INTRODUCTION

An essential design objective for a structure or a component of a structure is the
provision of adequate strength. The consequences and costs of strength failures
are high and therefore the probability of such failures must be very small.

The satisfaction of concrete and steel stress limits at service loads does
not necessarily ensure adequate strength and does not provide a reliable
indication of either the actual strength or the safety of a structural member.
It is important to consider the non-linear behaviour of the member in the
overloaded range to ensure that it has an adequate structural capacity. Only
by calculating the design resistance of a member can a sufficient margin
between the service load and the ultimate load be guaranteed.

The design resistance of a cross-section in bending My, is calculated
from a rational and well-established procedure involving consideration of
the design strength of both the concrete and the steel in the compressive
and tensile parts of the cross-section. The prediction of the design flexural
strength is described and illustrated in this chapter. When My, is deter-
mined, the design requirements for the strength limit state (as discussed in
Section 2.4) may be checked and satisfied.

In addition to calculating the design strength of a section, a measure of
the ductility of each section must also be established. Ductility is an impor-
tant objective in structural design. Ductile members undergo large defor-
mations prior to failure, thereby providing warning of failure and allowing
indeterminate structures to establish alternative load paths. In fact, it is
only with adequate ductility that the predicted strength of indeterminate
members and structures can be achieved in practice.

6.2 FLEXURAL BEHAVIOUR AT OVERLOADS

The load at which collapse of a flexural member occurs is called the
ultimate load. If the member has sustained large deformations prior to
reaching the ultimate load, it is said to have ductile behaviour. If, on the

219



220 Design of Prestressed Concrete to Eurocode 2

other hand, it has only undergone relatively small deformations prior to
failure, the member is said to have brittle behaviour. There is no defined
deformation or curvature that distinguishes ductile from brittle behaviour.
Codes of practice, however, usually impose a ductility requirement by lim-
iting the curvature of a beam or slab at the ultimate load to some minimum
value, thereby ensuring that significant deformation occurs in a flexural
member prior to failure.

Since beam failures that result from a breakdown of bond between the
concrete and the steel reinforcement, or from excessive shear, or from fail-
ure of the anchorage zone tend to be brittle in nature, every attempt should
be made to ensure that, if a beam is overloaded, a ductile flexural failure
would initiate the collapse. Therefore, the design philosophy should ensure
that a flexural member does not fail before the required design moment
capacity of the critical section is attained.

Consider the prestressed concrete cross-section shown in Figure 6.1.
The section contains non-prestressed reinforcement in the compressive
and tensile zones and bonded prestressing steel. Typical strain and stress
distributions for four different values of applied moment are also shown in
Figure 6.1. As the applied moment M increases from typical in-service lev-
els into the overload range, the neutral axis gradually rises and eventually
material behaviour becomes non-linear. The non-prestressed tensile steel
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Ay Est /: ,; 3. Post-cracking moment, Mpc
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Figure 6.1 Stress and strain distributions caused by increasing moment.
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may yield (if its strain e, exceeds the yield strain e, where e, = f,,/E,), the
prestressed steel may enter the non-linear part of its stress—strain curve
as e, increases, the concrete compressive stress distribution becomes non-
linear when the extreme fibre stress exceeds about 0.5f,, and the non-
prestressed compressive steel may yield (if the magnitude of its strain
exceeds the yield strain g).

A flexural member, which is designed to exhibit ductile behaviour, usu-
ally has failure of the critical section preceded by yielding of the bonded
tensile steel, i.e. by effectively exhausting the capacity of the tensile steel to
carry any additional force. Such a member is said to be under-reinforced.

Because the stress—strain curve for the prestressing steel has no distinct
yield point and the stress increases monotonically as the strain increases (see
Figure 4.11), the capacity of the prestressing steel to carry additional force
is never entirely used up until the steel actually fractures. When the tendon
strain exceeds about 0.01 (for wire or strand), the stress—strain curve becomes
relatively flat and the rate of increase of stress with strain is small. After yield-
ing of the steel, the resultant internal tensile force (i.e. F, = F, + F, in
Figure 6.1) remains approximately constant (as does the resultant internal
compressive force F., which is equal and opposite to F,). The moment capac-
ity can be further increased slightly by an increase in the lever arm between
F_ and F,. Under increasing deformation, the neutral axis rises, the compres-
sive zone becomes smaller and the maximum compressive concrete stress
increases. Eventually, after considerable deformation, a compressive failure of
the concrete above the neutral axis occurs and the section reaches its ultimate
capacity. It is, however, the strengths of the prestressing tendons and the non-
prestressed reinforcement in the tensile zone that control the strength of a
ductile section. In fact, the difference between the moment at first yielding of
the tensile steel and the ultimate moment is usually relatively small.

A flexural member, which is over-reinforced, on the other hand, does not
have significant ductility at failure and fails by crushing of the compressive con-
crete without the prestressed or non-prestressed tensile reinforcement reach-
ing yield or deforming significantly after yield. At the ultimate load condition,
both the tensile strain at the steel level and the section curvature are relatively
small and, consequently, there is little deformation or warning of failure.

Because it is the deformation at failure that defines ductility, it is both
usual and reasonable in design to define a minimum ultimate curvature to
ensure the ductility of a cross-section. This is often achieved by placing a
maximum limit on the depth to the neutral axis at the ultimate load condi-
tion. Ductility can be increased by the inclusion of non-prestressed rein-
forcing steel in the compression zone of the beam. With compressive steel
included, the internal compressive force F. is shared between the concrete
and the steel. The volume of the concrete stress block above the neutral
axis is therefore reduced and, consequently, the depth to the neutral axis is
decreased. Some compressive reinforcement is normally included in beams
to provide anchorage for transverse shear reinforcement.
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Ductility is desirable in prestressed (and reinforced) concrete flexural
members. In continuous or statically indeterminate members, ductility is
particularly necessary. Large curvatures are required at the peak moment
regions in order to permit the inelastic moment redistribution that must
occur if the moment diagram assumed in design is to be realised in practice.
Consider the stress distribution caused by the ultimate moment on the sec-
tion in Figure 6.1. The resultant compressive force of magnitude F, equals
the resultant tensile force F, and the ultimate moment capacity M, (also
termed the resistance) is calculated from the internal couple:

M, (= My) = Fz = Fz (6.1)

The lever arm z between the internal compressive and tensile resultants
(F. and F,) is usually about 0.9d, where d is the effective depth of the section
and may be defined as the distance from the extreme compressive fibre to
the position of the resultant tensile force in all the steel on the tensile side
of the neutral axis.

To find the lever arm z more accurately, the location of the resultant com-
pressive force in the concrete F. needs to be determined by considering the
actual stress—strain relationship for concrete in the compression zone and
locating the position of its centroid.

6.3 DESIGN FLEXURAL RESISTANCE

6.3.1 Assumptions

In the analysis of a cross-section to determine its design bending resistance
Mgy, the following assumptions are usually made:

1. the variation of strain on the cross-section is linear, i.e. strains in the
concrete and the bonded steel are calculated on the assumption that
plane sections remain plane;

2. perfect bond exists between the concrete and the bonded reinforce-
ment or bonded tendons, i.e. the change in strain in the bonded
reinforcement or bonded tendons is the same as that in the adjacent
concrete;

3. concrete carries no tensile stress, i.e. the tensile strength of the con-
crete is ignored;

4. the stresses in the compressive concrete and in the steel reinforcement
(both prestressed and non-prestressed) are obtained from actual or
idealised stress—strain relationships for the respective materials; and

5. the initial strain in the prestressing tendons is taken into account
when determining the stress in the tendon.
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6.3.2 ldealised compressive stress
blocks for concrete

In order to simplify numerical calculations for the design flexural resis-
tance, EN 1992-1-1 [1] specifies the idealised stress blocks shown in
Figure 6.2 for the concrete on the compressive side of the neutral axis.
Compressive strains are shown as positive in these figures. The strain limits
and the exponent 7 are given in Table 6.1 for the standard strength grades
of concrete. As an alternative, to the stress blocks in Figure 6.2, an ide-
alised rectangular stress block may be used to model the compressive stress
distribution in the concrete.

In Figure 6.3a, an under-reinforced section at the ultimate moment is
shown. The section has a single layer of bonded prestressing steel. The strain
diagram and the actual concrete stress distribution used for the ultimate
limit state design are also shown. In Figure 6.3b, the idealised rectangular
stress block specified in EN 1992-1-1 [1] to model the design compressive
stress distribution in the concrete above the neutral axis is shown. The
dimensions of the rectangular stress block are calibrated such that the vol-
ume of the stress block and the position of its centroid are approximately
the same as for the curvilinear design stress block.

At the design ultimate moment, the extreme fibre-compressive strain is
taken to be ¢_,; and the depth to the neutral axis is x. In reality, the actual
extreme fibre strain may vary depending on the degree of confinement,
but for under-reinforced members, with the flexural resistance very much
controlled by the strength of the tensile steel (both prestressed and non-
prestressed), variation in the assumed value of ¢_,; does not have a signifi-
cant effect on the design resistance My,.
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Figure 6.2 ldealised stress blocks for concrete in compression. (a) Parabola—rectangle
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Table 6.1 Strain limits for idealised stress blocks [I]

Strength classes for concrete

fuc Analytical relationship for
MPa <50 55 60 70 80 90 fu=> 50 MPa

fom - 63 68 78 88 98 fun= fu + 8 (MPa)
MPa

€ 0.0035 0.0032 0.003 0.0028 0.0028 0.0028 ¢, =0.0028 + 0.027

cul cul

[(98 - f..,)/100]*
€, 0.002  0.0022 0.0023 0.0024 0.0025 0.0026 ¢&,=0.002 +0.085 x 103
(f;:k —_ 50)0.53

0.0035 0.0031 0.0029 0.0027 0.0026 0.0026 ¢,=0.0026 +0.035
[(90 - £,)/100]*

n 2.0 1.74 1.6 1.45 1.4 1.4 n=14+234
[(90 - f,)/100]*

gs 000175 0.0018 00019 0002 00022 0.0023 &,=0.00175 +0.00055
[(fec = 50)/40]

€

cu2

€3 0.0035 0.0031 0.0029 0.0027 0.0026 0.0026 ¢;=0.0026 +0.035
[(90 - £,)/100]*
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Figure 6.3 Flexural behaviour of a singly reinforced section at the ultimate limit state
[1]. (@) Curvilinear stress block at ultimate moment. (b) Idealised rectangular
stress block used to calculate the design resistance Mg,.
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The depth of the rectangular stress block (in Figure 6.3b) is Ax and the
uniform stress intensity is nf.4. For the rectangular section of Figure 6.3b,
the hatched area A_ (= Axb) is therefore assumed to be subjected to a uniform
stress of nf.y. In EN 1992-1-1 [1], A and 1 depend on the compressive
strength of concrete and are given by:

A=0.8 for f,, < 50 MPa (6.2)
A=0.8 - (f, - 50)/400 for 50 < £, < 90 MPa (6.3)
n=1.0 for f,, < 50 MPa (6.4)
n=1.0-(f, - 50200 for 50 < f, <90 MPa (6.5)

EN 1992-1-1 [1] recommends that the value of nf,, should be reduced by
10% for cross-sections that reduce in width as the extreme compressive
fibre is approached.

For the rectangular section of Figure 6.3b, the resultant compressive
force F_, is the volume of the rectangular stress block given by:

Feq =nfqAc = nfadxb (6.6)

and the line of action of F 4 passes through the centroid of the hatched area
A, i.e. at a depth of Ax/2 below the extreme compressive fibre (provided,
of course, that A_is rectangular). The resultant tensile force F,4 on the
cross-section is the force in the tendon:

Fptd = GpudAp (6.7)

where 6,,41s the design stress in the tendon and is determined from consid-
erations of equilibrium, strain compatibility and the design stress—strain
relationship for the tendon (given in Figure 4.12).

Axial equilibrium requires that F4 = F4 and therefore:

Gpud = NfghxbIA, (6.8)

The flexural design resistance is obtained from Equation 6.1:
AX
MRd = Fptdz = cSpudAp dp - 7 (6'9)

The ultimate design curvature x4 is an indicator of ductility and is the
slope of the design strain diagram at failure (as shown in Figure 6.3b):

Kug= 2 (6.10)
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Ductile failures are associated with large deformations at the ultimate
load condition. Ductility is generally acceptable if the depth of the neu-
tral axis at the design resistance x is less than about 0.3 d, where d is the
effective depth to the line of action of F4. EN 1992-1-1 [1] requires that
in regions of plastic hinges, x/d should not exceed 0.45 when f,, < 50 MPa
and 0.35 when f,, > 55 MPa.

6.3.3 Prestressed steel strain components
(for bonded tendons)

For reinforced concrete sections, the strains in the reinforcing steel and in
the concrete at the steel level are the same at every stage of loading, while
for the tendons on a prestressed concrete section, this is not the case. The
strain in the bonded prestressing steel at any stage of loading is equal to the
strain caused by the initial prestress plus the change in strain in the con-
crete at the steel level caused by the applied load. To calculate accurately
the design flexural resistance of a section, an accurate estimate of the final
strain in the prestressed and non-prestressed steel is required. The design
tensile strain in the prestressing steel e,,4 is much larger than the tensile
strain in the concrete at the steel level, owing to the large initial prestress.
For a bonded tendon, ¢, is usually considered to be the sum of several
subcomponents. Figure 6.4 shows the instantaneous strain distributions on
a prestressed section at three stages of loading.

Stage (a) shows the elastic instantaneous concrete strain caused by the
effective prestress P, when the externally applied moment is zero. The
instantaneous strain in the concrete at the steel level is compressive, with
magnitude approximately equal to:

2
6. = 1[Pm,t L Dnee J (6.11)
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Figure 6.4 Instantaneous strain distributions at three stages of loading.
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where A is the area of the section, I is the second moment of area of the
section about its centroidal axis and e is the eccentricity of the prestressing
force (as shown in Figure 6.4).

The stress and strain in the prestressing steel at stage (a) are:

Pm t
Gy = (6.12)
p
and
gy = Orme — I (6.13)
EP EPAP

provided that the steel stress is within the elastic range.

Stage (b) is the concrete strain distribution when the applied moment is
sufficient to decompress the concrete at the steel level. Provided that there
is bond between the steel and the concrete, the change in strain in the pre-
stressing steel is equal to the change in concrete strain at the steel level. The
strain in the prestressing steel at stage (b) is therefore equal to the value at
stage (a) plus a tensile increment of strain equal in magnitude to ¢, (from
Equation 6.11).

Strain diagram (c) in Figure 6.4 corresponds to the design ultimate load
condition. The concrete strain at the steel level €,4 can be expressed in
terms of the extreme compressive fibre strain €_,; and the depth to the neu-
tral axis x and is given by:

ot = saﬁ% (6.14)

From the requirements of strain compatibility, the change in strain in the
bonded prestressing steel between load stages (b) and (c) is also equal to €.
Therefore, the strain in the bonded tendon at the design ultimate load condi-
tion may be obtained from:

€pud = Epe + Ece + Epd (6.195)

and g4 can therefore be determined in terms of the position of the neutral
axis at failure x and the extreme compressive fibre strain ;. If €4 is
known, the design stress c,,4 in the prestressing steel at the design resis-
tance can be determined from the design stress—strain diagram for the
prestressing steel (Figure 4.12). With the area of prestressing steel known,
the design tensile force F,4 can be calculated. In general, however, the
design steel stress is not known at failure, and it is necessary to equate the
design tensile force in the steel tendon (plus the design tensile force in any
non-prestressed tensile steel) with the design concrete compressive force
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(plus the design compressive force in any non-prestressed compressive steel)
in order to locate the neutral axis depth and hence find €,4.

In general, the magnitude of €. in Equation 6.15 is very much smaller
than either ¢, or €,,4, and may often be ignored without introducing serious
errors.

6.3.4 Determination of My, for a singly
reinforced section with bonded tendons

Consider the section shown in Figure 6.3a and the idealised compressive
stress block shown in Figure 6.3b. In order to calculate the design bending
resistance using Equation 6.9, the depth to the neutral axis x and the final
stress in the prestressing steel 6,4 must first be determined.

An iterative trial-and-error procedure is usually used to determine the
value of x for a given section. The depth to the neutral axis is adjusted until
horizontal equilibrium is satisfied, i.e. F,,4 = F4, in which both F_; and F,
are functions of x. For this singly reinforced cross-section, F_, is the volume
of the compressive stress block given by Equation 6.6 and F,,, depends on
the strain in the prestressing steel e,,4. For any value of x, the strain in the
prestressing steel is calculated using Equation 6.15 (and Equations 6.11
through 6.14). The design steel stress o,,4, which corresponds to the cal-
culated value of strain €4, can be obtained from the design stress—strain
curve for the prestressing steel and the corresponding tensile force is given
by Equation 6.7. When the correct value of x is found (i.e. when F; = Fy),
the design flexural resistance My, may be calculated from Equation 6.9.

A suitable iterative procedure is outlined and illustrated in the follow-
ing example. About three iterations are usually required to determine a
good estimate of x and hence My,.

1. With ¢_,; taken from the bottom row in Table 6.1, select an appropri-
ate trial value of x (= x;) and determine the corresponding value of
€pud (= €pua1) from Equation 6.15 and F4 (= F4) from Equation 6.6.
By equating the tensile force in the steel to the compressive force in
the concrete, the stress in the tendon 6,4 (= 6,,4;) may be determined
from Equation 6.8.

2. Plot the points g,,4; and o4, on the graph containing the design
stress—strain curve for the prestressing steel (as illustrated subse-
quently in Figure 6.6). If the point falls on the curve, then the value of
x selected in step 1 is correct. If the point is not on the curve, then the
stress—strain relationship for the prestressing steel is not satisfied and
the value of x is not correct.

3. If the points €,,4; and 6,4, plotted in step 2 are not sufficiently close
to the design stress—strain curve for the steel, repeat steps 1 and 2
with a new estimate of x (= x,) to obtain revised estimates of tendon
strain and stress (€,,4, and 6,,4,). A larger value for x is required if the
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point plotted in step 2 is below the design stress—strain curve and a
smaller value is required if the point is above the curve. Plot the new
points &,,4, and 6,4, on the curve.

. Interpolate between the plots from steps 2 and 3 to obtain a close
estimate for €,,4 and o,,4 and the corresponding value for x.

. With the values of 6,4 and x determined in step 4, calculate the design
moment resistance My,. If the area above the neutral axis is rectan-
gular, My, is obtained from Equation 6.9. Non-rectangular-shaped
cross-sections are considered in Section 6.5.

EXAMPLE 6.1

The design flexural resistance Mg, of the rectangular section of Figure 6.5 is

to be calculated.

The steel tendon consists of ten 12.9 mm strands (steel type Y1860S). From
Table 4.8, A, = 1,000 mm?, f,, = 1,860 MPa, f,, = 1,391 MPa, E, = 195,000 MPa,
Y. = .15 and g, = 0.035. The effective prestress is P,,. = 1,200 kN. The design
stress—strain relationship for prestressing steel is shown in Figure 6.6 (taken

as Line | from Figure 4.12). The concrete properties are f, = 40 MPa and
E.. = 35,000 MPa.

With the partial safety factor for concrete y. = 1.5 and the coefficient

o, = 1.0, the design strength of concrete is given by Equation 4.11:

_ O fa _1.0x40
Yc

fug =26.67 MPa

From Equation 6.2, A = 0.8 and, from Equation 6.4, n = 1.0.

=0.0035
350 Ecu3 Nfed
— [—] [ Axf2
xI I}\x g <TFCd
650 dv
SCE

b A € — —

T p : ptd Opud E
Section Strain Strain at the design Stresses and forces at
dueto P, resistance the design resistance

Figure 6.5 Section details and stress and strain distributions used for the calculation

of design flexural resistance Mg, (Example 6.1).
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Figure 6.6 Stress—strain curve for strand (Example 6.1).

The initial strain in the tendons due to the effective prestress is given by
Equation 6.13:

o o P _ 1,200 x10°
* E,A, 195000xI,000

=0.00615

The strain in the concrete caused by the effective prestress at the level of the
prestressing steel (e, in Figure 6.4) is calculated using Equation 6.11. Because
€. is small compared with €, it is usually acceptable to use the properties of
the gross cross-section for its determination:

Ece

o I,200><|03+I,200><|03><2752
35,000| 750x350 350 x750°/12

J =0.000341

The concrete strain at the prestressed steel level at the design ultimate con-
dition is obtained from Equation 6.14:

£a = 0.0035 (650 - X]

X

and the final strain in the prestressing steel is given by Equation 6.15:

€pue = 0.00615 +0.000341+ 0.0035 x ( (6.1.1)

X

650—xj
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When ¢, (= f4/E) < ¢
tendon is obtained from Figure 4.12 as:

pud < €4 the stress—strain relationship for the

cSpud B fpd — Spud - (fpd/Ep)
(fpk/YS)_fpd Euk _(de/EP)

The magnitude of resultant compressive force F_4 carried by the concrete
on the rectangular section is the volume of the idealised rectangular stress
block in Figure 6.5 and is given by Equation 6.6:

F.q = nf.sdxb = 1.0 x 26.67 x 0.8 x 350x = 7467x
The resultant tensile force F,, is given by Equation 6.7:

Fptd =1000 x Opud

Horizontal equilibrium requires that F; = F,, and hence:

Gpu = 7467 x (6.1.2)

Trial values of x are selected and the corresponding values of ¢,,4 and 6,4
(calculated from Equations 6.1.1 and 6.1.2 earlier) are tabulated in the follow-
ing text and plotted on the stress—strain curve for the steel in Figure 6.6.

Trial x €pud Gpud (MPa) Point plotted on
(mm) Equation 6.1.1 Equation 6.1.2 Figure 6.6
210 0.0138 1568 I

190 0.0150 1419

195 0.0147 1456 3

Point 3 lies sufficiently close to the stress—strain curve for the tendon and
therefore the correct value for x is close to 195 mm. With x/d = 0.300 < 0.45,
the ductility requirements of EN 1992-1-1 [1] are satisfied.

The design moment resistance is given by Equation 6.9:

=833 x10° Nmm = 833 kNm

Meg = 1456 xl000(650 . °'8X'95j

and Equation 6.10 gives the design curvature corresponding to Mg,

0.0035
Kud =
195

=18.0x10"° mm™
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6.3.5 Determination of My, for sections containing
non-prestressed reinforcement and
bonded tendons

Frequently, in addition to the prestressing reinforcement, prestressed con-
crete beams contain non-prestressed longitudinal reinforcement in both the
compressive and tensile zones. This reinforcement may be included for a
variety of reasons. For example, non-prestressed reinforcement is included
in the tensile zone to provide additional flexural strength when the strength
provided by the prestressing steel is not adequate. Non-prestressed tensile
steel is also included to improve crack control when cracking is anticipated
at service loads. Non-prestressed compressive reinforcement may be used
to strengthen the compressive zone in beams that might otherwise be over-
reinforced. In such beams, the inclusion of compression reinforcement not
only increases the design ultimate strength, but also increases the curvature
at failure and, therefore, improves ductility.

The use of compressive reinforcement also reduces long-term deflections
caused by creep and shrinkage and, therefore, improves serviceability. If
for no other reason, compression reinforcement may be included to provide
anchorage and bearing for the transverse reinforcement (stirrups) in beams.

When compressive reinforcement is included, closely spaced transverse
ties should be used to laterally brace the highly stressed bars in compression
and prevent them from buckling outward. In general, the spacing of these
ties should not exceed about 16 times the diameter of the compressive bar.

Consider the doubly reinforced section shown in Figure 6.7a. The resul-
tant design compressive force consists of a steel component Fy ;) (= 6,41 A1)
and a concrete component F_; (= nf.;Axb). The magnitude of the strain in the
compressive reinforcement is determined from the geometry of the linear
strain diagram shown in Figure 6.7b and is given by:

E';cu3<x B ds(]))

Esd(1) = x (6.16)
b €cu3 nfcd
|‘__| ds(l) ——» l———>|
i l l l | Osd(1) Foq) B
S fAw xI 75‘“” [ g F
cd
v
ds(Z) dp < e %
Z
P
¢ A, Eptd — — Opud—F — Fpq
ooloel A, €5d(2)— R i Sl T —

(@) (b) (c) (d)

Figure 6.7 Doubly reinforced rectangular cross-section at the ultimate design moment.
(a) Section. (b) Strain. (c) Stresses. (d) Forces.
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If the idealised elastic—plastic design stress—strain relationship of Figure 4.8
is used, when e, is less than or equal to the design yield strain of the
non-prestressed steel (e,4 = f,4/E, = f,/(YsE,)) then the design stress in the
compressive steel is 6.y = €4 E,. If £, exceeds the design yield strain,
then 6,41 = fya = fu/¥s-

The resultant tensile force in Figure 6.7d consists of a prestressed compo-
nent F (= 6,,4A,) and a non-prestressed steel component Fy, (= 6,424,
The design stress in the non-prestressed tensile steel is determined from the
strain €.y, given by:

cutgy = Fooln =) 6.17)

X

If &.40) < €4, then 64, = &) E,. If £.400) > €4, then 64, = f4-

In order to calculate the depth to the neutral axis x at the ultimate design
moment, a trial-and-error approach similar to that outlined in Section
6.3.4 can be employed. Successive values of x are tried until the value which
satisfies the following horizontal equilibrium equation is determined:

Fptd + Fsd(l) = ch + Fsd(l) (6‘18)

Since one of the reasons for the inclusion of compressive reinforcement
is to improve ductility, most doubly reinforced beams are, or should be,
under-reinforced, i.e. the non-prestressed tensile steel A,,, is at yield at the
ultimate design moment. Whether or not the compressive steel A has
yielded depends on its depth d, from the top compressive surface of the
section and on the depth to the neutral axis x.

For any value of x, with the stresses in the compressive and tensile rein-
forcement determined from the strains e, and &, (given by Equations
6.16 and 6.17, respectively), Equation 6.18 can be expanded as:

Feq = nfeihxb

= Fptd + Fsd(Z) - Fsd(l) = GpudAp + Gsd(Z)As(Z) - Gsd(l)As(l)
and this can be rearranged to give the following expressions for x and 6,,,4:

_ SpudAp — Gua2)As2) + Osa)As)

(6.19)
Nfealb
Opud = Nfeahxb — GSd(ZAS(Z) + Gai1)As(1) (6.20)

P

When the value of o, (calculated from Equation 6.20) and the value
of g,,4 (calculated from Equation 6.15) together satisfy the stress—strain
relationship of the prestressing steel, the correct value of x has been found.
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If it has been assumed that the non-prestressed steel has yielded in the cal-
culations, the corresponding steel strains should be checked to ensure that
the steel has, in fact, yielded. If the compressive steel is not at yield, then
the compressive force F, ;) has been overestimated and the correct value of
x is slightly greater than the calculated value. The compressive steel stress
0.4 in Equations 6.19 and 6.20 should be taken as e, E, instead of f .
Further iteration may be required to determine the correct value of x and
the corresponding internal forces F g, F q1), Fyrq and Fyqs.

With horizontal equilibrium satisfied, the design moment resistance of
the section may be determined by taking moments of the internal forces
about any convenient point on the cross-section. Taking moments about
the non-prestressed tensile reinforcement level gives:

MRd = ch R+ Fsd(l) Rs — Fptd zp (6'21)

For the rectangular section shown in Figure 6.7, the lever arms from the
non-prestressed tensile reinforcement to each of the internal forces in
Equation 6.21 are:

In these equations, F, and F 4 are the magnitudes of the compressive
forces in the steel and concrete, respectively, and are therefore considered
to be positive.

The design ultimate curvature is obtained from Equation 6.10. For duc-
tility to be acceptable, the depth of the neutral axis x should be less than
about 0.3d, where d is the effective depth to the line of action of the resul-
tant of the tensile forces F,y and F,. The minimum design curvature
required for ductility is therefore:

3.33€0u3

J (6.22)

(Kud )min =

EXAMPLE 6.2

To the cross-section shown in Figure 6.5 and analysed in Example 6.1, non-
prestressed reinforcing bars of area A, = 1350 mm? are added in the tensile
zone at a depth d, = 690 mm. Calculate the design flexural resistance Mg, of
the section. From Table 4.6, for B500B type reinforcing steel, the design yield
stress is f,4 = 435 MPa and the elastic modulus is E; = 200,000 MPa. All other
material properties and cross-sectional details are as specified in Example 6.1.
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The design strain in the prestressing steel is as calculated in Example 6.1:

6.2.1)

€pud = 0.006491+ 0.0035 x (
X

650—xj

and the magnitude of the compressive force F_, carried by the concrete above
the neutral axis is:

F.y = nf.hxb = 1.0 x 26.67 x 0.8 x 350x = 7467x

From Equation 6.17 and with e_; = 0.0035, the non-prestressed tensile
steel is at yield, i.e. g4 > £, (= f,4/E; = 0.002175), provided that the depth

to the neutral axis x is less than or equal to 0.6167d, (= 425.6 mm). If o, is
assumed to equal f 4, the resultant tensile force F 4 (= Fq + Fy) is given by:

Fg = 0puaAy + fyeAs =10000,,4 + (435 x1350)
=1000 x (C,.q + 587.3)
and enforcing horizontal equilibrium (i.e. F4 = F,):

Gpug = 7467x — 587.3 (6.2.2)

Trial values of x are now selected, and the respective values of €4 and 6,4
are tabulated here and plotted on the stress—strain curve in Figure 6.8:

Trial x €pud Gpud (MPa) Point plotted on
(mm) Equation 6.2.1 Equation 6.2.2 Figure 6.8
280 0.0111 1503 4

260 0.0117 1354 5

269.5 0.0114 1425 6

Since point 6 lies sufficiently close to the stress—strain curve for the ten-
don, the value for x is taken as 269.5 mm, and the effective depth to the
resultant tensile force is d = 670 mm and, therefore, x/d = 0.402.

It is apparent in Figure 6.8 that the strain in the prestressing steel is
decreased by the introduction of tensile reinforcement (from point 3 to point 6)
and the depth to the neutral axis is increased. From Equation 6.10, the design
ultimate curvature is:

_0.0035

= =13.0x10"° mm™
269.5

Kud

and this is 27.8% less than that obtained in Example 6.1 (where A, = 0).
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Figure 6.8 Stress—strain curve for strand (Example 6.2).

The strain in the tensile reinforcement at the strength limit state is given
by Equation 6.17:

0.0035(690 — 269.5)
269.5

Esd2) =

= 0.0055 > &,

and therefore the non-prestressed steel has yielded, as previously assumed.
The depth from the top surface to the resultant force in the tensile steel is:

_ GpudApdp + f)’dAsds
GpudAp + fydAs

d =662 mm

The minimum curvature required to ensure some measure of ductility is
obtained from Equation 6.22:

(14d)min = M =17.6x10"° mm™'
662

and this is greater than k4. The section is therefore non-ductile and, in design,
it would be prudent to insert some non-prestressed compressive reinforce-
ment to increase the design ultimate curvature and improve ductility (at least
to the level required by Equation 6.22).
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The design compressive force in the concrete is F 4 = 7467 x 269.5 x 10-3
= 2012 kN and the tensile force in the tendon is F, 4 = 6,,4A, = 1425 kN. The
design moment resistance is calculated from Equation 6.21:

A
Mgg = Fqz. — FPtdZP =Fq [ds _ij - Fptd(ds - dP)

107 —1425 % (690 — 650) x 1073

:20|2x(690—°'8X2269'5jx

=1114 kNm

EXAMPLE 6.3

Consider the effect on both strength and ductility of the cross-section of
Example 6.2 if reinforcement of area A, ;) = 900 mm? is included in the com-
pression zone. Details of the cross-section are shown in Figure 6.9, together
with the stress and strain distributions at the ultimate design moment. All

data are as specified in Examples 6.1 and 6.2.

From Examples 6.1 and 6.2, the design ultimate strain in the tendons is:

650 — x
Epua = 0.00649 1 +0.0035 x [ (6.3.1)
X
350 €,3=0.0035 o
|[«————] 60 |[—] |[«——| oy
v
| 2 %) Fa)
*—e— 7 900 mm % I S I 0.8x Fuy
650 v
690
I 1000 mm?> € 5
ptd — Opud ——» fptd
¥ 1350 mm2 €sd(2) ™ o, d(;u > Fao)
Section Strain Stress block and

resultant forces

Figure 6.9 Section details and stress and strain distributions at the design ultimate
moment condition (Example 6.3).
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and the strain in the non-prestressed tensile reinforcement in Example 6.2 is
greater than ¢ 4 and, hence, 6,4 = f,q-
The magnitude of the compressive steel strain is given by Equation 6.16:

0.0035(x — 60
Esd(l) = # (632)

and the stress in the compression steel can be readily obtained from g4, for
any value of x.

By equating (F 4 * F 4 ) with (F 4t Fy), the expression for o, 4 given by
Equation 6.20 becomes:

1.0x26.67 x 0.8 x x x 350 — 435 x 1350 + 5,4y x 900
1000

= 7.468x — 587 + 096, (6.3.3)

GOpud =

Values of €4, €541y, Osqqy @and G4 for trial values of x are tabulated below
and plotted as points 7-9 in Figure 6.10:

€pud €sd(1) Opud (MPa)
Trial x Equation Equation Gl Equation Point plotted on
(mm) 6.3.1 6.3.2 (MPa) 6.3.3 Figure 6.10
230 0.0129 0.00259 435 1522 7
210 0.0138 0.00250 435 1372 8
219 0.0134 0.00254 435 1440 9
A 9
1589 MPa - fox/Ys=1617 MPa
.................................................. e — pk/ Vs
1500 ‘7»/ — [ !
fpd: 1391 MPa —* f--------r-- [ 6 8 :
_ = 0,=8110 ¢,+1333 (MPa)
& ;
S 1000
7]
500

0 >
0 0.00SI 0.01 0.015 0.02 0.025 0.0ST 0.035  Strain
fpd/EP:0.007135 £,4=0.0315

Figure 6.10 Stress—strain curve for strand (Example 6.3).
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From Figure 6.10, point 9 lies very close to actual stress—strain curve and
therefore the neutral axis depth is taken as x = 219 mm.

It is apparent from Figure 6.10 that the design strain in the prestressing
steel is increased by the introduction of compressive reinforcement (from
point 6 to point 9) and the depth to the neutral axis is decreased. The design
ultimate curvature is obtained from Equation 6.10:

0.0035
Kud =
219

=16.0x10"° mm™'

which represents a 23% increase in final curvature caused by the introduction
of the compressive reinforcement and an improvement in the ductility of the
cross-section.

The magnitudes of the resultant forces on the cross-section are:

Fu=1635kN Fiyy =392kN F, ;= 1440 kN F,4p = 587 kN

and the design moment resistance is calculated using Equation 6.21:

AX
Mrg = Feaze + Figyzs — Foazp = Fa (ds(Z) - 2} + Faq (ds(Z) - ds(l)) —Fo (ds(Z) - dp)

_ {I e [690 _ °'8X2'9)

+392 x (690 — 60) — 1440 x (690 — 650)} x1073
=1174 kNm

This represents a 5.4% increase in strength compared to the section without
compressive steel that was analysed in Example 6.2. In general, for non-ductile
sections, the addition of compressive reinforcement causes a significant
increase in curvature (i.e. a significant increase in ductility) and a less significant,
but nevertheless appreciable, increase in strength.

6.3.6 Members with unbonded tendons

In post-tensioned concrete, where the prestressing steel is not bonded to the
concrete, the design stress in the tendon o, is significantly less than that
predicted for a bonded tendon, and the final strain in the tendon is more
difficult to determine accurately. The design resistance of a section contain-
ing unbonded tendons may be as low as 75% of the strength of an equiva-
lent section containing bonded tendons. Hence, from a strength point of
view, bonded construction is to be preferred.
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An unbonded tendon is not restrained by the concrete along its length,
and slip between the tendon and the duct takes place as the external loads
are applied and the member deforms. The tendon strain is more uniform
along the length of the member and tends to be lower in regions of maxi-
mum moment than would be the case for a bonded tendon. The design
resistance of the section may be reached before the stress in the unbonded
tendon reaches its yield stress. For members not containing any bonded
reinforcement, crack control may be a problem if cracking occurs in the
member for any reason. If flexural cracking occurs, the number of cracks in
the tensile zone is fewer than in a beam containing bonded reinforcement,
but the cracks are wider and less serviceable.

To determine the increase in design stress in an unbonded tendon at
the ultimate limit state Ac,, it is necessary to consider the deformation
of the whole member using the mean values of the material properties.
The design value of the stress increase is Ao,y = Ac,y,p. When non-linear
analysis is undertaken, the partial safety factor y,p is taken as 1.2 when
the upper characteristic value of Ao, is required, and vy,p = 0.8 when the
lower characteristic value of Ac, is required. If linear analysis is applied,
with uncracked section properties, the calculated member deformation
will generally underestimate the actual deformations and EN1992-1-1 [1]
permits y,p to be taken as 1.0 and Ac,4 = Ac,,.

If no detailed calculation of the change in length of the tendon is made,
EN 1992-1-1 [1] allows the stress in the tendon at the ultimate limit state
to be assumed to equal the effective prestress (after all losses) plus Ao, ;5 =
100 MPa.

To ensure robustness and some measure of crack control, it is good prac-
tice to include non-prestressed bonded tensile reinforcement in members
where the post-tensioned tendons are to remain unbonded for a significant
period during and after construction.

EXAMPLE 6.4

The design flexural resistance of a simply-supported post-tensioned beam
containing a single unbonded cable is to be calculated. The beam spans 12 m
and its cross-section at mid-span is shown in Figure 6.5. Material properties
and prestressing arrangement are as specified in Example 6.1.

The stress in the tendon caused by the effective prestressing force P, . =
1200 kN is:

Cpmie = Pmo/A, = 1200 x 10%/1000 = 1200 MPa
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EN1992-1-1 [I] permits the design stress in the tendon at the strength limit
state to be taken as:

Gpud = Opm, +100 =1300 MPa
and therefore the tensile force in the steel is F,,; = 1300 kN (= F). This is

almost 10.7% lower than the value determined in Example 6.1 where the ten-
don was bonded to the concrete. The depth to the neutral axis is calculated as:

Foed 1300 x10°
X = = = I 74. I mm
Nfihb  1.0x26.67 x 0.8 x 350
and Equation 6.9 gives:
Mg = 1300 x 1000 x (650 —°'8X2'74"j x107¢ = 754 kNm

In Example 6.1, the design bending resistance of the same cross-section
with a bonded tendon was calculated to be 833 kNm. Clearly, the strength
afforded by a post-tensioned tendon is significantly reduced if it remains
unbonded.

6.4 DESIGN CALCULATIONS

6.4.1 Discussion

The magnitude of the effective prestressing force P, and the quantity of
the prestressing steel A, are usually selected to satisfy the serviceability
requirements of the member, i.e. to control deflection or to reduce or elimi-
nate cracking. With serviceability satisfied, the member is then checked for
adequate strength. The design resistance My, for the section containing
the prestressing steel (plus any non-prestressed steel added for crack con-
trol or deflection control) is calculated and the design resistance is com-
pared with the design action, in accordance with the design requirements
outlined in Section 2.4. The design action My, is the moment caused by the
most severe factored load combination specified for the strength limit state
(see Section 2.3.2). The design requirement is expressed by:

Mgy > Mgy (6.23)

The prestressing steel needed for the satisfaction of serviceability require-
ments may not be enough to provide adequate strength. When this is the case,
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the design moment resistance can be increased by the inclusion of addi-
tional non-prestressed tensile reinforcement. Additional compressive rein-
forcement may also be required to improve ductility.

6.4.2 Calculation of additional non-prestressed
tensile reinforcement

Consider the singly reinforced cross-section shown in Figure 6.11a. It is
assumed that the effective prestress P, ,, the area of the prestressing steel
A, and the cross-sectional dimensions have been designed to satisfy the
serviceability requirements of the member. The idealised strain and stress
distributions specified in EN1992-1-1 [1] for the ultimate limit state are
also shown in Figure 6.11a. The design moment resistance of the section,
denoted as My, is calculated as follows:

A
Mgy = opuaiAp (dp - ;j (6.24)

where the tendon stress at the ultimate limit state 6,4 can be calculated from
the actual stress—strain curve for the steel (as illustrated in Example 6.1) or
from the approximation illustrated in Example 6.4.

b €y N/
[e—] |3, [ —=
— Foq1=nfeabMx,
ST =
v M,
dp av ) ra Zy
¢ P Eptdl > Opud1 - -
Fptdl = GpudlAp
(a)  Section Strain Stresses Forces
b €cu3 NJed
7 F cdl
x>% I I Ax «—
4— —
4 ld 3, Fogo=nfeabMx—x1)
p
) ) Mpa |z,
? A, Eptd — ——> Gpud —> Fpy
o0 Ay €sd > Osq=Fyd —>Fq4
(b) Section Strain Stresses Forces

Figure 6.11 Cross-section containing tensile reinforcement — ultimate design condition.
(2) Singly reinforced prestressed cross-section. (b) Cross-section containing
both prestressed and non-prestressed tensile reinforcement.
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If the design resistance My, is greater than or equal to My, then no addi-
tional tensile steel is necessary, and the cross-section has adequate strength.
If Mgy, is less than My, the section is not adequate and additional tensile
reinforcement is required.

In addition to providing adequate strength, it is important also to ensure
that the section is ductile. To ensure that the design ultimate curvature 4
is large enough to provide sufficient ductility, an upper limit for the depth
to the neutral axis of about 0.3d, should be enforced. If the value of x, in
Figure 6.11a is greater than 0.3d,, some additional non-prestressed com-
pressive reinforcement is required to relieve the concrete compressive zone
and reduce the depth to the neutral axis. The design procedure outlined in
Section 6.4.3 for doubly reinforced cross-sections is recommended in such
a situation.

For the cross-section shown in Figure 6.11a, if My, is less than My, and if
x, is small so that ductility is not a problem, the aim in design is to calculate
the minimum area of non-prestressed tensile reinforcement A, that must be
added to the section to satisfy strength requirements (i.e. the value of A, such
that My, = Mg,). In Figure 6.11b, the cross-section containing A, is shown,
together with the revised strain and stress distributions at the ultimate limit
state design condition. With x small enough to ensure ductility, the tensile
steel strain e, is greater than the yield strain e 4 (= f,4/E,), so that 64 = f4.
The addition of A, to the cross-section causes an increase in the resultant
design tension (F + Fy) and hence an increase in the resultant compression
F.4(= F.4; + F.y,). To accommodate this additional compression, the depth
of the compressive stress block in Figure 6.11b must be greater than the
depth of the stress block in Figure 6.11a (i.e. Ax > Ax,). The increased value
of x results in a reduction in the design ultimate curvature (i.e. a decrease in
ductility), a reduction in the strain in the prestressing steel and a consequent
decrease in o,,4. While the decrease in 6,4 is relatively small, it needs to be
verified that the modified cross-section possesses adequate ductility (i.e. that
the value of x remains less than about 0.3d).

If 6,,4 is assumed to remain constant, a first estimate of the magnitude
of the area of non-prestressed steel A, required to increase the design resis-
tance from Mgy, (the strength of the section prior to the inclusion of the
additional steel) to the design bending moment My, (equal to the required
minimum strength of the section) may be obtained from:

Mgy — Mrg:

A >
’ fdeZ

(6.25)

where z, is the lever arm between the design tension force in the additional
steel F; and the equal and opposite compressive force F.4, which results
from the increase in the depth of the compressive stress block. The lever
arm z, may be approximated initially as:

2 = 0.9(ds — Axy) (6.26)
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EXAMPLE 6.5

The design resistance of the singly reinforced cross-section shown in Figure 6.12
is Mgy = 931 kNm. The stress and strain distributions corresponding to Mgy,
are also shown in Figure 6.12 and the material properties are f,, = 40 MPa
(f.g = 26.67 MPa), A = 0.8, n = 1.0, f, = 1860 MPa, f, = 1391 MPa, E, =
195000 MPa. Calculate the additional amount of non-prestressed tensile rein-
forcement located at d; = 840 mm (f,, = 435 MPa) if the design bending moment
on the section is Mgy = 1250 kNm.

For the section in Figure 6.12, x, = 159 mm = 0.212d, and the section is
ductile. If the additional tensile steel is to be added at d,= 840 mm, then the
lever arm z, in Equation 6.26 may be approximated by:

z, =0.9(d; —Ax) = 0.9 x (840 — 0.8 x159) = 641.5 mm
and the required area of non-prestressed steel is estimated using Equation 6.25:

_ (1250 -931)x10°

s > =1143 mm?
435x 641.5

Choose four 20 mm diameter bars (A, = 1256 mm?) located at a depth d, =
840 mm.

A check of this section to verify that Mg, > 1250 kNm, and also that the
section is ductile, can now be made using the trial-and-error procedure illus-
trated in Example 6.2.

0.0035 Nfod = 26.67 MPa
400 @
x1=159 mmI I —
! / = Foq = 1357 kN
7 v
Ax;=127.2 mm

Mo1=931 kKNm

4G 4—U1—>|
g2
Jﬁ

=900 mm> € L, —_
P prdl Opuds = 1508 kN Fyyg; = 1357 kN
Section Strain Stresses Forces

Figure 6.12 Singly reinforced cross-section of Example 6.5.
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6.4.3 Design of a doubly reinforced cross-section

For a singly reinforced section (such as that shown in Figure 6.13a) in which
x) is greater than about 0.3d,, the inclusion of additional tensile reinforce-
ment may cause ductility problems. In such cases, the design resistance may
be increased by the inclusion of suitable quantities of both tensile and com-
pressive non-prestressed reinforcement without causing any reduction in
curvature, i.e. without increasing x. If the depth to the neutral axis is held
constant at x;, the values of both F_, (the compressive force carried by the
concrete) and F,4 (the tensile force in the prestressing steel) in Figures 6.13a
and b are the same. In each figure, F, is equal and opposite to F, 4. With the
strain diagram in Figure 6.13b known, the strains at the levels of the top
and bottom non-prestressed steel may be calculated using Equations 6.16
and 6.17, respectively, and hence the non-prestressed steel stresses 64, and
0,42 may be determined. The equal and opposite forces which result from
the inclusion of the non-prestressed steel are:

Eqq) = As1)Osaq) (6.27)
and
Fap) = Asp)Osa) (6.28)
b €cu3 nfcd
f— [ =
. Feq=nfeabAx
A =R
v
“ b ) Mpqi
¢ Ap Eped1 — Opudi —>
Fptdl = O‘pudlAp
(a)  Section Strain Stresses Forces
b €cu3 NJfed
|‘—’| iis(]) |<L>| |<—L>|
Osd(1) Faqqy
T Ay x=x11 ; €sd(1) I)\xl g r,
v
dy) dp av
) Mrq
? Ap Ssptdl — Opudi — Fa
bl 4, sd(2) > %@ =fd > Fap)
(b) Section Strain Stresses Forces

Figure 6.13 Doubly reinforced section at the ultimate limit state condition. (a) Cross-section
containing prestressed steel only. (b) Cross-section containing top and
bottom non-prestressed reinforcement.
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When the depth to the compressive reinforcement is less than Ax, the
compressive force F 4, could be calculated as F yy, = A,;)(Gqq—fa), in
order to account for the voids in the compressive concrete created by the
compressive reinforcement.

If Mg, is the design resistance of the singly reinforced section in Figure
6.13a (calculated using Equation 6.9) and Mg, is the design moment (equal
to the minimum required strength of the doubly reinforced cross-section),
the minimum area of the tensile reinforcement is given by:

Mpg — Mgy,

As(l) =
Gsd(Z)(ds(z) - ds(l))

(6.29)

For conventional non-prestressed steel, 6,4, is usually at yield (i.e.
G.42) = f,a) provided that e, > € 4 and the depth to the neutral axis x satis-
fies the stated ductility requirements. For equilibrium, the forces in the top
and bottom non-prestressed steel are equal and opposite, i.e. Fy, = Foy),
since F 4 = F4. From Equations 6.27 and 6.28:

Ay = Ao (6.30)
Osd(1)

If the depth to the neutral axis in Figure 6.13b is greater than about 0.3d,
then the section may be considered to be non-ductile and the value of x
must be reduced. An appropriate value of x may be selected (say x = 0.3d).
For this value of x, all the steel strains (e q), &4 and €,4) and hence all the
design steel stresses at ultimate limit state design condition (6,4, Ge9,) and
G,,4) May be determined. Once g, is calculated from the assumed value
for x, the total strain in the prestressing steel €,,4 can be calculated using
Equation 6.15, and the stress 6,4 can be read directly from the stress—
strain curve. In this way, the magnitude of the tensile force in the tendon
(Fpa = A,0,,4) and the compressive force in the concrete (F 4 = nf Axb) can
be evaluated. If the required design resistance of the section My, exceeds
the design bending moment My, the minimum area of compressive steel
can be obtained by taking moments about the level of the non-prestressed
tensile reinforcement:

> MEd + Fptd(ds(l) - dp) - ch(ds(Z) - 057\.36)

Ay
Gsd(l)(dsm _ds(Z))

(6.31)

Horizontal equilibrium requires that F,, = F4 + Fy) - F,qand there-
fore the area of non-prestressed tensile steel is:

_ nfcd}\'xb + As(l)csd(l) - Apcpud

Aq) (6.32)

Gsd(2)



Flexural resistance 247

EXAMPLE 6.6

Determine the additional non-prestressed steel required to increase the
design flexural resistance of the section in Figure 6.5 (and analysed in
Example 6.1) if the design bending moment M, is 1150 kNm. Take the
depth to the additional tensile steel as d,;, = 690 mm and the depth to the
compressive steel (if required) as d,;) = 60 mm. Assume for the reinforce-
ment f , = 435 MPa and E, = 200,000 MPa.

From Example 6.1, Mgy, = 833 kNm and x, = 195 mm. If only non-prestressed
tensile steel were to be added, the lever arm z in Equation 6.26 would be:

z=0.9%(690 — 0.8 x195) = 481 mm
and from Equation 6.25:

Ay > (1150 — 833) x10° 1515 mm?
435 % 48l

This corresponds to the addition of five 20 mm diameter bars (1570 mm?)
in the bottom of the section at a depth d,; = 690 mm.

A check of the section to verify that My, > 1150 kNm can next be made
using the trial-and-error procedure illustrated in Example 6.2. In this exam-
ple, however, the neutral axis depth increases above 0.3d, and the curva-
ture at the ultimate limit state condition is less than the minimum value
recommended in Equation 6.22. For this cross-section, it is appropriate to
supply the additional moment capacity via both tensile and compressive non-
prestressed reinforcement.

If the depth to the neutral axis is held constant at the value determined in
Example 6.1, i.e. x = x; = 195 mm, then the stress and strain in the prestressed
steel remain as previously calculated, i.e. €,,4 = 0.0147 and 5,4 = 1456 MPa.

With d;, = 60 mm, from Equation 6.16:

0.0035(195 — 60)

195 =0.00242 > Eyd and Osd(l) = fyd =435MPa

Esd(l) =

From Equation 6.17:

0.0035(690 —195)

195 =0.00888 > Eyd and Osd2) = fyd =435MPa

Esd2) =
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The minimum areas of additional tensile and compressive steel are obtained
using Equations 6.29 and 6.30, respectively:

(1150 —833) x10°

Ay > =1157 mm’
435 % (690 — 60)
As(l) — M =1157 mm?
435

A suitable solution is to include four 20 mm diameter reinforcing bars in
the top and bottom of the section (at d;, = 60 mm and d,;, = 690 mm).

6.5 FLANGED SECTIONS

Flanged sections such as those shown in Figure 6.14a are commonly used in
prestressed concrete construction, where the bending efficiency of I-, T- and
box-shaped sections can be effectively utilised. Frequently, in the construction
of prestressed floor systems, beams or wide bands are poured monolithically
with the slabs. In such cases, a portion of slab acts as either a top or a bot-
tom flange of the beam, as shown in Figure 6.14b. The effective flange width
(b in Figure 6.14b) is selected such that the stresses across the width of the
flanged beam may be assumed to be uniform and b, depends on the beam

U U L

T-section Double-T-section Inverted-T-section

J \OU

Box sections

I !47 Degt —b! : fe— Deit —| > |« beg=b,
I — L
o+ e b, s e b,

(b)

Figure 6.14 Typical flanged sections. (a) Precast. (b) Monolithic.
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Figure 6.15 Effective flange width parameters [|]. (a) Elevation — definitions of I,.
(b) Effective beam cross-sections.

and slab dimensions, the span and the support conditions, the type of loading
and the amount and distribution of transverse reinforcement in the slab.
EN1992-1-1 [1] specifies the effective width in terms of the distance [,
along the beam between the points of zero moment (as illustrated in Figure
6.15a) and the cross-sectional geometry (as defined in Figure 6.15b):

For T-sections: b= b.gy + bogep + b, (6.33)

For L-sections: b = b, + by, (6.34)
where:

begsi = 0.2b; + 0.11, < 0.2, (6.35)

except that the overhanging part of the effective flange should not exceed
half the clear distance to the next parallel beam (i.e. b ¢; < b)). In structural
analysis, it is permissible to assume that the effective width is constant
over the whole span, with the value of b determined for the span section
(marked region A in Figure 6.15a).

It is recommended in ACI 318 M-14 [2] that the overhanging part of the
effective flange on each side of the web of a T-beam should not exceed eight
times the slab thickness. For L-beams with a slab on one side only, the over-
hanging part of the effective flange width should not exceed six times the
slab thickness. Although these are not formal requirements of EN1992-1-1
[1], their satisfaction is recommended here.
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The flexural resistance calculations discussed in Section 6.3 can also be
used to determine the flexural strength of non-rectangular sections. The
equations developed earlier for rectangular sections are directly appli-
cable provided the depth of the idealised rectangular stress block is less
than the thickness of the compression flange, i.e. provided the portion
of the cross-section subjected to the uniform compressive stress is rect-
angular (b, wide and Ax deep). The design resistance My, is unaffected
by the shape of the concrete section below the compressive stress block
and depends only on the area and position of the steel reinforcement and
tendons in the tensile zone. If the compressive stress block acts on a non-
rectangular portion of the cross-section, some modifications to the for-
mulae are necessary to calculate the resulting concrete compressive force
and its line of action.

Consider the T-sections shown in Figure 6.16, together with the idealised
rectangular stress blocks (previously defined in Figure 6.3b). If Ax < # (as
in Figure 6.16a), the area of the concrete in compression A, is rectangular,
and the strength of the section is identical with that of a rectangular sec-
tion of width b containing the same tensile steel at the same effective

begt €3 /.
| | o ey
/ \$ ) od=NJea M begt
A 3 )Mad
C
F ptd = o-pudAp
o ouily ] o
— A Esd > 0y=fra >
F, sd= 0‘sdAs
by
(a) Section Strain Stresses Forces
beg g
| | cu3 nfcd
f | |[e— M [e——
% (I t I \I | +— Faar=n/feal best
I = Fgw=nfua M=)
A' <v \4
) Mypq
_.t_ AP Eptd—] — Opud —> Fptd= 0'pudAp
— A €sd ™ — GSd:fyd > Fy=044,
—
by
(b) Section Strain Stresses Forces

Figure 6.16 Flanged sections subjected to the design flexural resistance. (a) Compressive
stress block in the flange. (b) Compressive stress block in the flange and web.
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depth. Equation 6.21 may therefore be used to calculate the design resis-
tance of such a section. The depth of the neutral axis x may be calculated
using Equation 6.19, except that b, replaces b in the denominator.

If Ax > t, the area of concrete in compression A_ is T-shaped, as shown
in Figure 6.16b. Although not strictly applicable, the idealised stress block
may still be used on this non-rectangular compressive zone. A uniform
stress of nf,ymay therefore be considered to act over the area A..

It is convenient to separate the resultant compressive force in the concrete
into a force in the flange F_and a force in the web F_;, as follows (and
shown in Figure 6.16b):

Feg¢ = 0feathess (6.36)
and

chw = nf;d(}\x - t)bw (6.37)

By equating the tensile and compressive forces, the depth to the neutral
axis x can be determined by trial and error, and the design moment resis-
tance Myy can be obtained by taking moments of the internal forces about
any convenient point on the cross-section.

EXAMPLE 6.7

Evaluate the design flexural resistance of the double-tee section shown in
Figure 6.17. The cross-section contains a total of twenty-six 12.9 mm diameter
strands (13 in each cable) placed at an eccentricity of 408 mm to the centroidal
axis. The effective prestressing force P, , is 3250 kN. The stress—strain rela-
tionship for the prestressing steel is shown in Figure 6.18, and its elastic modu-
lus and tensile strength are E, = 195,000 MPa and f,, = 1,860 MPa, respectively.
The properties of the section and other relevant material data are as follows:

A =371 x 103 mm?% 1=228x 10°mm* Z, . =43.7 x 10¢ mm3;
Z,,=825x 10 mm% A, =26x 100 =2,600 mm?

foa = 1,391 MPa;  E_ = 35,000 MPa; f, =40 MPa; f,=26.67 MPa;
A=08 and n=1.0.
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Figure 6.17 Double-tee cross-section (Example 6.7).

A B
1589 MPa il =~ fdY,=1617 MPa
) 1500 —%
foa=1391 MPa
g =8110&,+1333 (MPa)
= 1000 Sl .
)
500

0 >
0 0.005‘[ 0.01 0.015 0.02 0.025 0.03 I 0.035 " Strain
Jpa/Ep=0.007135 £,4=0.0315

Figure 6.18 Stress—strain curve for strand (Example 6.7).
Using the same procedure as was illustrated in Example 6.1, the strain

components in the prestressing steel are obtained from Equations 6.11
through 6.14:

sce

I (3,250><|03 3,250 x 1 0° x 4082

= — 5 =0.000928
35,000( 371xI10 22.8x10

3
Epe = _3250x10° 4 564
2,600 x 195,000
Ed = o.oo35(685_xj

X



Flexural resistance 253

and from Equation 6.15:

€pua = 0.00734 + 0.0035 ( 685 — X]

X

6.7.1)

At this point, an assumption must be made regarding the depth of the equiva-
lent stress block. If x is less than the flange thickness, the calculation would
proceed as in the previous examples. However, a simple check of horizontal
equilibrium indicates that Ax is significantly greater than the flange thickness
of 50 mm. This means that the entire top flange and part of the top of each
web is in compression. From Equation 6.36:

F.i =1.0 x 26.67 x 50 x 2400 = 3200 x 10° N

In this example, the web is tapering and b,, varies with the depth. The width
of the web at a depth of Ax is given by:

bw.hx :2|0_%22|0—008X

The compressive force in the web is therefore:

F.gw = 26.67 x (0.8x — 50) x (Mj %2

2

=—1.7069x> + 8961.1x — 553,400

The resultant compression force is the sum of the flange and web compres-
sive forces:

F.g = Fogt + Foqw = —1.7069x> + 896 1. 1x + 2,647,000
and the resultant tensile force in the tendons is:

Foes = 2600 G,
Equating F 4 and F_, gives:

Gpud = —0.0006565x” + 3.4466x +1018.1 (6.7.2)
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Trial values of x may now be used to determine ¢4 and G,,4 from the previ-

pud
ous expressions, and the resulting points are tabulated here and plotted on

the stress—strain curves in Figure 6.18:

Trial x €pud Gpud (MPa) Point plotted on
(mm) Equation 6.7.1 Equation 6.7.2 Figure 6.18
150 0.0198 1520 I

140 0.0210 1488

144 0.0205 1500 3

Since point 3 lies sufficiently close to the stress—strain curve for the tendon,
the value taken for x is 144 mm.

The depth of the stress block is Ax = 115.2 mm, which is greater than
the flange thickness (as was earlier assumed). The resultant forces on the
cross-section are:

Foa = Fos = 2600 x1500 x 10~ = 3900 kN

For this section, x = 0.210d, < 0.3d, and therefore the failure may be
considered to be ductile. The compressive force in the flange F_, = 3200 kN
acts 25 mm below the top surface, and the compressive force in the web
F.sw = 700 kN acts at the centroid of the trapezoidal areas of the webs above
Ax, i.e. 82.4 mm below the top surface.

By taking moments of these internal compressive forces about the level of
the tendons, we get:

Mgg = 3200 x (685 —25) x 107> + 700 x (685 — 82.4) x 107> = 2534 kNm

6.6 DUCTILITY AND ROBUSTNESS OF
PRESTRESSED CONCRETE BEAMS

6.6.1 Introductory remarks

Ductility is the ability of a structure or structural member to undergo large
plastic deformations without significant loss of load carrying capacity.
Ductility is important for many reasons. It provides indeterminate struc-
tures with alternative load paths and the ability to redistribute internal
actions as the collapse load is approached. After the onset of cracking, con-
crete structures are non-linear and inelastic. The stiffness varies from loca-
tion to location depending on the extent of cracking and the reinforcement/
tendon layout. In addition, the stiffness of a particular cross-section or



Flexural resistance 255

region is time-dependent, with the distribution of internal actions changing
under service loads due to creep and shrinkage, as well as other imposed
deformations such as support settlements and temperature changes and gra-
dients. All these factors cause the actual distribution of internal actions in
an indeterminate structure to deviate from that assumed in an elastic anal-
ysis. Despite these difficulties, codes of practice, including EN1992-1-1 [1],
permit the design of concrete structures based on elastic analysis. This is
quite reasonable provided the critical regions possess sufficient ductility
(plastic rotational capacity) to enable the actions to redistribute towards
the calculated elastic distribution as the collapse load is approached. If criti-
cal regions have little ductility (such as in over-reinforced elements), the
member may not be able to undergo the necessary plastic deformation and
the safety of the structure could be compromised.

Ductility is also important to resist impact and seismic loading, and to
provide robustness. With proper detailing, ductile structures can absorb
the energy associated with sudden impact (as may occur in an accident or
a blast or a seismic event) without collapse of the structure. With proper
detailing, ductile structures can also be designed to resist progressive
collapse.

Figure 6.19 shows the load—deflection curves for two prestressed concrete
beams, one under-reinforced (Curve A) and one over-reinforced (Curve B).
Curve A indicates ductile behaviour with large plastic deformations develop-
ing as the peak load is approached. The relatively flat post-yield plateau (1-2)
in Curve A, where the structure deforms while maintaining its full load carry-
ing capacity (or close to it) is characteristic of ductile behaviour. Curve B indi-
cates non-ductile or brittle behaviour, with relatively little plastic deformation
before the peak load. There is little or no evidence of a flat plastic plateau,
and the beam immediately begins to unload when the peak load is reached.

\

Curve B
(over-reinforced)

<

Curve A
(under-reinforced)

/ Deflection

Figure 6.19 Ductile and non-ductile load—deflection curves.

Load
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Structures with load—deflection relationships similar to Curve B in
Figure 6.19 are simply too brittle to perform adequately under signifi-
cant impact or seismic loading and they cannot resist progressive collapse.
Prestressed concrete beams can be designed to be robust and not to sud-
denly collapse when overloaded, but ductility is the key and a ductile load-
displacement relationship such as that shown as Curve A in Figure 6.19 is
an essential requirement. Structures should be designed to be robust, but
in most codes of practice qualitative statements rather than quantitative
recommendations are made and relatively little guidance is available. To
design a prestressed structure for robustness, some quantitative measure of
robustness is required.

Beeby [3] stated that a structure is robust if it is able to absorb dam-
age resulting from unforeseen events without collapse. He also argued
that this could form the basis of a design approach to quantify robustness.
Explosions or impacts are clearly inputs of energy. Beeby [3] suggests that
accidents or even design mistakes could also be considered as inputs of
energy and that robustness requirements could be quantified in terms of a
structure’s ability to absorb energy.

The area under the load—deflection response of a member or structure
is a measure of the energy absorbed by the structure in undergoing that
deformation. Consider the load—deflection response of a simply-supported
under-reinforced prestressed beam shown in Figure 6.20. The area under
the curve up to point 1 (before the tensile steel yields) is W, and represents
the elastic energy. The area under the curve between points 1 and 2 (when the
plastic hinge develops and the peak load is reached) is W,, which represents
the plastic energy. A minimum value of the ratio W,/W, could be specified
to ensure an acceptable level of ductility and, if all members and connec-
tions were similarly ductile and appropriately detailed, an acceptable level
of robustness (or resistance to collapse) could be achieved.

Load

Deflection

Figure 6.20 Typical under-reinforced load—deflection curve.
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A ductile simply-supported member is one for which W,/ W, exceeds about
2.0, but for statically indeterminate structures where significant redistribu-
tion of internal actions may be required as the peak load is approached,
satisfaction of the following is recommended:

W,/W, > 3.0 (6.38)

6.6.2 Calculation of hinge rotations

A typical moment curvature relationship for an under-reinforced pre-
stressed concrete cross-section was shown in Figure 1.15, and an idealised
elastic—plastic design moment—curvature curve is shown in Figure 6.21.
A plastic hinge is assumed to develop at a point in a beam or slab when the
peak (design ultimate) moment is reached at a curvature of k4 and rotation
of the plastic hinge occurs as the curvature increases from x4 to k4. The
rotation at the plastic hinge 6, is the change in curvature multiplied by the
length of the plastic hinge /;, in the direction of the member axis. For under-
reinforced cross-sections with ductile tensile reinforcement and tendons,
the length of the plastic hinge /, may be taken as 1.2 times the depth of
the member [1], i.e. [, = 1.2 h. The maximum rotation available at a plastic
hinge may therefore be approximated by:

es = lh(Kud - Kyd) ~ 1'Zh(Kud - Kyd) (639)

6.6.3 Quantifying ductility and robustness
of beams and slabs

To investigate the ductility of a prestressed concrete beam, it is convenient
to assume that the load—deflection curve is elastic perfectly plastic. As an
example, consider the idealised load—deflection response shown in Figure
6.22 of a simply-supported prestressed concrete beam of span [ and sub-
jected to a point load P applied at mid-span. The deflection is the downward

Moment, M
Mpq

Pt

d,

y ds §P
L e
| A7

/{ (Ecmlcrl) Curvature, K
Ky Kud

Figure 6.21 Idealised elastic—plastic moment—curvature relationship.
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W,

Vyd Vud

Figure 6.22 Idealised load—deflection curve.

deflection at mid-span caused by the applied load. A plastic hinge is assumed
to develop at mid-span when the applied load first reaches Py, and the mid-
span deflection caused by Pg, is vy. The design moment resistance at the
plastic hinge is My, = Pg4l/4. After the formation of the plastic hinge, it is
assumed that the deflection at mid-span increased from v 4 to v,4 by rotation
of the plastic hinge through an angle 6, and this can be described as follows:

16,
(Uud - Uyd) =

4 (6.40)

The design moment resistance at the plastic hinge My, may be deter-
mined from Equation 6.21 and may be expressed as:

Mg = Gpuadly (dp - 7‘;) + FraAs (ds - ’“ij ~ pibd (6.41)

where b is the section width and d is the effective depth to the resultant of
the tensile forces in the prestressed and non-prestressed steel. The term B,
depends on the area, position and strength of the reinforcement and ten-
dons and is typically in the range of 3-10. For example, if we assume the
beam contains A /bd = 0.005 and A/bd = 0.005, with f, = 40 MPa,
E_ ., =35,000 MPa, B, is about 8. For the centrally loaded simply-supported
beam, the deflection A 4 caused by Pry may be approximated as:

_ PRd 13 _ MRd lZ
48E I,  12Eg,I

(6.42)

Uyd

and, for the stated material properties and steel quantities, the cracked
moment of inertia of the cross-section is approximated by:

I, =0.037bd’ (6.43)
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Substituting Equations 6.41 and 6.43 into Equation 6.42 gives:

12
~1940d

Vyd (6.44)

and the elastic energy W, (shown in Figure 6.22) may be approximated as:

W, = % —0.00825bdl (6.45)

If we assume that satisfaction of Equation 6.38 is required for robustness,
the minimum internal plastic energy W, that must be absorbed during the
hinge rotation is 3W, = 0.0247bdl and this must equal the external work:

Pra(Wud —vya) = Wa 20.0247bdl (6.46)

and substituting Equations 6.40 and 6.41 into Equation 6.46, we get:

(4M,/1)(16,/4) = 8bd*0, > 0.0247bdl
50,2 3.09x% 10’35 (6.47)

It is evident that the plastic rotation required at the hinge at mid-span
depends on the span to effective depth ratio. To achieve a ductility corre-
sponding to W,/W, = 3.0, the minimum rotation required at the hinge at
mid-span and the span to final deflection ratio (l/v,4) are determined from
Equations 6.47, 6.40 and 6.44 and given in the following table.

Minimum ©,
Iid (rad) (Ivyg)
10 0.031 77
14 0.043 56
18 0.056 43
22 0.068 35
26 0.080 30

In a simplified procedure, EN 1992-1-1 [1] suggests that the rotation 0,
should be less than an allowable rotation given by the product of 6,4 and
k,, where 0, 4 is the basic value of allowable rotation given in Figure 6.23
for steel Classes B and C and tendons, and k, is a factor that depends on
the shear slenderness. The values of 0,4 in Figure 6.23 apply for a shear
slenderness A = 3. For different values of shear slenderness, k, = (AM3)%5.
The shear slenderness A is the ratio of the distance along the beam from the
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Figure 6.23 Basic values of allowable rotation 0, ; when A = 3 [1].

plastic hinge to the nearest point of zero moment (after redistribution) and
the effective depth d.
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Chapter 7

Design resistance in shear
and torsion

7.1 INTRODUCTION

In Chapter 5, methods were presented for the determination of the strains
and stresses normal to a cross-section caused by the longitudinal prestress
and the bending moment acting at the cross-section. Procedures for cal-
culating the flexural resistance of beams were discussed in Chapter 6. In
structural design, shear failure must also be guarded against. Shear failure
is sudden and difficult to predict with accuracy. It results from diagonal
tension in the web of a concrete member produced by shear stress in com-
bination with the longitudinal normal stress. Torsion, or twisting of the
member about its longitudinal axis, also causes shear stresses which lead to
diagonal tension in the concrete and consequential inclined cracking.

Conventional reinforcement in the form of transverse stirrups is used to
carry the tensile forces in the webs of prestressed concrete beams after the
formation of diagonal cracks. This reinforcement should be provided in
sufficient quantities to ensure that flexural failure, which can be predicted
accurately and is usually preceded by extensive cracking and large deforma-
tion, will occur before diagonal tension failure.

In slabs and footings, a local shear failure at columns or under concen-
trated loads may also occur. This so-called punching shear type of failure
often controls the thickness of flat slabs and plates in the regions above the
supporting columns. In this chapter, the design for adequate strength of
prestressed concrete beams in shear and in combined shear and torsion is
described. Procedures for determining the punching shear strength of slabs
and footings are also presented.

7.2 SHEAR IN BEAMS

7.2.1 Inclined cracking

Cracking in prestressed concrete beams subjected to overloads, as shown
in Figure 7.1, depends on the local magnitudes of moment and shear.
In regions where the moment is large and the shear is small, vertical
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Figure 7.1 Types of cracking at overload.

flexural cracks appear after the normal tensile stress in the extreme con-
crete fibres exceeds the tensile strength of concrete. These are the cracks
referred to in Sections 5.8.1 and 5.12.1 and are shown in Figure 7.1 as
crack type A.

Where both the moment and shear force are relatively large, flexural
cracks which are vertical at the extreme fibres become inclined as they
extend deeper into the beam owing to the presence of shear stresses in the
beam web. These inclined cracks, which are often quite flat in a prestressed
beam, are called flexure-shear cracks and are designated crack type B in
Figure 7.1. If adequate shear reinforcement is not provided, a flexure-shear
crack may lead to a so-called shear-compression failure, in which the area
of concrete in compression above the advancing inclined crack is so reduced
as to be no longer adequate to carry the compression force resulting from
flexure.

A second type of inclined crack sometimes occurs in the web of a pre-
stressed beam in the regions where moment is small and shear is large,
such as the cracks designated type C adjacent to the discontinuous support
and near the point of contraflexure in Figure 7.1. In such locations, high
principal tensile stress may cause inclined cracking in the mid-depth region
of the beam before flexural cracking occurs in the extreme fibres. These
shear-tension cracks (also known as web-shear cracks) occur most often in
beams with relatively thin webs.

7.2.2 Effect of prestress

The longitudinal compression introduced by prestress delays the forma-
tion of each of the crack types shown in Figure 7.1. The effect of prestress
on the formation and direction of inclined cracks can be seen by examin-
ing the stresses acting on a small element located at the centroidal axis
of the uncracked beam shown in Figure 7.2. Using a simple Mohr’s circle
construction, the principal stresses and their directions are readily found.
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Figure 7.2 Effect of prestress on the principal stresses in a beam web. (a) At P = 0.
(b) At P> 0.

When the principal tensile stress o, reaches the tensile strength of concrete,
cracking occurs and the cracks form in the direction perpendicular to the
direction of o,.

When the prestress is zero, o) is equal to the shear stress v and acts at
45° to the beam axis, as shown in Figure 7.2a. If diagonal cracking occurs,
it will be perpendicular to the principal tensile stress, i.e. at 45° to the
beam axis. When the prestress is not zero, the normal compressive stress
6 (= P/A) reduces the principal tension 6, as illustrated in Figure 7.2b. The
angle between the principal stress direction and the beam axis increases,
and consequently, if cracking occurs, the inclined crack is flatter. Prestress
therefore improves the effectiveness of any transverse reinforcement (stirrups)
that may be used to increase the shear strength of a beam. With prestress
causing the inclined crack to be flatter, a larger number of vertical stirrup
legs are crossed by the crack and, consequently, a larger tensile force can be
carried across the crack.

In the case of I-beams, the maximum principal tension may not occur at
the centroidal axis of the uncracked beam where the shear stress is greatest,
but may occur at the flange-web junction where shear stresses are still high
and the longitudinal compression is reduced by external bending.



264 Design of Prestressed Concrete to Eurocode 2

If the prestressing tendon is inclined at an angle 6, the vertical component
of prestress P, (= P sin 0, ~ P0,) usually acts in the opposite direction to the
load-induced shear. The force P, may therefore be included as a significant
part of the shear strength of the cross-section. Alternatively, P, may be
treated as an applied load and the net design shear force Vi, to be resisted
by the section may be taken as:

VEd = Vloads -P

v

(7.1)

In summary, the introduction of prestress increases the shear strength of
a reinforced concrete beam. Nevertheless, prestressed sections often have
thin webs, and the thickness of the web may be governed by shear strength
considerations.

7.2.3 Web reinforcement

In a beam containing no shear reinforcement, the shear strength is reached
when inclined cracking occurs. The inclusion of shear reinforcement, usu-
ally in the form of vertical stirrups, increases the shear strength. After
inclined cracking, the shear reinforcement carries tension across the cracks
and resists widening of the cracks. Adjacent inclined cracks form a regular
pattern as shown in Figure 7.3a. The behaviour of the beam after cracking
is explained conveniently in terms of an analogous truss, first described by
Ritter [1] and shown in Figure 7.3b.

| l
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Figure 7.3 The analogous truss used to model a beam with shear reinforcement.
(a) Beam elevation after inclined cracking. (b) The truss analogy.
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The web members of the analogous truss resist the applied shear and
consist of vertical tension members (which represent the vertical legs of
the closely spaced steel stirrups) and inclined compression members (which
model the concrete segments between the inclined cracks). In reality, there
exists a continuous field of diagonal compression in the concrete between
the diagonal cracks. This is idealised in the analogous truss by the discrete
diagonal compression struts. In a similar manner, the vertical members of
the analogous truss may represent a number of more closely spaced verti-
cal stirrups. The top compressive chord of the analogous truss represents
the concrete compressive zone plus any longitudinal compressive reinforce-
ment, and the bottom chord models the longitudinal prestressed and non-
prestressed reinforcement in the tensile zone. At each panel point along the
bottom chord of the analogous truss, the vertical component of the com-
pressive force in the inclined concrete strut must equal the tension in the
vertical steel member, and the horizontal component must equal the change
in the tensile force in the bottom chord (i.e. the change in force in the pre-
stressing tendon and any other longitudinal non-prestressed reinforcement).

The analogous truss can be used to visualise the flow of forces in a beam
after inclined cracking, but it is at best a simple model of a rather complex
situation. The angle of the inclined compressive strut 6 has traditionally
been taken as 45°, although in practical beams it is usually less. The stirrup
stresses predicted by a 45° analogous truss are considerably higher than
those measured in real beams [2] because the truss is based on the assump-
tion that the entire shear force is carried by the vertical stirrups. In fact,
part of the shear is carried by dowel action of the longitudinal tensile steel
and part by friction on the mating surfaces of the inclined cracks (known as
aggregate interlock). Some shear is also carried by the uncracked concrete
compressive zone. In addition, the truss model neglects the tension carried
by the concrete between the inclined cracks. The stress in the vertical leg of
a stirrup in a real concrete beam is therefore maximum at the inclined crack
and is significantly lower away from the crack.

At the ultimate limit state, shear failure may be initiated by yielding of
the stirrups or, if large amounts of web reinforcement are present, crushing
of the concrete compressive strut. The latter is known as web-crushing and
is usually avoided by placing upper limits on the quantity of web reinforce-
ment. Not infrequently, premature shear failure occurs because of inad-
equately anchored stirrups. The truss analogy shows that the stirrup needs
to be able to carry the full tensile force from the bottom panel point (where
the inclined compressive force is resolved both vertically and horizontally)
to the top panel point. To achieve this, care must be taken to detail the
stirrup anchorages adequately to ensure that the full tensile capacity of the
stirrup can be developed at any point along the vertical leg. After all, an
inclined crack may cross the vertical leg of the stirrup at any point.

Larger diameter longitudinal bars should be included in the corners of
the stirrup to form a rigid cage and to improve the resistance to pull out of
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the hooks at the stirrup anchorage. These longitudinal bars also disperse
the concentrated force from the stirrup and reduce the likelihood of split-
ting in the plane of the stirrup anchorage. Stirrup hooks should be located
on the compression side of the beam where anchorage conditions are most
favourable and the clamping action of the transverse compression greatly
increases the resistance to pull out. If the stirrup hooks are located on the
tensile side of the beam, anchorage may be lost if flexural cracks form in the
plane of the stirrup. In current practice, stirrup anchorages are most often
located at the top of a beam. In the negative moment regions of such beams,
adjacent to the internal supports, for example where shear and moment are
relatively large, the shear capacity may be significantly reduced owing to
loss of stirrup anchorages after flexural cracking.

It is good practice for the shear reinforcement calculated as being nec-
essary at any cross-section to be provided for a distance b from that cross-
section in the direction of decreasing shear, where b is the overall depth
of the member. The first stirrup at each end of a span should be located
within 50 mm from the face of the support. Shear reinforcement should
extend as close to the compression face and the tension face of the mem-
ber as cover requirements and the proximity of other reinforcement and
tendons permit. The bends in bars used as stirrups should also enclose,
and be in contact with, a longitudinal bar with a diameter not less than
the diameter of the fitment (stirrup) bar.

In Figure 7.4, some satisfactory and some unsatisfactory stirrup arrange-
ments are shown. Generally, stirrup hooks should be bent through an angle
of at least 135°. A 90° bend (a cog) will become ineffective should the cover
be lost, for any reason, and will not provide adequate anchorage. Fitment
cogs of 90° should not be used when the cog is located within 50 mm of
any concrete surface.

In addition to carrying diagonal tension produced by shear, and con-
trolling inclined web cracks, closed stirrups also provide increased ductil-
ity to a beam by confining the compressive concrete. The open stirrups

Y Tensile
‘ i LI: lapped splice
(a) (b)

Compressive side e

Tensile side .o

(c)

Figure 7.4 Stirrup shapes. (a) Incorrect. (b) Satisfactory in some situations. (c) Desirable.
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shown in Figure 7.4b are commonly used, particularly in post-tensioned
beams where the opening at the top of the stirrup facilitates the placement
and positioning of the post-tensioning duct along the member. This form
of stirrup does not provide confinement for the concrete in the compres-
sion zone and is undesirable in heavily reinforced beams where confine-
ment of the compressive concrete may be required to improve ductility of
the member.

It is good practice to use adequately anchored stirrups, even in areas of
low shear, particularly when tensile steel quantities are relatively high and
cross-sectional ductility is an issue. EN 1992-1-1 [3] suggests that when
calculations indicate that no shear reinforcement is required (see Section
7.2.4), minimum shear reinforcement should nevertheless be provided
(as given by Equation 7.17). EN 1992-1-1 [3] also specifies that minimum
shear reinforcement may be omitted in slabs where transverse distribution
of loads is possible and in members of minor importance that do not con-
tribute to the overall strength and stability of the structure.

7.2.4 Design strength of beams without
shear reinforcement

The design shear strength of a beam without shear reinforcement Vg is
usually considered to be the load required to cause the first inclined crack.
In regions of a beam where the design shear force Viy < Vi, no calculated
shear reinforcement is necessary.

According to EN 1992-1-1 [3], the design value of the shear resistance
Viae (in N) in a prestressed concrete member cracked in bending is given by:

VRd,c = [CRd,ck(looplfck )1/3 + klccp]bwd 2 (ymin + klccp )bwd (7'2)

where f, is in MPa; k =1++/200/d <2.0 (with d in mm); p, = Ay/(b,d) <
0.02; A, is the area of the longitudinal tensile reinforcement that extends
at least ([, + d) beyond the section considered; b, is the smallest width of
the cross-section in the tensile area (in mm); 6., = N4/A.<0.2f,4 (in MPa);
Ng, is the magnitude of the axial compressive force on the cross-section
due to the design loading and prestress (in N); A, is the area of the con-
crete cross-section (in mm?); Cpy . = 0.18/y. = 0.12 for persistent and
transient loads; k; = 0.15 and vy, = 0.035k" £,%°. Equation 7.2 may be
considered as the shear force required to develop a flexure-shear crack
(refer Figure 7.1).

For members with loads applied to the top surface relatively close to the
support (i.e. when a, < 2d), the contribution of such loads to the design
shear force Vi may be multiplied by f = a,/2d > 0.25, where a, is defined
in Figure 7.5 and is measured from the edge of a rigid support (as shown) or
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L ik

Figure 7.5 Loads near a support [3].

the centre of bearing for a flexible bearing. The factored design shear force
calculated without reduction by p should always satisfy:

Vig <0.3bydfq| 1- fe 7.3
Ed W fcdl: 250:| ( )

In regions of a beam that are uncracked in bending (i.e. when the extreme
fibre flexural tensile stress is less than £, o 0s/v.), the design shear resistance
is limited by the tensile strength of the concrete in the web and is given by:

Ib,,

VRd,c S

where I is the second moment of area; b, is the width of the cross-section
at the centroidal axis (allowing for the presence of ducts in accordance with
Equations 7.19 and 7.20); S is the first moment of the area above and about
the centroidal axis; o; = [/l,;, < 1.0 for pretensioned members and a; = 1.0
for other types of prestressed members; [, is the distance of the cross-section
under consideration from the start of the transmission length; o, is the mag-
nitude of the concrete compressive stress at the centroidal axis due to axial
loading and/or prestressing (o, = Ni4/A, in MPa); [, is the upper bound of
the transmission length (I, = 1.2 ) and [ is given by Equation 8.2.

On cross-sections, where the width varies over the height, the maximum
principal tension may occur on an axis other than the centroidal. In such
cases, Equation 7.4 should be used to locate the axis for which Vg, is at its
minimum value with b, and S referring to the axis under consideration and
o, replaced by the concrete stress caused by prestress and bending at the
axis under consideration. Equation 7.4 should be considered as the shear
force required to cause a shear-tension crack (refer Figure 7.1)

(fcrd )2 + (x‘lccpfctd (74)

7.2.5 Design resistance of beams
with shear reinforcement

In Figure 7.6, the transfer of shear force across a diagonal crack in a beam
with vertical shear reinforcement is shown. The part of the shear force
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Figure 7.6 Transfer of shear at an inclined crack.

carried by shear stresses in the uncracked concrete compression zone is V_,
the part carried by bearing and friction between the two surfaces of the
inclined crack is V,, the part carried by dowel action in the longitudinal
steel crossing the crack is V; and the contribution of stirrups to the shear
strength of the beam depends on the area of the vertical legs of each stirrup
A, and the stress in each stirrup crossed by the inclined crack.

At the ultimate limit state, EN 1992-1-1 [3] conservatively assumes that
the design strength in shear Vg, is calculated based on the truss model
shown in Figure 7.7 and is given by:

Vea = Vras + Veea t Vi (7.5)

where Vg, is the design value of the maximum shear force that can be
resisted by the yielding shear reinforcement and is given by Equation 7.7;
V.4 is the design value of the shear component of the compressive force in
the compression chord of the truss at the cross-section under consideration
(and is only non-zero when the compression chord is inclined) and V,, is

the design value of the shear component of the tensile force in the tensile

Compression chord

V (cot 8,—cot a)

7

)

Shear reinforcement Tension chord

Figure 7.7 Truss model for shear in a beam with shear reinforcement [3].
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reinforcement at the cross-section under consideration (and is only non-
zero when the tensile chord is inclined).

In Figure 7.7, F_4is the design value of the compressive force in the direc-
tion of the member’s longitudinal axis, F,is the design value of the tensile
force in the tension chord, 0, is the angle between the compression strut
and the longitudinal axis perpendicular to the shear force, o is the angle
between the shear reinforcement and the longitudinal axis perpendicular to
the shear force and z is the perpendicular distance between the compression
and tension chords and may generally be taken as z = 0.94.

It is reasonable to take the length of the horizontal projection of the
inclined crack to be z cot 0, The number of stirrups crossing the diagonal
crack is therefore z cot 0,/s, where s is the spacing of the stirrups required
for shear in the direction of the member axis. EN 1992-1-1 [3] imposes the
limits on the angle 6, given by:

1<cot0,<2.5 (7.6)

For members with shear reinforcement perpendicular to the longitudinal
axis of the member (i.e. a = 90°), the design shear resistance Vi, is given by
either Equation 7.7 or 7.8, whichever is the smaller value:

zcotO,

VRd,s = Aswfywd (7'7)
VRd,max = w (7 8)
(cotB,+ tan6,)

where A, is the cross-sectional area of each stirrup, b, is the minimum
width of the cross-section between the tension and compression chords
(allowing for any post-tensioning ducts in the web — see Equations 7.19

and 7.20), f,,.q is the design yield strength of the shear reinforcement, v, is a
strength reduction factor for concrete cracked in shear given by:
vy =0.6]1- 1 (7.9)
250

except that, if the design shear stress in the shear reinforcement is less than
0.8f,, then v; = 0.6 for f, < 60 MPa and v, = (0.9 - £,/200) > 0.5 for
f. > 60 MPa.

The coefficient a, accounts for the state of stress in the compression
chord and equals 1.0 for non-prestressed members. For prestressed mem-
bers o, is given by:

Oew = (1+0¢/fua) £1.25 for 0 <o, <0.5fq
Oew = 2.5(1 =0y /fea) for 0.5f.4 < 0 < 1.0fq (7.10)
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where o, is the magnitude of the mean compressive stress in the concrete
due to the design axial force.

For members with inclined shear reinforcement (i.e. 45° < a < 90°), the
design shear resistance Vg, is given by either Equation 7.11 or 7.12, which-
ever is the smaller value:

Z(cot B, + cota)sina,

VRd,s = Asw fywd s

(7.11)

v Olewbywzvifed(cot B, + cota)
Rd,max =
m (1+cot?8,)

(7.12)

The design shear resistance Vi, in Equations 7.7 and 7.11 is equal to the
vertical force carried by the web reinforcement when the design stress in
every stirrup crossed by the inclined crack is f,, 4. The resistance Vig ., in
Equations 7.8 and 7.12 is the maximum design shear resistance and is gov-
erned by crushing of the concrete in the inclined compression strut between
the shear cracks.

The maximum area of vertical shear reinforcement (i.e. « = 90°) that can
be included in a particular cross-section is when cot8, = 1 and is obtained
by equating Equations 7.7 and 7.8:

Asw,max — acwbwvlfcd

. o (7.13)

For inclined stirrups (i.e. 45° < a < 90°), equating Equations 7.11 and 7.12
with cot 0, =1 gives:

Asw,max _ acwbwvlfcd

s 2fywasino

(7.14)

In regions of a beam, where the design shear force diagram is continuous,
the shear reinforcement required in any length [ = z(cot 0, + cot a) may be
calculated using the smallest value of the design shear force (Vi) in that
length.

The shear reinforcement ratio is given by:

A
w = — 2 min 7.15
P (sby, sinal) P ( )
where
LN (7.16)
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and from Equation 7.15, the minimum quantity of shear reinforcement is
therefore:

Asw,min _ 0.0gbw sin a‘\/fc_k
$ fyk

(7.17)

EN 1992-1-1 [3] specifies that the maximum longitudinal spacing between
stirrups is:

=0.75d (1 + cot ) (7.18)

sl,max

For webs containing grouted metal ducts of outer diameter ¢ > b/8, the
maximum design shear resistance Vg .., should be calculated by substitut-
ing b for b, in either Equation 7.8 or 7.12 as appropriate, where:

w,nom

b,..=b, -0.5%d (7.19)

w,nom

and Z¢ is determined for the most unfavourable level on the cross-section.
For grouted metal ducts with ¢ < b,/8, b, .., = b,,. For non-grouted ducts,
grouted plastic ducts and unbonded tendons:

b, =b, -3¢ (7.20)

w,nom ~—

The additional tensile force AF,, in the longitudinal reinforcement due to
the design shear force Vi, is given by:

AF 4 =0.5Vg, (cot 0, — sin a) (7.21)

except that the force in the tensile reinforcement (My,/z) + AF,4 should not
be taken greater than (Mg, ,,,/z), where Mg, ., is the maximum moment
along the beam.

For members with loads applied to the top surface relatively close to the
support (i.e. when a, < 2d), as shown in Figure 7.8, the contribution of such
loads to the design shear force V4 may be reduced by = a,/2d > 0.25. In
addition, the design shear force calculated this way should satisfy:

Vid € Ay fywa sina (7.22)

where A f.q is the design resistance of the shear reinforcement located
within the length 0.75a, centrally located within the shear span a,, as shown
in Figure 7.8. The reduction factor p should only be applied when calculating
the required shear reinforcement and only when the longitudinal reinforce-
ment is fully anchored at the support. In addition, the design shear force Vg,
calculated without reduction by B should always satisfy Equation 7.3.

In EN 1992-1-1 [3], 0, may be varied between the limits specified in
Equation 7.6, i.e. 45° > 0, > 21.8°. It is evident from Equations 7.7 and
7.11 that the contribution of stirrups to the shear strength of a beam
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Figure 7.8 Shear reinforcement in short shear spans with direct strut action.

depends on 0,. The flatter the inclined crack (i.e. the smaller the value of 6,),
the greater is the number of effective stirrups and the greater is the value
of Vi, In order to achieve the desired shear strength in design, fewer
stirrups are required as 0, is reduced. The choice of 6, = 21.8° leads to the
least amount of shear reinforcement. However, if the slope of the diago-
nal compression member in the analogous truss of Figure 7.3 is small,
the change in force in the longitudinal tensile steel is relatively large (see
Equation 7.21). More longitudinal steel is required in the shear span near
the support than would otherwise be the case, and greater demand is
placed on the anchorage requirements of these bars. It should also be
noted that a choice of 6, = 45° will give the largest value of Vi, ., in
Equation 7.12 and the smallest possible web width &.,.

For a given amount of shear reinforcement (A, /s), the optimum value of
0, is when the design shear resistance provided by the stirrups Vi, is equal
to the maximum design shear resistance provided by the compressive strut
Vidmax- In design, Vg > Viy. Therefore, if Vi, is set equal to Vi, the
optimum value of 6, can be determined.

EN 1992-1-1 [3] also requires that the longitudinal steel necessary for
flexure at any particular section must be provided and developed at a
section a distance a, along the beam in the direction of increasing shear.
For beams without shear reinforcement, a, = d. For members with shear
reinforcement:

a, = z(cot 6, - cot a)/2 (7.23)

7.2.6 Summary of design requirements for shear

The design requirements for shear in EN 1992-1-1 [3] are summarised in
the following:

1. The design shear resistance of a member without shear reinforcement
is Vg4, given by Equation 7.2 for a member cracked in bending or
given by Equation 7.4 for a member uncracked in bending.
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2.

3.

The design shear resistance of a member with shear reinforcement is
V4 given by Equation 7.5.

The contribution of the shear reinforcement to the design shear resis-
tance Vyg, is given by Equation 7.11 (repeated here for convenience):

zZ(cot B, + cota)sina

VRd,s = Aswfywd (711)

N

where s is the centre-to-centre spacing of the shear reinforcement
measured parallel to the axis of the member and 6, is the angle of the
concrete compression strut to the beam axis and may be taken as any
value between 21.8° and 45°.

. The maximum design shear resistance of a member with shear rein-

forcement is governed by crushing of the inclined concrete struts in
the web of the member. In no case should the design shear strength
Via,s exceed Vig ., (as defined in Equation 7.12). The corresponding
upper limit on the amount of shear reinforcement permitted in the
member is given by Equation 7.14. The minimum quantity of shear
reinforcement permitted in a beam is given by Equation 7.17.

. For members subject to predominantly uniformly distributed load,

the design shear force need not be checked at a distance less than d
from the face of the support. Any shear reinforcement required at the
section d from the face of the support should continue to the face of
the support. Notwithstanding this requirement, the shear at the sup-
port should not exceed Vyy ., given by Equation 7.12. In addition,
the longitudinal tensile reinforcement required at d from the face of
the support shall be continued into the support and shall be fully
anchored past that face.

Where diagonal cracking can take place at the support or extend
into the support, such as when the support is above the beam, the
design shear force should be checked at the face of the support.

. Where the Vg < Viy ., no shear reinforcement is theoretically required,

but minimum shear reinforcement as given by Equation 7.17 should
be included in all members, with the exception of slabs and members
of minor importance that do not contribute to the overall strength
and stability of the structure.

Where Vi, > Viy,, shear reinforcement should be provided in accor-
dance with Equation 7.7 (for vertical stirrups) or Equation 7.11 (for
inclined stirrups).

. The maximum spacing between stirrups s, .., measured in the direc-

tion of the beam axis, is given by Equation 7.18. The maximum trans-
verse spacing between the vertical legs of a stirrup measured across
the web of a beam should not exceed the lesser of 0.75 d or 600 mm.
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The first stirrup at each end of a span should be positioned no more
than 50 mm from the face of the adjacent support.

8. Stirrups should be anchored on the compression side of the beam
using standard hooks bent through an angle of at least 135° around
a larger diameter longitudinal bar. It is important that the stirrup
anchorage be located as close to the compression face of the beam
as is permitted by concrete cover requirements and the proximity of
other reinforcement and tendons.

7.2.7 The design procedure for shear

An appropriate procedure for the design of a beam for shear resistance is
outlined below.

1. Calculate the design shear force Vi, along the span. The maximum
value need not be determined closer than d from the face of the
support.

2. Calculate the unreinforced concrete capacity Vi, using Equation 7.2
for a section that has been cracked in flexure or Equation 7.4 for a
section that is uncracked in flexure.

3. If Vg < Viy,, then minimum reinforcement given by Equation 7.17 is
required.

Go to Step 6.

4. If Vg > Viy, shear reinforcement is required to resist the design shear
force Viy.

Calculate Vi .y from Equation 7.12 (or Equation 7.8 for vertical
stirrups) for cot 0, = 1.0.

Calculate Vg4 .y s from Equation 7.12 for cot 6, = 2.5.

If Vig > Vigma» the section is inadequate and requires a redesign
involving an increase in section dimensions and/or an increase in
concrete strength.

If Vig < Vigmaxo.ss take cot6, = 2.5, i.e. 6, = 21.8°.

If Vig> Vidmaxa.s» 6, may be estimated using:

0, =21.8+423.2x Vi = VRdmacas (7.24)

Rd,max,1 — VRdAmax,Z.S

5. Determine the amount of shear reinforcement using the value of 0,
determined in Step 4 and Equation 7.11, by satisfying the strength
requirement Vg < Vyg.. If vertical stirrups are used, Equations 7.5
and 7.7 give:

zcot0
VEd < Aswfywd fv + Vccd + \/td
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and therefore:

h > VEd _Vccd _\/r,d

> 7.25
s fywaz cot 6, ( )

6. The maximum longitudinal spacing of shear reinforcement is given by
Equation 7.18. That is:

= 0.75d(1 + cot o).

sl,max

EXAMPLE 7.1

The shear reinforcement for the post-tensioned beam shown in Figure 7.9
is to be designed (assume 12 mm diameter stirrups each with two verti-
cal legs and f,, = 500 MPa). The beam is simply-supported over a span of
30 m and carries a uniformly distributed load, consisting of an imposed load
Wg = 25 kN/m and a permanent load wg = 40 kN/m (which includes the
beam self-weight). The beam is prestressed by a bonded parabolic cable with
an eccentricity of 700 mm at mid-span and zero at each support. The area
of the prestressing steel is A, = 3800 mm? and the metal duct diameter is
120 mm. The prestressing force at each support is 4500 kN and at mid-span is
4200 kN and is assumed to vary linearly along the beam length. The concrete

wg =40 kN/m and wgq =25 kN/m
VIR T TN T T T T S S T TS SRR S S S N

X Ie

Parabolic cable profile 30m | ’

Elevation

| 1500 | Properties of gross section:
A =543,800 mm?
1=87.7 x 10° mm*
§=96.0 x 10° mm*
Yeop=423.7 mm

Jtop

1300
Jbtm
Ybtm = 876.3 mm

A, =3800 mm?
P mm Concrete strength:

Section fox =40 MPa

(All dimensions in mm)

Figure 7.9 Beam details (Example 7.1).
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cover to the reinforcement is taken to be 40 mm. The strength class for
concrete is C40/50.

The factored design load combination for the strength limit state (see
Section 2.3.2) is given by Equation 2.1:

Weg = 1.35wg + 1.5wq = 1.35 x 40 + 1.5 x 25 = 91.5 kN/m

At x m from support A, the design shear force Vg, is the shear caused by wg,
minus the vertical component of prestress at this point. Accordingly:

Vey = 13725 - 91.5x = P,(x) and Mg, = 1372.5x — 45.75x @.1.1)

Using Equations 1.3 and 1.4, the distance of the parabolic prestressing cable
below the centroidal axis of the section at x m from A and the slope of the
cable at that point are:

y:—2.8{3);—(3):’)j} and y':—ﬁ(l—l’;j (7.1.2)

With 40 mm cover and assuming 12 mm diameter stirrups and 28 mm diam-
eter bottom reinforcement in the tension chord, the depth to the centroid of
the tensile reinforcement is d = 1300 — 40 — 12 — 14 = 1234 mm and the lever
arm between the compression and tension chords is approximated by:

z=09d= Il mm

In Table 7.1, a summary of the calculations and reinforcement requirements
at a number of sections along the beam is presented. In the following, sample
calculations are provided for the sections at | m from the support and at 2 m
from the support. In this example, b, ..., = b,, = 0.5 Z¢ =190 mm, and from
Equations 4.11 and 4.12, when f,, = 40 MPa, f., = 26.67 MPa and f.,, = 1.67 MPa.
From Table 4.6, f, .4 = 435 MPa.

From Equation 7.10, o, = 1.25, and from Equation 7.9, v, = 0.6 x (I —40/250) =
0.504. The maximum and minimum quantities of shear reinforcement are
obtained from Equations 7.14 and 7.17, respectively:

Agwmax _ 1.25x190 x0.504 x 26.67
s 2x435x1.0

=3.67

Acwmin _ 0.08x190x1.0 x /40 0,192
s 500
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Using 12 mm diameter vertical stirrups with 2 vertical legs, i.e. A, = 220 mm?,
the maximum stirrup spacing to satisfy the minimum steel requirement is
Smax = 220/0.192 = 1146 mm. However, the maximum spacing is limited to
0.75d (Equation 7.18).

Atx=1.0m

From Equation 7.1.2:

y = —=0.0902 m (and therefore e = 90.2 mm) and y’ =6, =-0.087I rad

For this cross-section, P, . = 4480 kN and the concrete stress at the centroi-
dal axis and the vertical component of prestress are:

6p =P, /A=824MPa and P,=-P, 0,=390kN
From Equation 7.1.1:

Vee =891 kN and My, = 1327 kNm

Check whether the section has cracked in bending under the full design
bending moment:
Poc

G = =7 = P"‘e# + % =824 4.04+13.26 = 0.98 MPa < fi,y

and therefore, the cross-section has not cracked.
From Equation 7.4:

87.7 x10° x190

96.0x10° VO 67)2 +1.0x824x1.67 =706.2 kN < Vg
.U X

de.c =

Therefore, shear reinforcement is required.
For cot 0, = |, Equation 7.8 gives:

Vi = 1.25x190x1111x0.504 x26.67 —1773 kN

(+1

For cot 6, = 2.5, Equation 7.8 gives:

Vegmacas = 1.25x190x1111x0.504 x 26.67 —1223 kN

(2.5 +0.4)
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With Vig < Vrgmax2.5» the slope of the inclined compressive strut may be taken
as 0, = 21.8° (i.e. cot 0, = 2.5). Equation 7.25 gives the required amount of
shear reinforcement:

3
Ao o (891-0-0)xI0 _ .
s 435x1111x25

and with A, = 220 mm?, the stirrup spacing must satisfy s < 220/0.738 =
298 mm.

Using 12 mm diameter steel stirrups (with two vertical legs) at 290 mm cen-
tres satisfies both the minimum and maximum transverse steel requirements
and the maximum spacing requirement (Equation 7.18) of EN 1992-1-1 [3].

From Equation 7.21, the additional tensile force AF,, in the longitudinal rein-
forcement due to the design shear force Vi, is AF4 = 0.5V cot 6, = 1114 kN,
and the area of anchored tensile reinforcement in the bottom chord to carry
this force is A, = AF4/f,4 = 2561 mmZ.

Use five 28 mm diameter bottom bars. Therefore p, = A/(b,,d) = 0.0131.

Atx=2.0m
From Equation 7.1.2:
y = =0.174 m (and therefore e = 174 mm) and y =0, =-0.0809 rad

For this cross-section, P, = 4460 kN. The concrete stress at the centroidal
axis and the vertical component of prestress are:

6, =P, /A=820MPa and P, =-P, 6, =360.8kN
From Equation 7.1.1:

Ve,=829kN and Mg, = 2562 kNm

Check whether the section has cracked in bending under the full design bend-
ing moment:

Pm.t _ Pm,teybtm
)

Obtm = —

+ MEdIy bm _ 820 —7.75+ 25.60 = +9.65 MPa > fuy

and therefore, the cross-section has cracked.
In Equation 7.2, Cpy . = 0.12, k =1+ 200 /1234 = 1.40, v,,,, = 0.035 x 1.40'> x
40%5=0.37, k, = 0.15 and p, = 0.0131. From Equation 7.2:

Vi :[o.lzx|.40x(|ooxo.0|3|x40)"3+o.|5x8.20]x|9ox|234x|0-3
= 4358 kN

This is less than V¢, and therefore, shear reinforcement is required.
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With Vg4 < Vrgmax2s the slope of the inclined compressive strut may be
taken as 0, = 21.8° (i.e. cot 6, = 2.5) and the required amount of shear rein-
forcement is obtained from Equation 7.25:

A . (829-0-0)x10°

> =0.686
s 435x1111x2.5

With A, = 220 mm?, the stirrup spacing must satisfy s < 220/0.686 = 321 mm.

Using 12 mm diameter steel stirrups (with two vertical legs) at 320 mm
centres satisfies both the minimum and maximum transverse steel
requirements and the maximum spacing requirement (Equation 7.18) of
EN 1992-1-1 [3].

For other cross-sections, results are shown in Table 7.I. When x
exceeds about 8.3 m, the design shear V¢, is less than V4 and the con-
crete alone can carry the shear. The minimum amount of shear reinforce-
ment is required, therefore, in the middle portion of the span (from x =
9 to 21 m).

Table 7.1 Summary of results — Example 7.1

Specified
spacing of
12 mm
Cracked  Equation  Equation  vertical steel
X Ved Mgy P in 7.4 7.2 stirrups
(m) (kN) ~ (kNm)  (kN)  bending Vg (KN) Vg (kN) (2 legs) (mm)
I 890.7 1327 4480 No 706.2 — 298
2 8287 2562 4460 Yes = 4358 321
3 766.5 3706 4440 Yes - 434.5 347
4 7040 4758 4420 Yes — 4333 378
5 6412 5719 4400 Yes - 432.0 415
6 5782 6588 4380 Yes — 430.7 460
7 5150 7366 4360 Yes - 429.4 516
8 4515 8052 4340 Yes - 428.1 588
9 3977 8647 4320 Yes = 426.8 833*
10 323.7 9150 4300 Yes = 425.5 833*

* Minimum steel required (Vgy <Vgy ) and s = 0.75d.
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7.2.8 Shear between the web
and flange of a T-section

As the moment varies along a T-beam, the change in force in the flange
is transmitted to the web of the beam by longitudinal shear stresses that
develop at the junction between the web of the beam and the flange on
each side of the web. Figure 7.10 shows a segment of a T-beam where the
longitudinal force in the flange on each side of the web due to bending at
the ultimate limit state varies from F, at Section A-A to F,; + AF, at Section
B-B. EN 1992-1-1 [3] specifies that the shear strength of the flange may
be calculated by treating the flange as a system of compressive struts and
tensile ties in the direction perpendicular to the beam axis. The average
longitudinal shear stress vy, at the junction between one side of the flange
and the web is given by:

(7.26)

where b, is the flange thickness and Ax is the length of the beam over which
AF, develops (as shown in Figure 7.10).

The length Ax should not be taken greater than half the distance from
the section where the moment is zero to the section where the moment is the
maximum. For a beam subjected to point loads, Ax should not be greater
than the distance between point loads.

The area per unit length of transverse reinforcement in the slab must be
sufficient to carry the transverse tension generated by the inclined compres-
sion struts in the flange shown in Figure 7.10 and may be determined from:

Ugabhis

(7.27)

Figure 7.10 Notation for shear at a flange—web junction [3].
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where the angle between the compression strut and the longitudinal axis of
the beam may be taken within the ranges 45° > 0; > 26.5° (i.e. 1.0 < cot 6;
< 2.0) for compressive flanges and 45° > 0, > 38.6° (i.e. 1.0 < cot 0, < 1.25)
for tensile flanges.

To prevent crushing of the compression struts in the flange, v, should
satisfy:

Vpq < Ufeq in O cos B¢ (7.28)

where v is the strength reduction factor for concrete cracked in shear and is
equal to v, given by Equation 7.9.

In beam and slab floor systems, the slab spans between the beams result-
ing in transverse bending in the flange of the T-beam. The reinforcement
required to resist this bending will often exceed the reinforcement required
to satisfy Equation 7.27 (i.e. required to resist the shear between the flange
and the web).

When the flange does resist transverse bending, as well as shear between
the flange and the web, EN 1992-1-1 [3] requires that the area of transverse
steel should be greater than the value given by Equation 7.27 or half that
given by Equation 7.27 plus that required for transverse bending.

If vy, is less than 0.4f,,, no additional reinforcement needs to be provided
other than that required for flexure.

If longitudinal tensile reinforcement is required in the flange at a particu-
lar section, it should be anchored beyond the strut required to transmit the
bar force back to the web at the section where this reinforcement is required
(see Figure 7.10).

7.3 TORSION IN BEAMS

7.3.1 Compatibility torsion and equilibrium torsion

In addition to bending and shear, some members are subjected to twisting
about their longitudinal axes. A common example is a spandrel beam sup-
porting the edge of a monolithic floor, as shown in Figure 7.11a. The floor
loading causes torsion to be applied along the length of the beam. A second
example is a box girder bridge carrying a load in one eccentric traffic lane,
as shown in Figure 7.11b. Members which are curved in plan such as the
beam in Figure 7.11¢c may also carry significant torsion.

For the design of spandrel beams, designers often disregard torsion and
rely on redistribution of internal forces to find an alternative load path.
This may or may not lead to a satisfactory design. When torsional cracking
occurs in the spandrel, its torsional stiffness is reduced and, therefore, the
restraint provided to the slab edge is reduced. Additional rotation of the
slab edge occurs and the torsion in the spandrel decreases.
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(c)

Figure 7.11 Members subjected to torsion. (a) Compatibility torsion. (b) Equilibrium
torsion. (c) Equilibrium and compatibility torsion.

Torsion that may be reduced by redistribution, such as the torsion in
the spandrel beam, is often called compatibility torsion. Whereas indeter-
minate structures generally tend to behave in accordance with the design
assumptions, full redistribution will occur only if the structure possesses
adequate ductility and may be accompanied by excessive cracking and large
local deformations. Ductile reinforcement is essential. For some statically
indeterminate members (and for statically determinate members) twisted
about their longitudinal axes, some torsion is required for equilibrium and
cannot be ignored. In the case of the box girder bridge of Figure 7.11b, for
example, torsion cannot be disregarded and will not be redistributed, as
there is no alternative load path. This is equilibrium torsion and must be
considered in design. EN 1992-1-1 [3] states that where equilibrium of the
structure depends on the torsional resistance of its elements, a full torsional
design covering both ultimate and serviceability limit states is required.
However, in statically indeterminate structures, where torsion arises from
considerations of compatibility only, it is usually not necessary to consider
torsion at the ultimate limit state, but to provide sufficient reinforcement to
control cracking at service loads.

The behaviour of beams carrying combined bending, shear and torsion
is complex. Most current design recommendations rely heavily on gross
simplifications and empirical estimates derived from experimental observa-
tions and the provisions of EN 1992-1-1 [3] are no exception.
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7.3.2 Effects of torsion

Prior to cracking, the torsional stiffness of a member may be calculated
using elastic theory. The contribution of reinforcement to the torsional
stiffness before cracking is insignificant and may be ignored. When crack-
ing occurs, the torsional stiffness decreases significantly and is very depen-
dent on the quantity of steel reinforcement. In addition to causing a large
reduction of stiffness and a consequential increase in deformation (twisting),
torsional cracks tend to propagate rapidly and may be wider and more
unsightly than flexural cracks.

Torsion causes additional longitudinal stresses in the concrete and the
steel and additional transverse shear stresses. Large torsion results in a sig-
nificant reduction in the load carrying capacity in bending and shear. To
resist torsion after the formation of torsional cracks, additional longitudinal
reinforcement and closely spaced closed stirrups are required. Cracks caused
by pure torsion form a spiral pattern around the beam, hence the need for
closed ties with transverse reinforcement near the top and bottom surfaces
of a beam as well as the side faces. Many such cracks usually develop at
relatively close centres, and failure eventually occurs on a warped failure
surface. The angles between the crack and the beam axis on each face of
the beam are approximately the same. EN 1992-1-1 [3] allows the effects of
torsion and shear to be superimposed, assuming the same value for the strut
angle 0,, with the limits on 0, as specified in Equation 7.6.

Tests show that prestress increases the torsional stiffness of a member
significantly but does not greatly affect the strength in torsion. The intro-
duction of prestress delays the onset of torsional cracking, thereby improv-
ing the member stiffness and increasing the cracking torque. The strength
contribution of the concrete after cracking, however, is only marginally
increased by prestress, and the contribution of the transverse reinforcement
is unchanged by prestress.

For a beam in pure torsion, the behaviour after cracking can be described
in terms of the three-dimensional analogous truss shown in Figure 7.12.
The closed stirrups act as transverse tensile web members (both vertical
and horizontal); the longitudinal reinforcement in each corner of the stir-
rups acts as the longitudinal chords of the truss and the compressive web
members inclined at an angle 0, on each face of the truss carry the inclined
compressive forces and represent the concrete between the inclined cracks
on each face of the beam.

The three-dimensional analogous truss ignores the contribution of the
interior concrete to the post-cracking torsional strength of the member.
The diagonal compressive struts are located on each face of the truss and,
in the actual beam, diagonal compressive stress is assumed to be located
close to each surface of the member. The beam is therefore assumed to
behave similarly to a hollow thin-walled section. Tests of members in pure
torsion tend to support these assumptions.
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Steel web ties
(stirrups)
Longitudinal
chords

Figure 7.12 Three-dimensional truss analogy for a beam in pure torsion. (a) Beam
segment. (b) Analogous truss.

Design models for reinforced and prestressed concrete beams in torsion
are usually based on a simple model such as that of Figure 7.12.

7.3.3 Design provisions for torsion

When designing for torsion in accordance with EN 1992-1-1 [3], a solid
cross-section may be idealised as a thin-walled closed section with shear flow
in each of the section walls resisting the applied torque. Non-rectangular
cross-sections, such as T-sections, are divided into subsections, each mod-
elled as an equivalent thin-walled section. The torsional strength of the sec-
tion is taken as the sum of the strengths of the individual subsections. The
distribution of the applied design torsion to the various subsections is in
proportion to their uncracked torsional stiffness and each subsection may
be designed separately.

Consider the cross-section shown in Figure 7.13a and the idealised thin-
walled section shown in Figure 7.13b. If the total area of the cross-section
inside the outer circumference is A (in Figure 7.13a, A = bbh) and the outer
circumference is u, the effective thickness of the thin walls of Figure 7.13b
is t; = Alu, but not less than twice the distance between the outside edge
and the centre of the longitudinal reinforcement.

For a cross-section subjected to an applied design torsion Ty, the shear flow
q.; in the i-th wall of the idealised section is the product of the shear stress
7.; and the effective wall thickness ¢.;; and may be taken as:

Tiq

SEd (7.29)
2A,

i = Tileti =

and the shear force in the ith wall due to torsion is:

Viai = 44z (7.30)
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Figure 7.13 ldealisation of cross-section in torsion. (a) Solid cross-section. (b) Idealised
thin-walled cross-section.

where z;is the side length of wall i defined by the distance between the
intersection points with the centre line of adjacent walls and A, is the area
enclosed by the centre lines of the connecting walls, including inner hollow
areas.

The additional transverse reinforcement required in each wall of the
idealised thin-walled cross-section is determined inserting Equations 7.29
and 7.30 into Equation 7.25:

Ay > VEd; _ Tra

2 = 7.31
s fywazicot®,  2Aif,.qcot, ( )

where A, is the area of the single leg of transverse steel in each wall of the
idealised thin-walled section.

The additional cross-sectional area of longitudinal reinforcement A
required to resist torsion may be determined from:

M = hcotOV (7.32)
279 k

where u, is the perimeter of the area A, 0, is the angle of the compressive
strut and f, is the design yield stress of the longitudinal steel.

In the compression side of the cross-section, the longitudinal reinforce-
ment may be reduced in proportion to the available compressive force caused
by bending. In the tension side, the amount of longitudinal reinforcement
required for torsion should be added to that required for bending and axial
tension. The longitudinal steel required for torsion should generally be
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distributed over the length of the side z; but for small cross-sections it can
be lumped at the ends of this length, i.e. in the corners of the closed ties.

To avoid crushing of the concrete struts, for a section in combined shear
and torsion, the following interaction equation must be satisfied:

Teg N A

TRd,max VRd,maX

<1.0 (7.33)

where Vi, is the design transverse force and Ty is the maximum design

torsional resistance given by:

d,max

TR max = 2VO0yfeaArles,; SINO, cos O, (7.34)

v is the same as v, in Equation 7.9 and o, is given in Equation 7.10. In
Equation 7.33, Vipg .y is the maximum design shear resistance given by
either Equation 7.8 or 7.12.

For solid rectangular sections that satisfy Equation 7.35, only minimum
reinforcement is required for shear and torsion:

h+hsl.o (7.35)
TRd,c VRd,c

where Ty, is the torsion required to cause first cracking in an otherwise
unloaded beam, determined by setting 7, ; = f.,4, and may be taken as:

C

TRd,c = ]tfctd (1 + 106cp/fck) (7.36)

The torsional constant J, may be taken as:

J. = 0.33x2y for solid rectangular sections;
= 0.33Zx2y for solid T-shaped, L-shaped or I-shaped sections; and

=2A.t, for thin-walled hollow sections, where A, is the area
enclosed by the centre lines of the walls of a single closed
cell and ¢, is the minimum thickness of the wall of the
hollow section.

The terms x and y are, respectively, the shorter and longer overall dimen-
sions of the rectangular part(s) of the solid section. The beneficial effect of

the prestress on Ty is accounted for by the term /(1 +10c,/f.) and o, is

the average effective prestress P, /A.

m,t
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EXAMPLE 7.2

A prestressed concrete beam has a rectangular cross-section 400 mm wide
and 550 mm deep. At a particular cross-section, the beam must resist the
following factored design actions: Mg, = 300 kNm, V¢, = 150 kN and T, =
60 kNm.

The dimensions and properties of the cross-section are shown in Figure 7.14.
An effective prestress of 700 kN is applied at a depth of 375 mm by a single
cable consisting of seven 12.9 mm diameter strands in a grouted duct of
60 mm diameter. The area of the strands is A, = 700 mm? and the character-
istic tensile strength is f, = 1860 MPa. The vertical component of the pre-
stressing force at the section under consideration is 50 kN, and the concrete
strength is f,, = 40 MPa (and therefore f,, = 26.67 MPa and f_, = 1.67 MPa).

Determine the longitudinal and transverse reinforcement requirements.

(1) Initially, the cross-section is checked for web-crushing. The effective
width of the web for shear is obtained from Equation 7.19:

by nom =400 —0.5x 60 =370 mm

With 6., = P, /A = 3.18 MPa, Equation 7.10 gives o, = 1.12 and
Equation 7.9 gives v, = 0.504.

.50 300 50,
A=220x10° mm?% | |
1=5546 x 10° mm?* Zy T
(a
1 =2 x (400 +550) = 1900 mm; 7
tep =A/u=115.8 mm;
375
A= (400 - 115.8) x (550 — 115.8)
450
=284.2 x 434.2 = 123.4 x 10> mm?%; 60
1y =2 x (284.2 +434.2) = 1436.8 mm; i _’I m|‘_
P, =700 kN; P,=50 kN D i
’ e o 7y
Ap=700 mm?% ¢yee =60 mmy; 50
A4

fiic=Fruic=500 MPa.

Figure 7.14 Cross-section details (Example 7.2).
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Initially ignoring any non-prestressed tensile steel, d = d, = 375 mm (and
therefore, z = 0.9d = 337.5 mm), A = A, = 700 mm, p, = 700/(370 x 375) =
0.005 and, with cot 6, = 2.5 (i.e. 0, = 21.8°), Equations 7.8 and 7.34 give,
respectively:

_ 1.12x370x337.5x0.504 x 26.67 o

VRamax = 10 = 648.3kN
(2.5+0.4)

Tramax = 2% 0.504 x1.12x26.67 x123.4x10° x115.8
xsin21.8cos21.8x107°
=148.4 kNm

Checking Equation 7.33:

Ted Ve 60 N 150

+ = =0.64<1.0
TRamax ~ VRamax 1484 6483

Therefore, web-crushing will not occur and the size of the cross-
section is acceptable.

(2) Check whether transverse reinforcement is required for shear and
torsion. The torsional constant J, is:

J. = 0.33x% = 0.33 x 4002 x 550 = 29.0 x 10® mm?®

and Equation 7.36 gives:

Tree =29%10° x1.67,/(1+10 x 3.18/ 40) = 64.9 kNm

From Equation 7.2:

Viae :[0.I2><(I+\/M)X(IOOXO.0050><40)”3 +o.|5x3.|8]

x370x375x107°
=144.6 kN

Equation 7.35 gives:

0,0 9510
649 144.6

Therefore, transverse reinforcement in the form of closed stirrups is
required.
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(3) The longitudinal reinforcement required for bending must next be
calculated. From the procedures outlined in Chapter 6, the design
bending resistance provided by the seven prestressing strands (ignor-
ing the longitudinal non-prestressed reinforcement) is Mgy = 332 kNm
(refer Example 6.1) and the distance z between F_ and F is 315 mm
and the neutral axis depth x = [19 mm. With My, > Mg, no non-
prestressed steel is required for flexural strength.

(4) Determine the quantity of transverse reinforcement required. Assume
12 mm closed stirrups are to be used. Assuming 0, = 21.8° (i.e. cot 6, = 2.5)
and two vertical legs per stirrup, the stirrup spacing (s = s,) required to
carry V¢, is obtained from Equation 7.25:

2x110 150 x10° — 50 x10°

> =0.292
s, (500/1.15)x315x2.5

Therefore the spacing of stirrups required for shear s, < 753 mm,
i.e. at least 1.328 stirrups are required for shear per metre length along
the beam.

The spacing (s = s,) of the additional 12 mm closed stirrups required
for torsion (A, = |10 mm?) is obtained from Equation 7.31:

6
1w 6?X'° 0224 .5 <491.8mm
s, 2x123.4x10° x(500/1.15)x 2.5

i.e. an additional 2.033 stirrups are required for torsion per metre
length of beam.

Summing the transverse steel requirements for shear and torsion,
we have at least 3.36| stirrups required per metre, i.e. s < 1000/3.361 =
297.5 mm. This is greater than the maximum permitted spacing of
0.75d = 28] mm.

Use 12 mm diameter stirrups at 280 mm centres (f,,,= 500 MPa).

Note: The required maximum spacing of transverse stirrups could have
been calculated directly from s, and s, using:

(5) The additional longitudinal tensile force caused by torsion is obtained
from Equation 7.32:
60 x10°

SAf= 19y cotf, = - 0101 4368x25x107 =873.3kN
2A, 2x1234x10
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The depth to the neutral axis in bending is 119 mm (23.8% of the cross-
section) and bending causes a design compression force in this region
F.4 = Mp4/z = 1050 kN, so that no additional steel is required for torsion
in the compressive zone. Two 20 mm bars will be included in the top
corners of the stirrups. The remaining 76.2% of the cross-section (i.e.
that part of the cross-section in tension due to bending) will be subjected
to an additional tensile force due to torsion of 0.762 x 873.3 = 665.5 kN.
The additional non-prestressed reinforcement required to resist torsion
in the tensile zone (with {4 = 500/1.15 = 435 MPa) is therefore:

3
sa, = 5695X10° _\eag 2
435

This is equivalent to 5-20 mm diameter deformed longitudinal bars.
Use 1-20 mm bar in each corner of the stirrup and one additional bar
in the middle of the bottom and the two side legs of the stirrup as
shown in Figure 7.15.

1,50 | 300 50

—————
Non-prestressed reinforcement: ]
. 250
T 8
ransverse bars; B
12 mm diam at 280 centres o ) o v 500
0
Longitudinal bars: —’| |<—
AN y
7-20 mm bars as shown 7
e ___ 0 o

Figure 7.15 Reinforcement details (Example 7.2).

7.4 SHEAR IN SLABS AND FOOTINGS

7.4.1 Punching shear

In the design of slabs and footings, strength in shear frequently controls the
thickness of the member, particularly in the vicinity of a concentrated load
or a column. Consider the pad footing shown in Figure 7.16. Shear failure
may occur on one of two different types of failure surface. The footing
may act essentially as a wide beam and shear failure may occur across the
entire width of the member, as illustrated in Figure 7.16a. This is beam-
type shear (or one-way shear) and the shear strength of the critical section
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Figure 7.16 Shear failure surfaces in a footing or slab. (a) Beam-type shear. (b) Punching
shear.

is calculated as for a beam. The critical section for this type of shear failure
is usually assumed to be located at a distance d from the face of the column
or concentrated load. Beam-type shear is often critical for footings but will
rarely cause concern in the design of floor slabs.

An alternative type of shear failure may occur in the vicinity of a concen-
trated load or column and is illustrated in Figure 7.16b. Failure may occur
on a surface that forms a truncated cone or pyramid around the loaded
area, as shown. This is known as punching shear failure (or two-way shear
failure) and is often a critical consideration when determining the thick-
ness of pad footings and flat slabs at the intersection of slab and column.
The critical section for punching shear is usually taken to be geometrically
similar to the loaded area and located at some distance from the face of the
loaded area. The critical section (or surface) is assumed to be perpendicular
to the plane of the footing or slab.

Ideally in design, the column support should be large enough for the
concrete to carry satisfactorily the moments and shears being transferred
across the critical surface without the need for any shear reinforcement. If
this is not possible, procedures for the design of an adequate quantity of
properly detailed reinforcement must be established. The remainder of this
chapter is concerned with this type of shear failure.

7.4.2 The basic control perimeter

Where shear failure can occur locally around a column support or con-
centrated load, the design shear strength of the slab must be greater than
or equal to the design shear force Vi, acting on the critical shear perimeter.
EN 1992-1-1 [3] requires that the shear resistance must be checked at



Design resistance in shear and torsion 293

Uy ——— ———= ———
g N K 20 o \\‘/u1 ,/ AT
/ N Il \ | \
/ ' |
| b, | > 2
I\ ! I I \ 2t
\ / | |
\ J/ \
/SNl - \ //
“ e
@ h
a
S6deff ll < 12 ll > 12
N\ | 2en \//’__"\\
\ | / \ 1L
:/ul L/ u, : | —
—
/ t
/ | e |
—_ L __1 . 1 ;
PEEN .:I N _v__7 Opening [
2l ofg 2o 2l by

(b) ()

Figure 7.17 Basic control perimeters. (a) Around loaded areas. (b) Around loaded areas
at an edge or corner. (c) Near an opening.

the face of the column and around the basic control perimeter of length u,.
The basic control perimeter is taken to be at a distance 2d 4 from the
loaded area A,,4 (i.e. the shaded areas shown in Figure 7.17) and the basic
control perimeter is so constructed that its length is minimised, as shown
in Figure 7.17a. The distance d, is the average of the effective depths of
the tensile reinforcement in two orthogonal directions in the slab or foot-
ing, i.e. d.¢ = (d, + d,)/2. The basic control area A, is the area between
the basic control perimeter and the loaded area.

For loaded areas, at or near the edge or a corner of the slab or footing,
the control perimeter is as shown in Figure 7.17b. When the loaded area
is less than 6d . from an opening, that part of the control perimeter con-
tained between two tangents drawn to the opening from the centroid of the
loaded area (as shown in Figure 7.17¢) is considered to be ineffective.

The control section is perpendicular to the mid-plane of the slab or foot-
ing, it follows the control perimeter and has an effective depth d..

For slabs with column capitals or drop panels, with [;; < 2h; as shown in
Figure 7.18, the punching shear stresses need only be checked on the critical
shear perimeter outside the column head located at a distance 7., from the
centroid of the column. For circular column heads:

cont

Teone = 2desi + Iy +0.5¢ (7.37)
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0 = arctan (0.5)
= 26.6°
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ly<2hy |
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Figure 7.18 Critical shear perimeter for slab with enlarged column head where I, < 2h,,[3]

where [ is the distance from the column face to the edge of the column
head and c is the diameter of the circular column. For rectangular columns
with rectangular column heads of smaller and larger plan dimensions
I, (= ¢y + 2lyy) and [, (= ¢, + 21;y,), respectively, and with [;; < 2hy, 7., may
be taken as the lesser of:

Toont = 2deis +0.56 111, (7.38)

and

Teone = 2dess +0.691 (7.39)

For slabs column connections with drop panels or column capitals where
Iy > 2by, checks must be made on shear perimeters both within the slab
beyond the column head and within the column head, where d is taken as

dy, as defined in Figure 7.19. For circular columns, the distances from the cen-
troid of the column (loaded area) to the control perimeters in Figure 7.19 are:

Teontext = lH + Zdeff +0.5¢ (7.40)

and

Teont.int = Z(deff + hH) + O-5C (741)

7.4.3 Shear resistance of critical shear perimeters

The design values of the punching shear resistance of a control section with
or without shear reinforcement are denoted in EN 1992-1-1 [3] as vy, , and
Urg,e» Fespectively.
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Figure 7.19 Critical shear perimeter for slab with enlarged column head (I, > 2(d + hy)) [3].

For a slab or column base without shear reinforcement:
URde = CRd,ck(looplfck )1/3 + klccp 2 (Umin + klccp) (7'42)

which is similar to the design stress contained within Equation 7.2. In
Equation 7.42, f, is in MPa; k =1++/200/d <2.0 (with d in mm); CML =
0.18/y, = 0.12 for persistent and transient loads; k; = 0.1; v, = 0.035k"£3;

P1 = /P1yP1. <0.25 p; and p,, are the tensile steel reinforcement ratios in the
y and z directions, respectively, related to a slab width equal to the column
width plus 3d on each side of the column; 6., = (5., + 6,,)/2; 6., and 6, are
the normal compressive stresses on the control section in the orthogonal
y and z directions, respectively (in MPa, compression is positive), i.e. 6, =
Ny, /A, and 6, = Ng4 /A, and N4, and Ny, are the longitudinal forces
in each direction (due to both applied load and prestressing acting on the
concrete areas A, and A_,) across the full bay for internal columns and
across the control perimeter for edge columns.

For a slab or column base with shear reinforcement placed as shown in
Figure 7.20a or 7.20b, the design punching shear resistance of the shear
perimeter is:

Urges = 0.750rgc +1.5 des v sina (7.43)
(ue 1deff)

where A, is the area of steel in one perimeter of shear reinforcement around
the column (mm?); s, is the radial spacing of perimeters of shear reinforce-
ment (mm); f,,q.¢is the effective design strength of the shear reinforcement
given by £ 4= 250 + 0.25d < f,,a (MPa) and « is the angle between the
shear reinforcement and the plane of the slab.
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Figure 7.20 Outer control perimeters beyond the punching shear reinforcement [3].
(a) Perimeter A, u,,. (b) Perimeter B, u,

An outer shear perimeter (of length ., or u,, ) should be found
where shear reinforcement is no longer required (marked as perimeter A
in Figure 7.20a and perimeter B in Figure 7.20b). The shear reinforcement
should extend radially from the column at a radial spacing not exceeding
0.75d 4 to a minimum distance of 1.5d 4 from the first outer shear perim-
eter where shear reinforcement is not required. The spacing of shear bars
around a perimeter within a distance 2d,; from the column face should not
exceed 1.5d,; and, for perimeters outside the basic control perimeter, the
spacing should not exceed 2d, . The first bar in each radial line of shear
reinforcement should be located about 0.5d, from the column face.

7.4.4 Design for punching shear

According to EN 1992-1-1 [3], checks for punching shear must be made
at the face of the column and at the basic control perimeter #,. At the face
of the column (i.e. at the perimeter of the loaded area, #,), the maximum
punching shear stress vy should not exceed the maximum design shear
SLIESS URy maxt

Vg4 < URd,max (7'44)
where:
fck
max — 0.3 1 - c 745
URd, X[ 250 fed ( )

Punching shear reinforcement is not necessary if, at the basic control perim-
eter, the punching shear stress vg, is less than vy . If vy, is greater than
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Ugg. On the basic control perimeter, punching shear reinforcement is
required and may be calculated using Equation 7.43.

Where the support reaction is eccentric to the control perimeter and the
control perimeter must carry a shear force V4 and a moment My, the
maximum shear stress is given by:

A
;d i

Ve = B (7.46)

where #, is the length of the control perimeter being considered; p accounts
for the eccentricity of the support reaction and is given by:

Mgy uy

Bo1+k (7.47)

Ed 1

k is a coefficient that depends on the ratio of the plan dimensions of the
column ¢,/c, and is given in Table 7.2, where ¢, is the column dimension
parallel to the eccentricity of load, ¢, is the column dimension perpen-
dicular to the eccentricity of load, and «, is the length of the basic control
perimeter.

W, corresponds to the distribution of shear stress illustrated in Figure 7.21
and is akin to the plastic modulus of the control perimeter about the axis of
bending acting through the centroid of the control perimeter and is given by:

Wi = [lefa (7.48)

0

where d/ is the length increment around the shear perimeter and e is the
distance of d/ from the axis about which the moment My, acts.
For an internal rectangular column:

Wl = 05612 +cic + 4Czdeff + 16desz + aneffC1 (7.49)
For an internal rectangular column where the loading is eccentric about

both axes, f may be approximated by:

(7.50)

Table 7.2 Value of k for rectangular loaded areas [3]

clc, <0.5 1.0 2.0 >3.0
k 0.45 0.6 0.7 0.8
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2deff

Figure 7.21 Shear distribution due to an unbalanced moment at slab—internal column
connection [3].

where e, = My, ,/Viqand e, = My, / V4 are the eccentricities along the y- and
z-axes, respectively, and b, and b, are the dimensions of the control perim-
eter (see Figure 7.17a).

For an internal circular column of diameter D, p may be approximated by:

e
=1+0.6n ———— 7.51
B nD+4dCff ( )

where e is the eccentricity My / V.

Figure 7.22a shows the control perimeter for an edge column, where
the unbalanced moment acts about an axis parallel to the slab edge and
the eccentricity is towards the interior in the direction of ¢,. For the rect-
angular column of Figure 7.22a:

Wl = OZSC% +cicr + 4Cldeff + Sdesz + TtdeffCZ (752)

When the eccentricity perpendicular to the slab edge is not towards the
interior, B should be calculated using Equation 7.47.

Where there are eccentricities in both orthogonal directions, p may be
calculated from:

L S . (7.53)

b= Ui Wi

where #, is the perimeter of the basic control perimeter (see Figure 7.17b);
u, is the reduced basic control perimeter (see Figure 7.22a); k may be
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Figure 7.22 Reduced basic control perimeter u« [3]. (a) Edge column. (b) Corner column.

obtained from Table 7.2 but replacing the ratio ¢,/c, with ¢,/2¢,; W, is cal-
culated for the basic control perimeter u, (see Figure 7.17b) and e,,, is the
eccentricity parallel to the slab edge resulting from a moment about an axis
perpendicular to the slab edge.

For corner columns, where the eccentricity is towards the interior of
the slab, the punching shear may be assumed to be uniformly distributed
along the reduced control perimeter #,,. shown in Figure 7.22b. In this case,

B may be taken as:

Bzﬂ (7.54)

Uy

If the eccentricity is towards the exterior, p should be calculated using
Equation 7.47.

In structures that are laterally braced and do not rely on frame action
between the slabs and the columns for lateral stability, the following
approximate values of p may be used: p = 1.15 for internal columns; = 1.4
for edge columns and p = 1.5 for corner columns.

Control perimeters at a distance less than 2d from the loaded area
should be considered where the concentrated force is opposed by high
pressure, such as may occur under a column in a pad footing. For foot-
ings, the soil pressure within the control perimeter may be considered
when determining the punching shear force Vi, that must be resisted on
any control perimeter.
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EXAMPLE 7.3 INTERIOR COLUMN (CASE I)

The interior columns of a prestressed concrete flat plate are 450 by 450 mm
in cross-section and are located on a regular rectangular grid at 9 m centres
in one direction and 6 m centres in the other. The adequacy of the punching
shear resistance of the critical shear perimeter of a typical interior column is
to be checked. The slab thickness is h =250 mm and the average of the effec-
tive depths from the slab soffit up to the tensile reinforcement in the y and
z directions is d.s = 210 mm. The slab reinforcement ratios in each direction
in the vicinity of the column are p, = p,, = 0.008.

The slab supports a permanent dead load of wg = 7.0 kPa (that includes
self-weight) and a variable live load of wy = 3.0 kPa. From Equation 2.2, the
design load for the strength limit state is 1.35wg + 1.5wq = 13.95 kPa. From
a frame analysis, the design load transferred from the slab to the column is
800 kN and the moment transferred to the column is 60 kNm.

Assume o, = (6., *+6.,)/2 = 2.5 MPa, f, = 30 MPa and f, = 20 MPa.

The perimeter of the loaded area is u, = 4 x 450 = 1800 mm. The basic
control perimeter is u; = 4 x 450 + 21t X 2d = 1800 + 4% x 210 = 4439 mm.
The area of the slab subjected to load inside the basic control perimeter is
(4 x 450 x 420 +  x 4202) x 10-¢ = .31 m2 Therefore, the design actions
transmitted on the basic control perimeter are:

Ve, =800 - 1.31 x 13.95=782kN and Mg,= 60 kNm

The design value of the maximum punching shear resistance on any control
section is obtained from Equation 7.45:

VRd,max = 03x|1- ﬂ x 20 = 5.28 MPa
' 250

The design punching shear resistance for a slab without shear reinforcement
is obtained from Equation 7.42. With k = 1.976, p, = 0.008 and v,,,, = 0.035 x
k'S x .95 = 0.532, Equation 7.42 gives:

Vrge = 0.12 X 1.976 x (100 x 0.008 x 30)" + 0.1 x 2.5
= 0.934 MPa >(v,,,, + k,o,,)

From Equation 7.49:

W = 0.5 x 450% + 450 x 450 + 4 x 450 x 210 +16 x 210 + 27 x 210 x 450

=1981x10° mm?
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and from Equation 7.47 and Table 7.2:

60><I06X 4439
782x10° 1981x10°

B=1+0.6x =1.103

The maximum shear stress at the face of the column, i.e. on the perimeter
u, of the loaded area, is given by Equation 7.46:

3
Ved =|.|03XM=2.28 MPa

1800x210

which is less than vgq .. and, therefore, the section at the column perimeter
is adequate.

From Equation 7.46, the maximum shear stress on the basic control perim-
eter is:

3
VEd =|.|03XM=0.925 MPa

4439 %210

which is just less than v, . and, therefore, shear reinforcement is not required.
The punching shear resistance of the critical section of the slab is adequate.

EXAMPLE 7.4 INTERIOR COLUMN (CASE 2)

The slab—column connection analysed in Example 7.3 is to be rechecked for
the case when V¢, = 1200 kN and Mg, = 80 kNm.

As in Example 7.3, u, = 1800 mm, u; = 4439 mm, Vg4 . = 5.28 MPa, vy =
0.934 MPa and W, = 1981 x 103 mm?. From Equation 7.47 and Table 7.2:

80 x10° 4439

=1+0.6
P “1200x10° " 1981x10°

=1.090

The maximum shear stress at the face of the column, i.e. on the perimeter
u, of the loaded area, is given by Equation 7.46:

3
Vey = 1090 x 1 200x10° _ 5 40 Mpa
1800 % 210

which is less than vgy .. and, therefore, the section at the column perimeter
is adequate.
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From Equation 7.46, the maximum shear stress on the basic control perim-
eter is:

3
Vey = 1090 x 1 200X10° 46 MPa
4439210

which is greater than vp, . and, therefore, shear reinforcement is required.
We will adopt a shear reinforcement layout similar to that shown in Figure
7.20a and shown again in Figure 7.23.

It is first necessary to determine the outer perimeter u,, at which shear

out
reinforcement is no longer required. Let the radial distance from the centroid
of the column to the outer perimeter be r,,. The outer perimeter may be
approximated by u, = 2xr,..

Assuming conservatively that the shear force V  acting on the outer shear

perimeter remains at 1200 kN, we have:

1200 x 103

VEd =1.090x ———— =
27 ry X 210

VRd,c

and solving gives r,,, = 1061 mm and therefore u,,,= 6669 mm.
From Figure 7.20a, the outermost perimeter of shear reinforcement must

be located at a distance not greater than |.5d = 315 mm from u,,,, i.e. at a

out?
distance greater than 1061 — 315 —225 = 52| mm from the face of the column.

Assume vertical shear reinforcement (i.e. « = 90°) and f,,q4 = 250 +
0.25 x 210 = 302.5 MPa. From Table 4.7, the area of a 10 mm diameter bar is

78.5 mm? and with 12 radial lines of reinforcement, A,,, = 12 X 78.5 = 942 mm?2.

o
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Figure 7.23 Shear reinforcement layout (Example 7.4). (a) Plan. (b) Section A—A.
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The required radial spacing of the bars can be obtained from Equation 7.43.
At the basic control perimeter 2d,, from the face of the column:

210 942%3025%x ' in90>1.40 MPa
sr (4439 210)

VRd,cs = 0.75x0.934 +1.5x

and therefore s, < 137 mm (which is less than 0.75d. and is therefore
satisfactory).

In each radial line of shear reinforcement, the first vertical bar is located
at about 0.5d,; from the column face, the outermost bar must be at least
521 mm from the loaded face and the spacing of the vertical bars must be less
than 137 mm. The layout of the shear reinforcement shown in Figure 7.23
meets these requirements. In addition, the circumferential spacing between
bars in each bar perimeter does not exceed |.5d, inside the basic control
perimeter and 2d,4 outside the basic control perimeter.

Successfully anchoring and locating stirrups within a 250 mm thick slab
can be a difficult process. An alternative solution is to use fabricated steel
shear heads to improve resistance to punching shear. Proprietary punching
shear reinforcement consisting of headed bars and prefabricated units simi-
lar to those shown in Figure 7.24 are available. Usually the most economi-
cal and structurally efficient solution, however, is to increase the size of the
critical section. The slab thickness can often be increased locally by the
introduction of a drop panel, or alternatively the critical shear perimeter
may be increased by introducing a column capital or simply by increasing
the column dimensions. In general, provided such dimensional changes are
architecturally acceptable, they represent the best structural solution.

=

= =) &

Figure 7.24 Typical prefabricated units used as punching shear reinforcement.
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EXAMPLE 7.5 EDGE COLUMN

Consider the edge column—slab connection with basic control perimeter u,
as shown in Figure 7.25a. The factored design load on the slab is 14 kPa, the
design reaction force in the column is 320 kN and the moment transferred
from the slab to the column acting about the centroidal axis of the basic
control perimeter parallel to the free edge of the slab is 160 kNm. The basic
cone = 0.636 m?, and the reduced basic control perimeter u. is
shown in Figure 7.25b. The slab thickness is 220 mm, and the average effective
depth for the top tensile steel in the slab is d.4 = 180 mm. Take f,, = 40 MPa
and f4 = 26.67 MPa.

When designing a slab for punching shear at an edge (or corner) column, the

control areais A

average prestress o, perpendicular to the free edge across part of the critical
section should be taken as zero, unless care is taken to ensure that the slab
tendons are positioned so that this part of the critical section is subjected to
prestress. Often this is not physically possible, as discussed in Section 12.2 and
illustrated in Figure 12.6. In this example, however, it is assumed that 6., = 6, =
2.0 MPa. It is also assumed that p,, = p,, = 0.008.

On the basic control perimeter, Vy = 320 — 0.636 X 14 = 31Il.I kN and

Mgy = 160 kNm.

300 360
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360 360
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|
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uq =2x 300 + 600 + 11 X 360 U= 2% 300 + 600 + 11 x 360
(a) =2331 mm (b) =2031 mm

600

Figure 7.25 Edge column—slab connection (Example 7.5). (a) Basic control perimeter.
(b) Reduced basic control perimeter.
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The design value of the maximum punching shear resistance on any control
section is obtained from Equation 7.45:

VRd,max = 03x|1- ﬂ x 26.67 = 6.72 MPa
250

The design punching shear resistance for a slab without shear reinforce-
ment is obtained from Equation 7.42. With k = 2.0, p, = 0.008 and v, = 0.035 x
k' x f,095=0.626, Equation 7.42 gives:

Vae = 0.12 X 2.0 x (100 x 0.008 x 40)'3 + 0.1 x 2.0 = 0962 MPa  (>v,,,

¥ klo-cp)

From Equation 7.52:

W, = 0.2 x 600> + 300 x 600 + 4 x 300 x 180 + 8 x 180 + 7 x 180 x 600

=1084.5 x10°> mm?

and from Equation 7.47 and Table 7.2:

6
B=l+045x (6010 B3 4o
311.1x10° " 1084.5x10

The maximum shear stress at the face of the column, i.e. on the perimeter
u, of the loaded area, is given by Equation 7.46:
311.1x10°

Veg =1.497 x 2% _ 9 |6 MPa
1200 x 180

which is less than vgy ... and, therefore, the section at the column perimeter
is adequate.

From Equation 7.46, the maximum shear stress on the reduced basic con-
trol perimeter is:

3
Vey = 1,497 x SH-X107 o0 MPa

2031180

which is greater than vg,. and, therefore, shear reinforcement is required.
A shear layout similar to that shown in Figure 7.26 will be adopted here.

The effective outer perimeter u,,, .sat which shear reinforcement is no longer

out,ef
required and the area inside the outer perimeter are calculated in Figure 7.26
= 2468 mm and A, = 2.57 12, +1.582,, +0.324 m?, where ik 1S

in metres.

as uout,ef
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Figure 7.26 Effective outer shear perimeter (Example 7.5).

The shear force V4acting on the outer shear perimeter (in kN) is 320 — 14.0 x
A,.. =320 - 14.0 x (2.57Ir“2nk +1.582r;, +0.324), and the corresponding shear
stress is:

[320 — 14 x (2.57 In% +1.582n%, +0.324)]x10°

Veq = 1.497 x
2468 x180

= VRdc

and solving gives r;;,, = 0.656 m.

From Figure 7.26, the outermost perimeter of shear reinforcement must be
located at a distance of not less than r;;,, = 656 mm from the face of the column.

Assume vertical shear reinforcement (i.e. @ = 90°) and f, 4 = 250 + 0.25 x
180 = 295 MPa. From Table 4.7, the area of a |0 mm diameter bar is 78.5 mm?
and with 8 lines of reinforcement perpendicular to the column faces, A, =
8 x 78.5 = 628 mm? and the spacing of the bars in each line can be obtained
from Equation 7.43. At the basic control perimeter 2d., from the face of the
column:

Vages = 0.75%0.962 +1.5x 1 20 4 628x295x — ' in90 > 1.274 MPa
Sr (2331x180)
and therefore s, < 217 mm. The maximum spacing of 0.75d = 135 mm

governs and is therefore adopted, as shown in Figure 7.27.
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Figure 7.27 Sections through slab—column connection (Example 7.5). (a) Section
perpendicular to slab edge. (b) Section |-I.

In each of the eight lines of shear reinforcement perpendicular to the col-
umn face (as shown in Figure 7.26), the first vertical bar is located at about
0.5d .4 = 90 mm from the column face, the outermost bar must be at least

656 mm from the column face. The shear reinforcement layout is shown in
Figure 7.27.
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Chapter 8

Anchorage zones

8.1 INTRODUCTION

In prestressed concrete structural members, the prestressing force is usually
transferred from the prestressing steel to the concrete in one of two differ-
ent ways. In post-tensioned construction, relatively small anchorage plates
transfer the force from the tendon to the concrete immediately behind the
anchorage by bearing at each end of the tendon. For pretensioned members,
the force is transferred by bond between the tendon and the concrete. In
either case, the prestressing force is transferred in a relatively concentrated
fashion, usually at the end of the member, and involves high local pressures
and forces. A finite length of the member is required for the concentrated
forces to disperse to form the linear compressive stress distribution usually
assumed in design.

The length of member over which this dispersion of stress takes place
is called the dispersion length (in the case of pretensioned members) and
the anchorage length (for post-tensioned members). Within these so-called
anchorage zones, a complex stress condition exists. Transverse tension is
produced by the dispersion of the longitudinal compressive stress trajectories
and may lead to longitudinal cracking within the anchorage zone. Similar
zones of stress exist in the immediate vicinity of any concentrated force,
including the concentrated reaction forces at the supports of a member.

The anchorage length in a post-tensioned member and the magnitude of
the transverse forces (both tensile and compressive), which act perpendicular
to the longitudinal prestressing force, depend on the magnitude of the pre-
stressing force and on the size and position of the anchorage plate or plates.
Both single and multiple anchorages are commonly used in post-tensioned
construction. A careful selection of the number, size and location of the
anchorage plates can often minimise the transverse tension and hence mini-
mise the transverse reinforcement requirements within the anchorage zone.

The stress concentrations within the anchorage zone in a pretensioned
member are not usually as severe as in a post-tensioned anchorage zone.
There is a more gradual transfer of prestress. The full prestress is transmit-
ted to the concrete by bond over a significant length of the tendon (called the

309
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transmission length 1), and there are usually numerous individual tendons
that are well distributed throughout the anchorage zone. In addition, the high
concrete bearing stresses behind the anchorage plates in post-tensioned mem-
bers do not occur in pretensioned construction.

8.2 PRETENSIONED CONCRETE: FORCE
TRANSFER BY BOND

In pretensioned concrete, the tendons are usually tensioned within a cast-
ing bed. The concrete is cast around the tendons and, after the concrete has
gained sufficient strength, the pretensioning force is released. The extent of
the anchorage zone and the distribution of stresses within that zone depend
on the quality of bond between the tendon and the concrete. The transfer
of prestress usually occurs only at the end of the member, with the steel
stress varying from zero at the end of the tendon, to the prescribed amount
(full prestress P,,) at some distance (the transmission length 1) in from
the end. Over the transmission length bond stresses are high. The better the
quality of the steel-concrete bond, the more efficient is the force transfer
and the shorter is the transmission length. Outside the transmission length,
bond stresses at transfer are small and the prestressing force in the tendon
is approximately constant. Bond stresses and localised bond failures may
occur outside the transfer length after the development of flexural cracks
and under overloads, but a bond failure of the entire member involves fail-
ure of the anchorage zone at the ends of the tendons.

The main mechanisms that contribute to the strength of the steel-
concrete bond are chemical adhesion of steel to concrete, friction at the
steel-concrete interface and mechanical interlocking of concrete and steel
(associated primarily with deformed or twisted strands). When the tendon
is released from its anchorage within the casting bed and the force is trans-
ferred to the concrete, there is a small amount of tendon slip at the end of
the member. This slippage destroys the bond for a short distance into the
member at the released end, after which adhesion, friction and mechanical
interlock combine to transfer the tendon force to the concrete.

During the stressing operation, there is a reduction in the diameter of the
tendon due to Poisson’s ratio effect. The concrete is then cast around the
highly tensioned tendon. When the tendon is released, the unstressed por-
tion of the tendon at the end of the member returns to its original diameter,
whilst at some distance into the member, where the tensile stress in the
tendon is still high, the tendon remains at its reduced diameter. Within the
transmission length, the tendon diameter varies as shown in Figure 8.1 and
there is a radial pressure exerted on the surrounding concrete. This pres-
sure produces a frictional component which assists in the transferring of
force from the steel to the concrete. The wedging action due to this radial
strain is known as the Hoyer effect [1].
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Figure 8.1 The Hoyer effect [1].

The transmission length and the rate of development of the steel stress
along the tendon depend on many factors, including the size of the strand
(i.e. the surface area in contact with the concrete), the surface conditions of
the tendon, the type of tendon, the degree of concrete compaction within
the anchorage zone, the degree of cracking in the concrete within the
anchorage zone, the method of release of the prestressing force into the
member and, to a minor degree, the compressive strength of the concrete.

The factors of size and surface condition of a tendon affect bond capac-
ity in the same way as they do for non-prestressed reinforcement. A light
coating of rust on a tendon will provide greater bond than for steel that is
clean and bright. The surface profile has a marked effect on transfer length.
Stranded cables have a shorter transfer length than crimped, indented or
plain steel wires of equivalent area owing to the interlocking between the
helices forming the strand. The strength of concrete, within the range of
strengths used in prestressed concrete members, does not greatly affect the
transmission length. However, with increased concrete strength, there is
greater shear strength of the concrete embedded between the individual
wires in the strand.

An important factor in force transfer is the quality and degree of con-
crete compaction. The transmission length in poorly compacted concrete is
significantly longer than in well-compacted concrete. A prestressing tendon
anchored at the top of a member generally has a greater transmission length
than a tendon located near the bottom of the member. This is because the
concrete at the top of a member is subject to increased sedimentation and is
generally less well compacted than the concrete at the bottom of a member.
When the tendon is released suddenly and the force is transferred to the con-
crete with impact, the transmission length is greater than for the case when
the force in the steel is gradually imparted to the concrete.

Depending on these factors, transmission lengths are generally within the
range 50-150 times the tendon diameter. The force transfer is not linear,
with about 50% of the force transferred in the first quarter of the transfer



312 Design of Prestressed Concrete to Eurocode 2

length and about 80% within the first half of the length. For design pur-
poses, however, it is reasonable and generally conservative to assume a lin-
ear variation of steel stress over the entire transmission length.

EN 1992-1-1 [2] states that, at release of the tendons, the prestress may
be assumed to be transferred to the concrete by a constant bond stress f,,,
given by:

fope = MpiMifeea(£) (8.1)

where n,, is a coefficient that takes into account the type of tendon and
equals 2.7 for indented wire and 3.2 for strand; n, depends on the bond
conditions and equals 1.0 for good bond conditions and 0.7 otherwise and
fwa(?) is the design tensile strength of concrete at the time of release, i.e. the
lower characteristic tensile strength (0.7f,,,.(t), see Equation 4.9) divided by
the partial material factor y, = 1.5.

The basic value of the transmission length [ is specified in EN 1992-
1-1 [2] as:

lpt = 0(1(12¢Gpm0/fbpt (8‘2)

where o, depends on the method of release of the tendon and equals 1.0
for gradual release and 1.25 for sudden release; a, depends on the type of
tendon and equals 0.25 for round wire and 0.19 for seven-wire strand;
¢ is the nominal diameter of the tendon and o,,,,, is the tendon stress (P,,i/A,)
just after release. The design value of the transmission length is taken as
the least favourable of two alternative values [, = 0.8 [, or [, = 1.2 [
depending on the design situation. When local stresses are being checked at
release, [ is appropriate. When the ultimate limit state of the anchorage
and the anchorage zone is being checked, [, is appropriate.

More information about the transmission length may be obtained from
specialist literature, including References [3] to [6].

Eurocode 2 [2] states that concrete stresses caused by prestress in a pre-
tensioned element may be assumed to be linear across any cross-section
outside the dispersion length Iy, where:

L =\ Ipe +d° (8.3)

as shown in Figure 8.2.

The value of stress in the tendon, in regions outside the transmission
length, remains approximately constant under service loads or whilst the
member remains uncracked. After cracking in a flexural member, however,
the behaviour becomes more like that of a reinforced concrete member and
the stress in the tendon increases with increasing moment. If the critical
moment location occurs at or near the end of a member, such as may occur
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Figure 8.2 Length parameters at transfer of prestress in a pretensioned member.

in a short-span beam or a cantilever, the required development length for
the tendon is significantly greater than the transmission length. In such
cases, the bond capacity of the tendons needs to be carefully considered.
EN 1992-1-1 [2] requires that anchorage of tendons should be checked
in regions where cracking is likely, i.e. in regions where the concrete tensile
stress exceeds f.q o.0s- For this check, the tendon force on a cracked section

should be used. The bond strength of the tendon at the ultimate limit state
is specified as:

fbpd = rlpanfctd (8'4)

where 1, depends on the type of tendon (n,, = 1.4 for indented wires and
N,2 = 1.2 for seven-wire strand); n, is as defined for Equation 8.1 and £, is
obtained from Equation 4.12, but due to the increasing brittleness of high-
strength concrete, [ o5 should not be taken greater than the value for
C60/75 concrete (i.e. 3.1 MPa from Table 4.2).

The anchorage length required to develop a stress of 6,4 at the ultimate
limit state is given by:

lbpd = lpt2 + a2¢(cpd - Gpmoo)/fbpd (85)

where [, = 1.2[ ;s a, is as defined for Equation 8.2 and o,,,,, is the tendon

pmoo
stress after all losses. The development length /[, , is illustrated in Figure 8.3
and is the sum of the upper design value of the transmission length

and the additional bonded length necessary to develop the increase of steel
stress from 6, to o,,.

pmoo
Where debonding of a strand is specified near the end of a pretensioned
member, and the design allows for tension at service loads within the devel-

opment length, a minimum development length of the debonded strand of
21,4 is recommended here.
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Figure 8.3 Variation of steel stress near the free end of a pretensioned tendon [2].

Where a prestressing tendon is not initially stressed, i.e. it is used in
a member as non-prestressed reinforcement, and the tendon is required
to develop its full characteristic breaking strength £, the development
length required on either side of the critical cross-section should be at
least 2.5 times the transmission length specified in Equation 8.2. Care
should be taken in situations where a sudden change in the effective
depth of the tendon occurs due to an abrupt change in the member depth.
In these locations, it may not be possible to develop the full strength of
the initially untensioned tendon. Local bond failure may occur in the
vicinity of the step, limiting the stress that can be developed in the ten-
don. Such a situation may develop if the calculated stress change in the
strand required in the region of high local bond stresses exceeds about
500 MPa [7].

From their test results, Marshall and Mattock [8] proposed the following
simple equation for determining the amount of transverse reinforcement
A, (in the form of stirrups) in the end zone of a pretensioned member:

b Py

pt Osb

Ay =0.02 (8.6)

where b is the overall depth of the member, P, is the prestressing force
immediately after transfer and o, is the permissible steel stress required
for crack control. According to EN 1992-1-1 [2], no check on crack widths
is necessary if the stress in the reinforcement is limited to 300 MPa. The
transverse steel A, should be equally spaced within 0.2/ from the end face
of the member.
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8.3 POST-TENSIONED CONCRETE
ANCHORAGE ZONES

8.3.1 Introduction

In post-tensioned concrete structures, failure of the anchorage zone is per-
haps the most common cause of problems arising during construction. Such
failures are difficult and expensive to repair, and usually necessitate replace-
ment of the entire structural member. Anchorage zones may fail owing to
uncontrolled cracking or splitting of the concrete resulting from insuffi-
cient well-anchored transverse reinforcement. Bearing failures immediately
behind the anchorage plate are also relatively common and may be caused
by inadequately dimensioned bearing plates or poor workmanship result-
ing in poorly compacted concrete in the heavily reinforced region behind
the bearing plate. Great care should therefore be taken in both the design
and construction of post-tensioned anchorage zones.

Consider the case of a single square anchorage plate (b, by h,) centrally
positioned at the end of a prismatic member of depth » and width b, as
shown in Figure 8.4. In the disturbed region of length [, immediately
behind the anchorage plate (i.e. the anchorage zone), plane sections do not
remain plane and simple beam theory does not apply. High bearing stresses
at the anchorage plate disperse throughout the anchorage zone, creating
high transverse stresses, until at a distance /, from the anchorage plate the
linear stress and strain distributions predicted by simple beam theory are
produced. The dispersion of stress that occurs within the anchorage zone is
illustrated in Figure 8.4b.

The stress trajectories directly behind the anchorage are convex to the
centre line of the member, as shown, and therefore produce a transverse

Stress trajectories
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Figure 8.4 Stress trajectories for a centrally placed anchorage plate. (a) End elevation.
(b) Side elevation.
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Figure 8.5 Distribution of transverse stress behind a single central anchorage.

component of compressive stress normal to the member axis. Further
from the anchorage, the compressive stress trajectories become concave to
the member axis and, as a consequence, produce transverse tensile stress
components. The stress trajectories are closely spaced directly behind the
bearing plate where compressive stress is high, and become more widely
spaced as the distance from the anchorage plate increases. St Venant’s
principle suggests that the length of the disturbed region, for the single
centrally located anchorage shown in Figure 8.4, is approximately equal
to the depth of the member h. The variation of the transverse stresses
along the centre line of the member, and normal to it, is represented in
Figure 8.5.

The degree of curvature of the stress trajectories is dependent on the size
of the bearing plate. The smaller the bearing plate, the larger are both the
curvature and concentration of the stress trajectories, and hence the larger
are the transverse tensile and compressive forces in the anchorage zone. The
transverse tensile forces (often called bursting or splitting forces) need to be
estimated accurately so that transverse reinforcement within the anchorage
zone can be designed to resist them.

Elastic analysis can be used to analyse anchorage zones prior to the
commencement of cracking. Early studies using photoelastic methods
[9] demonstrated the distribution of stresses within the anchorage zone.
Analytical models were also proposed by Iyengar [10], Iyengar and
Yogananda [11], Sargious [12] and others. The results of these early stud-
ies have since been confirmed by Foster and Rogowsky [13] (and others) in
non-linear finite element investigations. Figure 8.6a shows stress isobars of
lo/o,l in an anchorage zone with a single centrally placed anchorage plate.
Results are presented for three different anchorage plate sizes: b /b = 0,
h,/h =0.25 and b, /b = 0.5. These isobars are similar to those obtained in
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Figure 8.6 Transverse stress distributions for central anchorage [9]. (a) Stress isobars
lo,/c,J. (b) Transverse stress along member axis.

photoelastic studies reported by Guyon [9]. o, is the transverse stress and
o, is the average longitudinal compressive stress P/(bh). The transverse com-
pressive stress region in Figure 8.6a is hatched.

The effect of varying the size of the anchor plate on both the magnitude
and position of the transverse stress along the axis of the member can be
more clearly seen in Figure 8.6b. As the plate size increases, the magnitude
of the maximum transverse tensile stress on the member axis decreases and
its position moves further along the member (i.e. away from the anchorage
plate). Tensile stresses also exist at the end surface of the anchorage zone
in the corners adjacent to the bearing plate. Although these stresses are
relatively high, they act over a small area and the resulting tensile force is
small. Guyon [9] suggested that a tensile force of about 3% of the longitu-
dinal prestressing force is located near the end surface of a centrally loaded
anchorage zone when b /b is greater than 0.10.

The position of the line of action of the prestressing force with respect to
the member axis has a considerable influence on the magnitude and distri-
bution of stress within the anchorage zone. As the distance of the applied
force from the axis of the member increases, the tensile stress at the loaded
face adjacent to the anchorage also increases.
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Figure 8.7 Diagrammatic stress trajectories and isobars for an eccentric anchorage [9].
(a) Stress trajectories. (b) Stress isobars.

Figure 8.7a illustrates the stress trajectories in the anchorage zone of a
prismatic member containing an eccentrically positioned anchorage plate.
At a length [, from the loaded face, the concentrated bearing stresses dis-
perse to the asymmetric stress distribution shown. The stress trajectories,
which indicate the general flow of forces, are therefore unequally spaced
but will produce transverse tension and compression along the anchorage
axis in a manner similar to that for the single centrally placed anchorage.
Isobars of |6,/c,| are shown in Figure 8.7b. High bursting forces exist along
the axis of the anchorage plate and, away from the axis of the anchorage,
tensile stresses are induced on the end surface. These end tensile stresses,
or spalling stresses, are typical of an eccentrically loaded anchorage zone.

Transverse stress isobars in the anchorage zones of members contain-
ing multiple anchorage plates are shown in Figure 8.8. The length of the
member over which significant transverse stress exists () reduces with the
number of symmetrically placed anchorages. The zone directly behind each
anchorage contains bursting stresses and the stress isobars that resemble
those in a single anchorage centrally placed in a much smaller end zone, as
indicated in Figure 8.8. Tension also exists at the end face between adjacent
anchorage plates. Guyon [9] suggested that the tensile force near the end
face between any two adjacent bearing plates is about 4% of the sum of the
longitudinal prestressing forces at the two anchorages.

The isobars presented in this section are intended only as a means of
visualising the structural behaviour. Concrete is not a linear-elastic mate-
rial, and a cracked prestressed concrete anchorage zone does not behave
as depicted by the isobars in Figures 8.6 through 8.8. However, the
linear-elastic analyses indicate the areas of high tension, both behind each
anchorage plate and on the end face of the member, where cracking of the
concrete can be expected during the stressing operation. The formation of
such cracks reduces the stiffness in the transverse direction and leads to a
significant redistribution of forces within the anchorage zone.
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Figure 8.8 Transverse stress isobars for end zones with multiple anchorages [9]. (a) Two
symmetrically placed anchorages — h.,/h = 0. (b) Four symmetrically placed
anchorages — h /h = 0. (c) Two symmetrically placed anchorage plates.

8.3.2 Methods of analysis

The design of the anchorage zone of a post-tensioned member involves both
the arrangement of the anchorage plates to minimise transverse stresses and the
determination of the amount and distribution of reinforcement to carry the
transverse tension after cracking of the concrete. Relatively large amounts
of transverse reinforcement, usually in the form of stirrups, are often required
within the anchorage zone and careful detailing of the steel is essential to per-
mit the satisfactory placement and compaction of the concrete. In thin-webbed
members, the anchorage zone is often enlarged to form an end block which is
sufficient to accommodate the anchorage devices. This also facilitates the detail-
ing and fixing of the reinforcement and the subsequent placement of concrete.
The anchorages usually used in post-tensioned concrete are patented by
the manufacturer and prestressing companies for each of the types and
arrangements of tendons. Typical anchorages are shown in Figures 3.6e,
3.8 and 3.9. The units are usually recessed into the end of the member and
have bearing areas which are sufficient to prevent bearing problems in well-
compacted concrete. Often the anchorages are manufactured with fins that
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are embedded in the concrete to assist in distributing the large concentrated
force. Spiral reinforcement often forms part of the anchorage system and is
located immediately behind the anchorage plate to confine the concrete and
thus significantly improve its bearing capacity.

As discussed in Section 8.3.1, the curvature of the stress trajectories deter-
mines the magnitude of the transverse stresses. In general, the dispersal of
the prestressing forces occurs through both the depth and the width of the
anchorage zone and therefore transverse reinforcement must be provided
within the end zone in two orthogonal directions (usually, vertically and
horizontally on sections through the anchorage zone). The reinforcement
quantities required in each direction are usually obtained from separate
two-dimensional analyses, i.e. the vertical transverse tension is calculated
by considering the vertical dispersion of forces and the horizontal tension is
obtained by considering the horizontal dispersion of forces.

The internal flow of forces in each direction can be visualised in several
ways. A simple model is to consider truss action within the anchorage zone.
For the anchorage zone of the beam of rectangular cross-section shown in
Figure 8.9, a simple strut-and-tie model shows that a transverse compressive
force (F,.) exists directly behind the bearing plate, with transverse tension,
often called the bursting force (F,,), at some distance along the member.
Design using strut-and-tie modelling is outlined in more detail in Section 8.4.

Consider the anchorage zone of the T-beam shown in Figure 8.10. The
strut-and-tie arrangement shown is suitable for calculating both the verti-
cal tension in the web and the horizontal tension across the flange.

An alternative model for estimating the internal tensile forces is to con-
sider the anchorage zone as a deep beam loaded on one side by the bearing
stresses immediately under the anchorage plate and resisted on the other
side by the statically equivalent, linearly distributed stresses in the beam.
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Figure 8.9 Strut-and-tie model of an anchorage zone.
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Figure 8.10 Vertical and horizontal tension in the anchorage zone of a post-tensioned
T-beam. (a) Vertical tension in web. (b) Horizontal tension across flange.

The depth of the deep beam is taken as the anchorage length [,. This

approach was proposed by Magnel [14] and was further developed by
Gergely and Sozen [15] and Warner and Faulkes [16].

8.3.2.1 Single central anchorage

The beam analogy model is illustrated in Figure 8.11 for a single central
anchorage, together with the bending moment diagram for the idealised
beam. Since the maximum moment tends to cause bursting along the axis of
the anchorage, it is usually denoted by M, and called the bursting moment.

By considering one half of the end block as a free-body diagram, as
shown in Figure 8.12, the bursting moment M, required for rotational
equilibrium is obtained from statics. Taking moments about any point on
the member axis gives:

P(h h P
YR LAY Y (8.7)
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Figure 8.11 Beam analogy for a single centrally placed anchorage.
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Figure 8.12 Free-body diagram of the top half of the anchorage zone in Figure 8.11.

where M, is resisted by the couple formed by the transverse forces F,. and
F,,, as shown.

As has already been established, the position of the resulting transverse
(vertical) tensile force Fy, in Figures 8.11 and 8.12 is located at some dis-
tance from the anchorage plate. For a linear-elastic anchorage zone, the
exact position of F,, is the centroid of the area under the appropriate trans-
verse tensile stress curve in Figure 8.6b. For the single, centrally placed
anchorage of Figures 8.6, 8.11 and 8.12, the lever arm between F,  and
F,, is approximately equal to h/2. This approximation also proves to be
a reasonable one for a cracked concrete anchorage zone. Therefore, using
Equation 8.7, we get:

M, P b
e (1" 8.8
b hl2 4( hj 8.8)

Expressions for the bursting moment and the horizontal transverse tension
resulting from the lateral dispersion of bearing stresses across the width b
of the section are obtained by replacing the depth / in Equations 8.7 and
8.8 with the width b.

8.3.2.2 Two symmetrically placed anchorages

Consider the anchorage zone shown in Figure 8.13a containing two
anchorages, each positioned equidistant from the member axis. The beam
analogy of Figure 8.13b indicates bursting moments M, on the axis of
each anchorage and a spalling moment M, (of opposite sign to M,) on the
member axis, as shown. Potential crack locations within the anchorage
zone are also shown in Figure 8.13a. The bursting moments behind each
anchorage plate produce tension at some distance into the member, whilst
the spalling moments produce transverse tension at the end face of the
member. This simple analysis is consistent with the stress isobars for the
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Figure 8.13 Beam analogy for two symmetrically placed anchorages. (a) End block-
side elevation. (b) Idealised beam with bursting and spalling moments.
(c) Free-body diagram through top anchorage. (d) Free-body diagram of
top half of end block.

linear-elastic end block of Figure 8.8c. Consider the free-body diagram
shown in Figure 8.13c. The maximum bursting moment behind the top
anchorage occurs at the distance x below the top fibre, where the shear
force at the bottom edge of the free-body is zero. That is:

Exzi(x—a) or xzﬁ (8.9)

h 2]’)p (b - th)
Summing moments about any point in Figure 8.13c¢ gives:

_ Px? _ Px —a)

M. = -
) 4h

(8.10)

p

The maximum spalling moment M, occurs at the member axis, where the
shear is also zero, and may be obtained by taking moments about any point
on the member axis in the free-body diagram of Figure 8.13d:

M; :(e—bj (8.11)

After the maximum bursting and spalling moments have been determined,
the resultant internal compressive and tensile forces can be estimated pro-
vided that the lever arm between them is known. The internal tension Fy,
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produced by the maximum bursting moment M, behind each anchorage
may be calculated from:

_ My

K. = (8.12)
I

By examining the stress contours in Figure 8.8, the distance between the
resultant transverse tensile and compressive forces behind each anchorage
I, depends on the size of the anchorage plate and the distance between the
plate and the nearest adjacent plate or free edge of the section. Guyon [9]
suggested an approximate method which involves the use of an idealised
symmetric prism for computing the transverse tension behind an eccentri-
cally positioned anchorage. The assumption is that the transverse stresses
in the real anchorage zone are the same as those in a concentrically loaded
idealised end block consisting of a prism that is symmetrical about the
anchorage plate and with a depth b, equal to twice the distance from the
axis of the anchorage plate to the nearest concrete edge. If the internal lever
arm [, is assumed to be half the depth of the symmetrical prism (i.e. b./2),
then the resultant transverse tension induced along the line of action of the
anchorage is obtained from an equation that is identical to Equation 8.8,
except that the depth of the symmetric prism b, replaces b:

Ry = i[l—’;"j (8.13)

where b, and b, are, respectively, the dimensions of the anchorage plate
and the symmetric prism in the direction of the transverse tension F,,. For
a single concentrically located anchorage plate b, = b (for vertical tension)
and Equations 8.8 and 8.13 are identical.

Alternatively, the tension F,, can be calculated from the bursting moment
obtained from the statics of the real anchorage zone using a lever arm [, =
h./2. Tt should be noted that Equation 8.13 is an approximation that under-
estimates the transverse tension. Guyon [9] suggested that a conservative esti-
mate of F,, will always result if the bursting tension calculated by Equation
8.13 is multiplied by h/b,, but this may be very conservative.

For anchorage zones containing multiple bearing plates, the bursting ten-
sion behind each anchorage, for the case where all anchorages are stressed,
may be calculated using Guyon’s symmetric prism. The depth of the sym-
metric prism b, associated with a particular anchorage may be taken as the
smaller of the following:

1. the distance in the direction of the transverse tension from the centre
of the anchorage to the centre of the nearest adjacent anchorage; and

2. twice the distance in the direction of the transverse tension from the
centre of the anchorage to the nearest edge of the anchorage zone.
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Compression

Figure 8.14 Two closely spaced symmetric anchorage plates.

For each symmetric prism, the lever arm /, between the resultant transverse
tension and compression may be taken as b./2.

The anchorage zone shown in Figure 8.14 contains two symmetrically
placed anchorage plates located close together near the axis of the mem-
ber. The stress contours show the bulb of tension immediately behind each
anchorage plate. Also shown in Figure 8.14 is the symmetric prism to be
used to calculate the resultant tension and the transverse reinforcement
required in this region. Tension also exists further along the axis of the
member in a similar location to the tension that occurs behind a single con-
centrically placed anchorage. Where the distance between two anchorages
is less than 0.3 times the total depth of a member, consideration must also
be given to the effects of the pair of anchorages acting in a manner similar
to a single anchorage subject to the combined forces.

The loading cases to be considered in the design of a post-tensioned
anchorage zone with multiple anchorage plates are:

1. all anchorages loaded; and
2. critical loading cases during the stressing operation.

8.3.3 Reinforcement requirements

In general, reinforcement should be provided to carry all the transverse
tension in an anchorage zone. It is unwise to assume that the concrete will
be able to carry any tension or that the concrete in the anchorage zone will
not crack. The quantity of transverse reinforcement A required to carry
the transverse tension caused by bursting can be obtained by dividing the
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appropriate tensile force, calculated using Equation 8.8 or 8.13, by the
permissible steel stress o, as follows:

Ay = g—b (8.14)

EN 1992-1-1 [2] states that reinforcement should be detailed as appropri-
ate for the strength limit state and that, if the steel stress o, is limited to
300 MPa, no check of crack widths is necessary.

Equation 8.14 may be used to calculate the quantity of bursting rein-
forcement in both the vertical and horizontal directions. The transverse
steel so determined must be distributed over that portion of the anchorage
zone where the transverse tension is likely to cause cracking of the con-
crete. Therefore, the steel area A, should be uniformly distributed over
the portion of beam located from about 0.204, to 1.05, from the loaded
end face. For the particular bursting moment being considered, 5, is the
depth of the symmetric prism in the direction of the transverse tension
and equals b for a single concentric anchorage. The size and spacing of the
transverse reinforcement required in this region should also be provided
in the portion of the beam from 0.205, to as near as practicable to the
loaded face.

For spalling moments, the lever arm [, between the resultant transverse
tension F_, and compression F_, is usually larger than for bursting, as can
be seen from the isobars in Figure 8.7. For a single eccentric anchorage,
the transverse tension at the loaded face remote from the anchorage may
be calculated by assuming that [, is half the overall depth of the mem-
ber. Between two widely spaced anchorages, the transverse tension at the
loaded face may be obtained by taking [, equal to 0.6 times the spacing of
the anchorages. The reinforcement required to resist the transverse tension
at the loaded face A, is obtained from:

Ay =T = (8.15)

According to EN 1992-1-1 [2], if 6., < 300 MPa, it is not necessary to
check for crack control. The steel area A, should be located as close to the
loaded face as is permitted by concrete cover and compaction requirements.

8.3.4 Bearing stresses behind anchorages

Local concrete bearing failures can occur in post-tensioned members
immediately behind the anchorage plates if the bearing area is inadequate
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Figure 8.15 Design distribution areas for determination of bearing resistance force [2].

or the concrete strength is too low. The design resistance Fyg4, that can be
supported on a bearing area A, is specified in EN 1992-1-1 [2] as:

Frau = AcofcavAc /A < 3.0fcaAc (8.16)

where f.4 is the design compressive strength of the concrete at the time of
first loading (i.e. Equation 4.11 at transfer), A, is the bearing area, A is
the largest area of the concrete supporting surface that is geometrically
similar to and concentric with Ay, with maximum dimensions as indicated
in Figure 8.15 (taken from EN 1992-1-1). The centre of the design distri-
bution area A, is on the line of action of the force P passing through the
centre of the bearing area A. If there is more than one bearing plate at the
end of the member, the design distribution areas should not overlap.

In commercial post-tensioned anchorages, the concrete immediately
behind the anchorage is confined by spiral reinforcement (see Figure 3.6¢),
in addition to the transverse bursting and spalling reinforcement (often
in the form of closed stirrups). In addition, the transverse compression
at the loaded face immediately behind the anchorage plate significantly
improves the bearing capacity of such anchorages. Therefore, provided
the concrete behind the anchorage is well compacted, the bearing stress
given by Equation 8.16 is usually conservative. Commercial anchorages
are typically designed for bearing stresses of about 40 MPa, and bearing
strength is specified by the manufacturer and is usually based on satisfac-
tory test performance.
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EXAMPLE 8.1 A SINGLE CONCENTRIC
ANCHORAGE ON A RECTANGULAR SECTION

The anchorage zone of a flexural member with the dimensions shown in
Figure 8.16 is to be designed. The size of the bearing plate is 315 mm square
with a duct diameter of 106 mm, as shown. The jacking force is P, = 3000 kN,
and the concrete strength when the full jacking force is applied at time t is
fu(t) = 40 MPa (and from Equation 4.11, f_,(t) = 26.67 MPa).

First consider the bearing stress immediately behind the anchorage plate. For
bearing strength calculations, we use the partial safety factor for the prestress
(P), y» = 1.0 (given in Equation 2.2), i.e. the design force on the anchorage
plate is 1.0 P, = 3000 kN. The net bearing area A, is the area of the bearing
plate minus the area of the hollow duct:

Ao =315x315— (1 x1062)/4 = 90.4 x10° mm?

For this anchorage, the dimensions of the design distribution area A, are
b, = d, = 480 mm (since A, must be geometrically similar to A_). Therefore:

A, = 480 x 480 = 230.4 x | 0> mm?

The design resistance force is obtained from Equation 8.16:

Frau = 90.4 x10° x 26.67 x \/230.4 x10%/(90.4 x10%) = 3849 kN

I ¥
342.5
106
_ )
315 o 10000, | =
3000 kN t
342.5 315
— Vv
End elevation Side elevation

Figure 8.16 Details of anchorage zone (Example 8.1).
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which is greater than the design force, P, = 3000 kN and therefore acceptable.
In practice, confinement reinforcement included behind the anchorage will
significantly increase the design bearing strength.

Consider moments in the vertical plane:

The forces and bursting moments in the vertical plane are illustrated in
Figure 8.17a. From Equation 8.7:

M,

B
:%(IOOO—NQ =256.9 kNm

and the vertical bursting tension is obtained from Equation 8.8:

~ 256.9x10°

be = %102 =513.8kN
1000/2

With o, taken equal to 300 MPa, the amount of vertical transverse
reinforcement required to resist bursting is calculated from Equation 8.14:

513.8x10°
Ap="""""=1713mm?
300
A
le—|
Fic le—| My, =256.9 kNm
|
ol /o g
I
315 1000
&I ]
l—
9.52 kKN/mm e
|
] A4
(@) 3.0 KN/mm
M, =61.9 kNm
Fbc :— 1
=
v [
E —|
v
9.52 kKN/mm
b) 6.25 KN/mm

Figure 8.17 Bursting force and moment diagrams (Example 8.1). (a) Bursting in the
vertical plane. (b) Bursting in the horizontal plane.
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This area of transverse steel must be provided within the length of beam
located from 0.20h to |.0h from the loaded end face, i.e. over a length
of 0.8h = 800 mm. Two 12 mm diameter stirrups (four vertical legs) are
required every 200 mm along the 800 mm length (i.e. 4 sets of stirrups give
Ay =4 x4x 110 = 1760 mm? within the 800 mm length). This size and spac-
ing of stirrups must be provided over the entire anchorage zone, i.e. for a
distance of 1000 mm from the loaded face.

Consider moments in the horizontal plane:

The forces and bursting moments in the horizontal plane are illustrated in
Figure 8.17b. With b = 480 mm replacing h in Equations 8.7 and 8.8, the burst-
ing moment and horizontal tension are:

3
M, = 30008>< 10

(480 —315) = 61.9 kNm

6
R = S12XI00 103 9578 KN
480/2

The amount of horizontal transverse steel is obtained from Equation 8.14 as:

_ 257.8xI10°
300

Asp = 860 mm?

and this is required within the length of beam located between 96 mm (0.2b)
and 480 mm (1.0b) from the loaded face. Four pairs of closed 12 mm stir-
rups (i.e. four horizontal legs per pair of stirrups) at 200 mm centres (A , =
880 mm?) satisfy this requirement. To satisfy horizontal bursting require-
ments, this size and spacing of stirrups should be provided from the loaded
face for a length of at least 480 mm.

To accommodate a tensile force at the loaded face of 0.03P, = 90 kN,
an area of steel of 90 x 10%/300 = 300 mm? must be placed as close to the
loaded face as possible. This is in accordance with Guyon’s [9] recommenda-
tion discussed in Section 8.3.1. The first pair of stirrups at about 40 mm from
the loaded face supply 440 mm? and, therefore, the existing reinforcement is
considered to be adequate.

The transverse steel details shown in Figure 8.18 are adopted here.
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Figure 8.18 Reinforcement details (Example 8.1).

Within the first 480 mm, where horizontal transverse steel is required,
the stirrups are closed at the top, as indicated, but for the remainder of the
anchorage zone, between 480 and 1000 mm from the loaded face, open stir-
rups may be used to facilitate placement of the concrete. The first stirrup is
placed as close as possible to the loaded face, as shown.

EXAMPLE 8.2 TWIN ECCENTRIC ANCHORAGES
ON A RECTANGULAR SECTION

The anchorage shown in Figure 8.19 is to be designed. The jacking force at each
of the two anchorage plates is P, = 2000 kN, and the concrete strength at the
time of transfer is f,,(t) = 40 MPa (and from Equation 4.11, f_,(t) = 26.67 MPa).

Check bearing stresses behind each anchorage:

As in Example 8.1, the design resistance force in bearing Fgq, is calculated
using Equation 8.16:

Ao =265 —

2
% - 63.6x10° mm?; A, = 450% = 202.5x10° mm?
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Figure 8.19 Twin anchorage arrangement (Example 8.2).

3
Frw = 63.6 107 x 26,67 x (| 2222>X19° _ 3057 1N

63.6 x10°

which is greater than the design force less P, = 2000 kN and is therefore
satisfactory.

Case (a) — Consider the lower cable only stressed:

It is necessary first to examine the anchorage zone after just one of the tendons
has been stressed. The stresses, forces and corresponding moments acting on
the eccentrically loaded anchorage zone are shown in Figure 8.20a through c.

The maximum bursting moment M, occurs at a distance x from the bottom
surface at the point of zero shear in the free-body diagram of Figure 8.20d.
From statics:

_53+(5.3-0.0066x)
2

Sox=231.8mm and w,=3.77 kN/mm

7.55x (x —92.5)

and

%1073

—(5.30-3.77)

2 2 ~ )
Mb:{5.30x23'-8 L2318 . (2318 92.5)}

=55.5kNm

The maximum spalling moment M, occurs at 394 mm below the top surface
where the shear is also zero, as shown in Figure 8.20e, and from equilibrium:

394

M, =1.3x x107 =33.6 kNm
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Figure 8.20 Actions on anchorage zone when the lower cable only is stressed
(Example 8.2). (a) Side elevation and stresses. (b) Forces. (c) Moments.
(d) Free-body of analogous beam at M,. (e) Free-body of analogous
beam at M..

Design for M,

The symmetric prism which is concentric with and directly behind the lower
anchorage plate has a depth of h, = 450 mm and is shown in Figure 8.21. From
Equation 8.12:

M, 555xI0°

E. =" _
T 450/2

=246.5 kN

By contrast, Equation 8.13 gives:

R = 200012651 906k
4 450

and this is considerably less conservative. Adopting the value of F,, obtained
from the actual bursting moment, Equation 8.14 gives:

_ 246.5x10°
300

Ay =822 mm?

This area of steel must be distributed over a distance of 0.8h, = 360 mm.
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Figure 8.21 Symmetric prism for one eccentric anchorage (Example 8.2).

For the steel arrangement illustrated in Figure 8.23, 12 mm diameter stir-
rups are used at the spacings indicated, i.e. a total of four vertical legs of
area 440 mm? per stirrup location are used behind each anchorage. The
number of such stirrups required in the 360 mm length of the anchorage
zone is 822/440 = 1.87 and therefore the maximum spacing of the stirrups is
360/1.87 = 192 mm. This size and spacing of stirrups are required from the
loaded face to 450 mm therefrom. The spacing of the stirrups in Figure 8.23
is less than that calculated here because the horizontal bursting moment
and spalling moment requirements are more severe. These are examined
subsequently.

Design for M,:
The lever arm [, between the resultant transverse compression and tension

forces that resist M, is taken as 0.5h = 500 mm. The area of transverse steel
required within 0.2h = 200 mm from the front face is given by Equation 8.15:

 336x10°

=220 924 mm?
300 x 500

'SS

The equivalent of about two vertical |2 mm diameter steel legs is required
close to the loaded face of the member to carry the resultant tension caused
by spalling. This requirement is easily met by the three full depth 12 mm



Anchorage zones 335

diameter stirrups (six vertical legs) located within 0.2h of the loaded face, as
shown in Figure 8.23.

Case (b) — Consider both cables stressed:

Figure 8.22 shows the force and moment distribution for the end block when
both cables are stressed.

Design for M,:
The maximum bursting moment behind the anchorage occurs at the level of

zero shear, x mm below the top surface and x mm above the bottom surface.
From Equation 8.9:

92.5x1000

x=-—2 XY 1968 mm
(1000 — 2 x 265)

and Equation 8.10 gives:

B {4000 x196.8% 4000 x (196.8 — 92.5)°
L= _

x107® =36.4 kNm
2 x1000 4 x 265

This is less than the value for M, when only the single anchorage was
stressed. Since the same symmetric prism is applicable here, the reinforcement
requirements for bursting determined in case (a) are more than sufficient.

92~5l 7.55 kKN/mm 4.0 KN/mm
_ e
A
le—
265 N
¥ e—
A
]
285 [ +
]
A4
'y [
265 7
[ -
v
e
9251

Figure 8.22 Forces and moments when both cables are stressed.
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Figure 8.23 Reinforcement details (Example 8.2).
Design for M,:

The spalling moment at the mid-depth of the anchorage zone (on the member
axis) is obtained from Equation 8.11:

3
M, = 4000;'0 (275 - |o:>oj %107 = 50 kNm

With the lever arm [, taken as 0.6 times the spacing of the bearing plates,
i.e. I, = 0.6 x 550 = 330 mm, the area of transverse steel required within
0.2h = 200 mm of the loaded face is given by Equation 8.15:

50 x 10°

="  —505mm?
300 x 330

'SS

Use six vertical legs of 12 mm diameter (660 mm?) across the member axis
within 200 mm of the loaded face, as shown in Figure 8.23.

Case (c) — Consider horizontal bursting:

Horizontal transverse steel must also be provided to carry the transverse
tension caused by the horizontal dispersion of the total prestressing force
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(P = 4000 kN) from a 265 mm wide anchorage plate into a 480 mm wide
section. With b = 480 mm used instead of h, Equations 8.7 and 8.8 give:

M, =1075kNm and F,=448kN
and the amount of horizontal steel is obtained from Equation 8.14:
Ay = 1493 mm?

With the steel arrangement shown in Figure 8.23, six horizontal 12 mm
diameter bars exist at each stirrup location, i.e. 660 mm? at each stirrup
location. The required stirrup spacing within the length 0.8b (= 384 mm) is
170 mm. Therefore, within 480 mm from the end face of the beam, all avail-
able horizontal stirrup legs are required and therefore all stirrups in this
region must be closed.

The reinforcement details shown in Figure 8.2 are adopted.

EXAMPLE 8.3 SINGLE CONCENTRIC
ANCHORAGE IN A T-BEAM

The anchorage zone of the T-beam shown in Figure 8.24a is to be designed.
The member is prestressed by strands located within a single 92 mm diame-
ter duct, with a 265 mm square anchorage plate located at the centroidal axis
of the cross-section. The jacking force is P, = 2000 kN, and the characteristic
concrete strength at transfer is 40 MPa, i.e. f_4(t) = 26.67 MPa. The distribu-
tions of forces on the anchorage zone in elevation and in plan are shown in
Figure 8.24b and c, respectively.

The bearing area and the design distribution area are A, = 63.6 x 103> mm?
and A, = 122.5 x 103 mm?, respectively, and the design resistance force in
bearing Fp,, is calculated using Equation 8.16:

3
Frao = 63.6 x10° x 2667 x| 22219 _ 93541

63.6 x10°

which is greater than the design force less P, = 2000 kN and is therefore
satisfactory.
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Figure 8.24 Details of the anchorage zone of the T-beam (Example 8.3). (a) End
elevation. (b) Side elevation. (c) Plan. (d) Part side elevation.

Consider moments in the vertical plane:

The maximum bursting moment occurs at the level of zero shear at x mm
above the bottom of the cross-section. From Figure 8.24d:

2.044 x x = 7.547 x (x — 295.8) ..x=405.7 mm

and

o {2.044 x 405.7%  7.547 x (405.7 —295.8)>
L= _
2 2

}xl03 =122.6 kNm

As indicated in Figure 8.24b, the depth of the symmetric prism associated
with M, is h, =2 % 139.2 + 265 = 543 mm and the vertical tension is:

R = M 451kN
he/2
The vertical transverse reinforcement required in the web is obtained
from Equation 8.14:

_ 451x10°
300

Ay =1503 mm?
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Figure 8.25 Reinforcement details for anchorage zone of T-beam (Example 8.3).

This area of steel must be located within the length of the beam between
0.2h, = 109 mm and h, = 543 mm from the loaded face.

By using 12 mm stirrups over the full depth of the web and additional 12 mm
stirrups immediately behind the anchorage, as shown in Figure 8.25 (i.e. Ay, =
(4 x 110) = 440 mm? per stirrup location), the number of double stirrups
required is 1503/440 = 3.42 and the required spacing is (543 — 109)/3.42 =
127 mm. With a full depth stirrup located 40 mm from the loaded face,
Guyon’s recommendation that steel be provided near the loaded face to carry
0.03P; is satisfied.

Consider moments in the horizontal plane:

Significant lateral dispersion of prestress in plan occurs in the anchorage zone
as the concentrated prestressing force finds its way out into the flange of the
T-section. By taking moments of the forces shown in Figure 8.24c about a
point on the axis of the anchorage, the horizontal bursting moment is:

M, = (0.876 x 325x 337.5 + 4.088 x 175 x 87.5 — 7.547 x132.5*/2) x 10
=92.4 kNm
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Much of this bursting moment must be resisted by horizontal transverse ten-
sion and compression in the flange. Taking h, equal to the flange width, the
lever arm between the transverse tension and compression is [, = h./2 =
500 mm and the transverse tension is calculated using Equation 8.12:

~92.4x10°
500

Foe =185kN

The area of horizontal transverse reinforcement required in the flange is
therefore:

3
Ay =M=6I7mm2
300

and this quantity should be provided within the flange and located between
200 and 1000 mm from the loaded face. Adopt 12 mm bars across them
flange at 140 mm centres from the loaded face to 1000 mm therefrom, as
shown in Figure 8.25. A similar check should be carried out to ensure suf-
ficient horizontal bursting reinforcement in the web. In this case, the horizon-
tal bottom legs of the 12 mm stirrups in the web (plus the horizontal [2 mm
bars in the flange) are more than sufficient.

Alternative design using the strut-and-tie method:

An alternative approach to the design of the anchorage zone in a flanged
member, and perhaps a more satisfactory approach, involves the use of strut-
and-tie modelling, as illustrated in Figure 8.26.

The vertical dispersion of the prestress in the anchorage zone of Example
8.3 may be visualised using the simple strut-and-tie model illustrated in
Figure 8.26a. The strut-and-tie model extends from the bearing plate into
the beam for a length of about half the depth of the symmetric prism (i.e.
h/2 = 272 mm in this case). The total prestressing force carried in the
flange is 876 kN and this force is assumed to be applied to the analogous
truss at A and B, as shown. The total prestressing force in the web of the
beam is 1124 kN, and this is assumed to be applied to the analogous truss
at the quarter points of the web depth, i.e. at D and F. From statics, the
tension force in the vertical tie DF is 405 kN, which is in reasonable agree-
ment with the bursting tension (451 kN) calculated previously using the
deep beam analogy.
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Figure 8.26 Truss analogy of the anchorage zone of T-beam (Example 8.3). (a)

Vertical dispersion of prestress. (b) Horizontal dispersion of prestress.

The area of steel required to carry the vertical tension in the analogous

truss is:

Asb =

405x10’
300

=350

mm2

and this may be distributed over a length of the anchorage zone of about
0.8h, (= 435 mm) centred on the tie BF in Figure 8.26a. According to the truss



342 Design of Prestressed Concrete to Eurocode 2

analogy, therefore, the vertical steel spacing of 120 mm in Figure 8.25 may be
increased to 140 mm.

The horizontal dispersion of prestress into the flange is illustrated using
the truss analogy of Figure 8.26b. After the prestressing force has dispersed
vertically to point B in Figure 8.26a (i.e. at 272 mm from the anchorage plate),
the flange force then disperses horizontally. The total flange force (876 kN)
is applied to the horizontal truss at the quarter points across the flange, i.e.
at points H and K in Figure 8.26b. From statics, the horizontal tension in the
tie HK is 161 kN (which is in reasonable agreement with the bursting tension
of 185 kN calculated previously). The reinforcement required in the flange is:

_161x10°
300

A, =537 mm?

This quantity of reinforcement may be distributed over a length of beam
equal to about 0.8 times the flange width (800 mm) and centred at the position
of the tie HK in Figure 8.26b. Reinforcement at the spacing thus calculated
should be continued back to the free face of the anchorage zone. The
reinforcement indicated in Figure 8.25 meets these requirements.

8.4 STRUT-AND-TIE MODELLING

8.4.1 Introduction

Modelling the flow of forces in an anchorage zone using an idealised truss,
such as we have seen in Figures 8.9, 8.10 and 8.26, is the basis of a power-
ful method of design known as strut-and-tie modelling. It is a lower bound
plastic method of design that can be applied to all elements of a struc-
ture, but it is most often used to design disturbed regions (D-regions) such
as occur at discontinuities in the structure, in non-flexural members and
within supports and connections. Anchorage zones in prestressed concrete
structures are such regions.

Strut-and-tie modelling became popular in the 1980s with Marti [17,18]
and Schlaich et al. [19] making important contributions. The designer
selects a load path consisting of internal concrete struts and steel ties con-
nected at nodes. The internal forces carried by the struts and ties must be
in equilibrium with the external loads. Each element of the strut-and-tie
model (i.e. the concrete struts representing compressive stress fields, the
steel ties representing the reinforcement and the nodes connecting them)
must then be designed and detailed so that the load path is everywhere suf-
ficiently strong enough to carry the applied loads through the structure and
into the supports. Care must be taken to ensure that strut-and-tie model
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selected is compatible with the applied loads and the supports and that
both the struts and the ties possess sufficient ductility to accommodate the
redistribution of internal forces necessary to achieve the desired load path.
EN 1992-1-1 [2] permits the use of strut-and-tie modelling as a basis
for strength design (and for evaluating strength) in non-flexural regions of
members. It may also be used for the design of members where linear distri-
bution of strain exists on the cross-section. The following requirements are
generally applicable when designing using strut-and-tie modelling:

1. loads are applied only at nodes with struts and ties carrying only axial
force;

2. the model must be in equilibrium;

3. when determining the geometry of the model, the dimensions of the
struts, ties and nodes must be accounted for;

4. if required, ties may cross struts;

5. struts are permitted to cross or intersect only at nodes; and

6. the angle between the axis of any strut and any tie at a node point
shall not be less than about 30° for a reinforced concrete tie or 20° in
a prestressed concrete member when a tendon is acting as the tie.

8.4.2 Concrete struts
8.4.2.1 Types of struts

Depending on the geometry of the member and its supports and loading
points, the struts in a strut-and-tie model can be fan shaped, bottle shaped
or prismatic, as shown in Figure 8.27. If unimpeded by the edges of a
member or any penetrations through the member, compressive stress fields
diverge. A prismatic strut, such as shown in Figure 8.27c, can only develop
if the stress field is physically unable to diverge because of the geometry of
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Figure 8.27 Types of concrete struts. (a) Fan-shaped struts. (b) Bottle-shaped strut.
(c) Prismatic strut.
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the structure. When the compressive stress field can diverge without inter-
ruption and is not constrained at its ends, so that the stress trajectories
remain straight, a fan-shaped strut results, as shown in Figure 8.27a. When
the compressive stress field is free to diverge laterally along its length, but is
constrained at either end, a bottle-shaped strut develops with curved stress
trajectories similar to that shown in Figure 8.27b. Such curved compressive
stress trajectories create bursting forces F, at right angles to the strut axis.

8.4.2.2 Strength of struts

According to EN 1992-1-1 [2], the design strength of a strut in a region
with transverse compressive stress (or no transverse stress) is the prod-
uct of the smallest cross-sectional area of the concrete strut at any point
alongits length and the design compressive stress f.4. For struts in cracked
compressive zones, with transverse tension, the design strength may be
calculated using a reduced design compressive stress 6ry ma.x given by:

fox
max — 0'6 1 - C 8.17
ORd. ( 250 fd ( )

Properly detailed longitudinal reinforcement placed parallel to the axis of
the strut and located within the strut may be used to increase the strength
of a strut. The longitudinal reinforcement should be enclosed by suitably
detailed ties or spiral reinforcement (see Section 14.6.2). The strength of
a strut containing longitudinal reinforcement may be calculated as for a
prismatic, pin-ended short column of cross-sectional area A, and the same
length as the strut (see Section 13.3).

8.4.2.3 Bursting reinforcement in bottle-shaped struts

The bursting tension in a bottle-shaped strut reduces the compressive
strength of the strut and, if F,, is significant, transverse reinforcement is
required. Without adequate transverse reinforcement, splitting along the
strut can initiate a sudden brittle failure of the strut.

The bursting force required to cause cracking parallel to the axis of the
strut may be taken as:

Fbt.cr = O'7bbf<':td (8'18)

where b is the width of the member and 5 is the length of the bursting
zone, i.e. the length » shown in Figure 8.28a and b where the compression
trajectories are curved. If the internal tensile force F, is greater than 0.5F,
it is recommended that adequate reinforcement be included to carry the
entire bursting tension F,,. EN 1992-1-1 [2] suggests that this should be
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Figure 8.28 Dimensions for the determination of transverse tensile forces in a compres-
sion field with smeared reinforcement [2]. (a) Partially constrained (b < H/2).
(b) Unconstrained (b > H/2).

distributed over the length » shown in Figure 8.28a and b. The bursting
force F,, may be determined from either Equation 8.19 for a partially con-
strained strut (as shown in Figure 8.28a) or Equation 8.20 for an uncon-
strained bottle-shaped strut (as shown in Figure 8.28b):

:119—41
b

. F (8.19)

11 972
E,t—4(l 0'7th (8.20)

where F is the compressive force carried by the strut and caused by the
factored design loads at the strength limit state.

For the control of cracking along the strut at service loads, the maxi-
mum stress in the transverse reinforcement o, should be limited to
300 MPa (perhaps even lower in regions where a strong degree of crack
control is required for appearance or where cracks may reflect through
finishes).

The transverse reinforcement requirements can be met by including rein-
forcement of areas A, and A, in two orthogonal directions y; and y, to
the axis of the strut. Alternatively, transverse reinforcement of area A, in
one direction only can be used, provided the angle y, between the axis of
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the strut and the reinforcement is not less than about 40°. In the latter case,
if the direction of the transverse reinforcement is not perpendicular to
the plane of cracking, the component of the bursting force orthogonal to the
reinforcement must be resisted by dowel action and aggregate interlock on
the crack surface and, for this reason, a minimum limit is placed on y,. The
area(s) of steel required must satisfy the following conditions:

Asblcsb sin Y1+ Asbzcsb sin Y2 2 Fbt (8'21)

where F,, is the bursting tension caused by the factored design loads at the
strength limit state.

EN 1992-1-1 [2] requires that the transverse steel quantities determined
from Equation 8.21 should be uniformly distributed along the length of the
bursting zone b, as defined in Figure 8.28.

8.4.3 Steel ties

The ties in a strut-and-tie model consist of reinforcement, prestressing ten-
dons or any combination thereof running uninterruptedly along the full
length of the tie and adequately anchored within (or beyond) the node at
each end of the tie. The reinforcement and/or tendons should be evenly dis-
tributed across the end nodes and arranged so that the resultant tension in
the steel coincides with the axis of the tie in the strut-and-tie model.

The design strength of the tie is given by:

Tot = Afya + Ap(Gpme + AG,) (8.22)

where o, is the effective prestress in the tendons after all the losses (see
Equation 6.12) and Ao, is the incremental force in the tendons due to the
design external loads. The sum o, , + Ac,should not be taken to be greater
than the design strength of the tendons f,.

EN 1992-1-1 [2] requires that for adequate anchorage at each end of the
tie, all reinforcement shall be fully anchored in accordance with the proce-
dures outlined in Section 14.3.2. Alternatively, anchorage can be provided

by a welded or mechanical anchorage entirely located beyond the node.

8.4.4 Nodes

At a node connecting struts and ties, at least three forces must be acting to
satisfy equilibrium. The strength of the concrete within a node must also be
checked. EN 1992-1-1 [2] identifies three types of nodes depending on the
arrangement of the struts and ties entering the node.

1. A compression node or a CCC node is one with only struts (or com-
pressive loading points or reactions) entering the node, as shown in
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Figure 8.29 Node types in strut-and-tie models. (a) CCC (compression) node with-
out ties. (b) CCT (compression—tension) node. (c) CTT (compression—
tension) node.

Figure 8.29a. The maximum compressive stress that can be applied
on the bearing surfaces at the edges of the node is:

ORd.max = (1 - Zf;kojfcd <8.23)

2. A CCT node is one with two or more struts and single tension tie
entering the node, e.g. the node in Figure 8.29b. The maximum com-
pressive stress that can be applied at the bearing surfaces of the node
by either of the two struts is:

fa
max — 0'85 1- & 8.24
ORd. ( 250 fed ( )
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3. A CTT node is one with two or more tension ties entering the node,
e.g. the node in Figure 8.29¢c. The maximum compressive stress that
can be applied at the edges of the node by the strut is:

f
ORd.max = 0.75[1 ZSOijd (8.25)
When the strut-and-tie model is constructed so that all the strut forces enter-
ing a compressive CCC node are perpendicular to the node faces, the node
is hydrostatic. The lengths of the node faces are proportional to the strut
forces. For in-plane compression nodes, the node faces are subjected to nor-
mal stress, without any shear component, and the compressive stress on each
node face is identical (i.e. 64, = 6,4, = G4 3= O, in Figure 8.29a). Although
the design of hydrostatic nodes is straightforward, the forces entering the
node may not be concurrent and hydrostatic nodes are often not possible.
Non-hydrostatic nodes are commonly adopted when truss analysis software
is used to determine member forces. The design of non-hydrostatic nodes,
where the face of the node is not perpendicular to the strut force, involves
the determination of the principal compressive stress from the normal and
shear stresses acting on the node face. However, EN 1992-1-1 [2] suggests
that in-plane compressive nodes (Figure 8.29a) may normally be assumed to
be hydrostatic.

For triaxially compressed nodes, where the node is confined, the strength
increases. EN 1992-1-1 [2] suggests that, if the distribution of loads is
known in all three directions, the maximum compressive stress that can be
applied at the bearing surfaces of the node by any strut o, ., may be taken
as 3 times the value given by Equation 8.23.

In the compression—tension nodes, the anchorage length of the reinforce-
ment starts at the beginning of the node and should extend through the
entire node and if necessary beyond the node (as shown in Figure 8.29b).
The anchorage and bending requirements for reinforcement are discussed
in Section 14.3.2.
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Chapter 9

Composite members

9.1 TYPES AND ADVANTAGES OF
COMPOSITE CONSTRUCTION

Composite construction in prestressed concrete usually consists of precast
prestressed members acting in combination with a cast in-situ concrete
component. The composite member is formed in at least two separate stages
with some or all of the prestressing normally applied before the completion
of the final stage. The precast and the cast in-situ elements are mechanically
bonded to each other to ensure that the separate components act together
as a single composite member.

Composite members can take a variety of forms. In building construc-
tion, the precast elements are often pretensioned slabs (which may be either
solid or voided), or single- or double-tee beams. The cast in-situ element is a
thin, lightly reinforced topping slab placed on top of the precast units after
the units have been erected to their final position in the structure. Single- or
double-tee precast units are used extensively in building and bridge struc-
tures because of the economies afforded by this type of construction.

Composite prestressed concrete beams are widely used in the construc-
tion of highway bridges. For short- and medium-span bridges, standardised
I-shaped or trough-shaped girders (which may be either pretensioned or
post-tensioned) are erected between the piers and a reinforced concrete slab
is cast onto and across the top flange of the girders. The precast girders and
the in-situ slab are bonded together to form a stiff and strong composite
bridge deck.

The two concrete elements, which together form the composite structure,
may have different concrete strengths, different elastic moduli and differ-
ent creep and shrinkage characteristics. The concrete in the precast element
is generally of better quality than the concrete in the cast in-situ element
because it usually has a higher specified target strength and experiences
better quality control during construction and better curing conditions.
With the concrete in the precast element being older and of better quality
than the in-situ concrete, restraining actions will develop in the composite

351
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structure with time owing to differential creep and shrinkage movements.
These effects should be carefully considered in design.

Prestressed concrete composite construction has many advantages over
non-composite construction. In many situations, a significant reduction in
construction costs can be achieved. The use of precast elements can greatly
speed up construction time. When the precast elements are standardised
and factory produced, the cost of long-line pretensioning may be consid-
erably less than the cost of post-tensioning on site. Of course, the cost of
transporting precast elements to the site must be included in these com-
parisons and it is often transportation difficulties that limit the size of the
precast elements and the range of application of this type of construction.
In addition, it is easier and more economical to manufacture concrete ele-
ments with high mechanical properties in a controlled prestressing plant
rather than on a building or bridge site.

During construction, the precast elements can support the formwork
for the cast in-situ concrete, thereby reducing falsework and shoring costs.
The elimination of scaffolding and falsework is often a major advantage
over other forms of construction, and permits the construction to proceed
without interruption to the work or traffic beneath. Apart from providing
significant increases to both the strength and stiffness of the precast gird-
ers, the in-situ concrete can perform other useful structural functions. It
can provide continuity at the ends of precast elements over adjacent spans.
In addition, it provides lateral stability to the girders and also provides a
means for carrying lateral loads back to the supports. Stage stressing can
be used to advantage in some composite structures. A composite member
consisting of a pretensioned, precast element and an in-situ slab may be
subsequently post-tensioned to achieve additional economies of section.
This situation may arise, for example, when a relatively large load is to be
applied at some time after composite action has been achieved.

Cross-sections of some typical composite prestressed concrete members
commonly used in buildings and bridges are shown in Figure 9.1.

9.2 BEHAVIOUR OF COMPOSITE MEMBERS

The essential requirement for a composite member is that the precast and
cast in-situ elements act together as one unit. To achieve this, it is necessary
to have good bond between the two elements.

When a composite member is subjected to bending, a horizontal shear
force develops at the interface between the precast and the in-situ elements.
This results in a tendency for horizontal slip on the mating surfaces, if the
bond is inadequate. Resistance to slip is provided by the naturally achieved
adhesion and friction that occurs between the two elements. Often the top
surface of the precast element is deliberately roughened during manufac-
ture to improve its bonding characteristics and facilitate the transfer of
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Figure 9.1 Typical composite prestressed concrete cross-sections. (a) Slab and girder.
(b) Pretensioned plank plus topping. (c) Single-T-sections. (d) Double-T-
sections. (e) Trough girder.

horizontal shear through mechanical interlock. Where the contact surface
between the two elements is broad (such as in Figure 9.1b through d), natu-
ral adhesion and friction are usually sufficient to resist the horizontal shear.
Where the contact area is small (such as between the slab and girders in
Figure 9.1a and e), other provisions are necessary. Frequently, the web rein-
forcement in the precast girder is continued through the contact surface
and anchored in the cast in-situ slab. This reinforcement resists horizontal
shear primarily by dowel action, but assistance is also gained by clamping
the mating surfaces together and increasing the frictional resistance.

If the horizontal shear on the element interface is resisted without slip (or
with small slip only), the response of the composite member can be deter-
mined in a similar manner to that of a monolithic member. Stresses and
strains on the composite cross-section due to service loads applied after the
in-situ slab has been placed (and has hardened) may be calculated using the
properties of the combined cross-section calculated using the transformed
area method. If the elastic modulus of the concrete in the in-situ part of the
cross-section E_, is different from that in the precast element E_,, it is

cmls
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convenient to transform the cross-sectional area of the in-situ element to an
equivalent area of the precast concrete. This is achieved in much the same
way as the areas of the bonded reinforcement are transformed into equiva-
lent concrete areas in the analysis of a non-composite member. For a cross-
section such as those shown in Figures 9.1a or e, for example, if the in-situ
concrete slab has an effective width b, and depth A, it is transformed into
an equivalent area of precast concrete of depth b, and width b,,, where:

Ecmz

btr = beff = O{'c:bef (9.1)

cm1

If the bonded steel areas are also replaced by equivalent areas of precast
concrete (by multiplying by E/E,; or E /E,,,), the properties of the com-
posite cross-section can be calculated by considering the fictitious trans-
formed cross-section made up entirely of the precast concrete.

The width of the in-situ slab that can be considered to be an effective part
of the composite cross-section (b,;) depends on the span of the member and
the distance between the adjacent precast elements. Maximum effective
widths for flanged sections are generally specified in building codes, with
the provisions of EN 1992-1-1 [1] previously outlined in Section 6.5. For
composite members such as those shown in Figure 9.1a and e, the effective
flange widths recommended by EN 1992-1-1 [1] are given in Equations
6.33 through 6.35, except that the term b, now refers to the width of the
slab—girder interface.

The design of prestressed concrete composite members is essentially
the same as that of non-composite members, provided that certain behav-
ioural differences are recognised and taken into account. It is important to
appreciate that part of the applied load is resisted by the precast element(s)
prior to the establishment of composite action. Care must be taken, there-
fore, when designing for serviceability to ensure that behaviour of the
cross-section and its response to various load stages are accurately mod-
elled. It is also necessary in design to ensure adequate horizontal shear
capacity at the element interface. With these issues taken into account, the
design procedures for flexural, shear and torsional strengths are similar
to that of a non-composite member.

9.3 STAGES OF LOADING

As mentioned in the previous section, the precast part of a composite member
may be required to carry loads prior to the establishment of composite action.
When loads are applied during construction, before the cast in-situ slab has set,
flexural stresses are produced on the precast element. After the in-situ concrete
has been placed and cured, the properties of the cross-section are altered for all
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subsequent loadings. Moments due to service live loads, for example, modify
the stress distribution in the precast element and introduce stresses into the
cast in-situ slab. Creep and shrinkage of the concrete also cause a substantial
redistribution of stress with time between the precast and the in-situ elements,
and between the concrete and the bonded reinforcement in each element.

In the design of a prestressed concrete composite member, the following
load stages usually need to be considered.

1. Initial prestress at transfer in the precast element: This normally
involves calculation of elastic stresses due to both the initial prestress
P, and the self-weight of the precast member. This load stage fre-
quently occurs off-site in a precast plant.

2. Period before casting the in-situ slab: This involves a time analysis
to determine the stress redistribution and change in curvature caused
by creep and shrinkage of the concrete in the precast element during
the period after the precast element is prestressed and prior to cast-
ing the in-situ concrete. The only loads acting are the prestress (after
initial losses) and the self-weight of the precast element. A reasonably
accurate time analysis can be performed using the analysis described
in Section 5.7.3. Typical concrete stresses at load stages 1 and 2 at the
mid-span of the precast element are illustrated in Figure 9.2a.

3. Immediately after casting the in-situ concrete and before composite
action: This load stage involves a short-term analysis of the precast
element to calculate the instantaneous effects of the additional super-
imposed dead loads prior to composite action. If the precast element
is unshored (i.e. not temporarily supported by props during construc-
tion), the superimposed dead load mentioned here includes the weight
of the wet in-situ concrete. The additional increments of stress and
instantaneous strain in the precast element are added to the stresses
and strains obtained at the end of load stage 2. Typical concrete
stresses at the critical section of an unshored member at load stage 3
are shown in Figure 9.2b.

Centroidal axis of
composite section g 3

Centroidal axis of - J

precast section

(a) (c)

Figure 9.2 Concrete stresses at the various load stages. (a) Load stages | and 2. (b) Load
stages 2 and 3. (c) Load stages 3 and 4.
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If the precast member is shored prior to placement of the cast
in-situ slab, the applied loads do not produce internal actions or
deformations in the member and the imposed loads are carried by the
shoring. Therefore, no additional stresses or strains occur in a fully
shored precast element at this load stage. When curing of the cast in-situ
component has been completed, the shoring is removed and the self-
weight of the cast in-situ concrete, together with any other loading
applied at this time, produce deformations and flexural stresses and
are considered in load stage 4.

4. Immediately after the establishment of composite action: This
involves a short-term analysis of the composite cross-section (see
Section 9.5.2) to determine the change of stresses and deformations
on the composite cross-section as all the remaining loads are applied.
The instantaneous effect of any dead load or service live load and
any additional prestressing not previously considered (i.e. not applied
previously to the non-composite precast element) are considered here.
If cracking occurs, a cracked section analysis is required. Additional
prestress may be applied to the composite member by re-stressing
existing post-tensioned tendons or tensioning previously unstressed
tendons. If the composite section remains uncracked, the increments
of stress and strain calculated at this load stage on the precast part
of the composite cross-section are added to the stresses and strains
calculated in stage 3 prior to the establishment of composite action.
Typical concrete stresses at the end of load stage 4 are shown in
Figure 9.2c.

5. Period after the establishment of composite action: A time analysis
of the composite cross-section is required (see Section 9.5.3) for the
period beginning at the time the sustained load is first applied (usually
soon after the in-situ concrete is poured) and ending after all creep
and shrinkage deformations have taken place. The long-term effects
of creep and shrinkage of concrete and relaxation of the prestressing
steel on the behaviour of the composite section subjected to the sus-
tained service loads are determined.

6. The ultimate limit state condition for the composite section: Ultimate
strength checks are required for flexure, shear and torsion (if appli-
cable) to ensure an adequate factor of safety at each of load stages 1
to 5. Under ultimate limit state conditions, the flexural strength of the
composite section can be assumed to equal the strength of a monolithic
cross-section of the same shape, with the same material properties,
and containing the same amount and distribution of reinforcement,
provided that slip at the interface between the precast and in-situ ele-
ments is small and full shear transfer is obtained. The stress disconti-
nuity at the interface at service loads and the inelastic effects of creep
and shrinkage have an insignificant effect on the design strength and
can be ignored at the ultimate limit state condition.
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9.4 DETERMINATION OF PRESTRESS

In practice, the initial prestress and the eccentricity of prestress at the criti-
cal section in the precast element (P, and e, respectively) are calculated
to satisfy preselected stress limits at transfer. In general, cracking is avoided
at transfer by limiting the tensile stress to about £, , = 0.15 x [£,,,(¢0)]*. In
addition, in order to avoid unnecessarily large creep deformations, it is
prudent to ensure that the initial compressive stresses do not exceed f, ., =
-0.45f,.,(¢,). In the case of trough girders, as shown in Figure 9.1e, the cen-
troidal axis of the precast element is often not far above the bottom flange,
so that loads applied to the precast element prior to or during placement
of the in-situ slab may cause unacceptably large compressive stresses in the
top fibres of the precast girder.

Satisfaction of stress limits in the precast element at transfer and immedi-
ately prior to the establishment of composite action (at the end of load stage 3)
can be achieved using the procedure discussed in Section 5.4.1. For the case of
a precast girder, Equations 5.3 through 5.6 become:

< Apcfct,O + atop.pch

PmO
O('top.pcepc -1

P < _Apcfcc,O + abtm.pch (9 3)
m,0 = .
Qbem.pc€pe +1

Pm,O > _Apcfct,t + abtm.pcM3 (94)
Q3(abtm.pc8pc + 1)
Pm,o > Apcfcc,t + atop‘pcM3 (9.5)

Q3 (atop.pcepc - 1)

where e, is the eccentricity of prestress from the centroidal axis of the pre-
cast section; &y, o = AL/ Z op 65 e pe = Ape/ Ziem pes Ape 18 the cross-sectional
area of the precast member and Z,,, .. and Z,, .. are the top and bottom
section moduli of the precast element, respectively. The moment M, is the
moment applied at load stage 1 (usually resulting from the self-weight of
the precast member); M, is the maximum in-service moment applied to the
precast element prior to composite action (in load stage 3) and Q;P, , is
the prestressing force at load stage 3. An estimate of the losses of prestress
between the transfer and the placement of the in-situ slab deck is required
for the determination of Q;.

Equations 9.2 and 9.3 provide an upper limit to P ,, and Equations 9.4
and 9.5 establish a minimum level of prestress in the precast element.

After the in-situ slab has set, the composite cross-section resists all sub-
sequent loading. There is a change both in the size and the properties of
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the cross-section, and a stress discontinuity exists at the element inter-
face. If cracking is to be avoided under the service loads, a limit £, (say
0.5f....) is placed on the magnitude of the extreme fibre tensile stress at
the end of load stage 5, i.e. after all prestress losses and under full service
loads. This requirement places another, perhaps more severe limit on the
minimum amount of prestress compared to that imposed by Equation 9.4.
Alternatively, this requirement may suggest that an additional prestress-
ing force is required on the composite member, i.e. the member may need
to be further post-tensioned after the in-situ slab has developed its target
strength.

The bottom fibre tensile stress immediately before the establishment of
composite action may be approximated by:

Chims = — Dbuo |y, Awepe |, M (9.6)
Apc thm.pc thm.pc

If the maximum additional moment applied to the composite cross-section
in load stage 4 is M, and the prestressing force reduces to QP,, , with time,
then the final maximum bottom fibre stress at the end of load stage 5 may
be approximated by:

(9.7)

Obtm,5 = —

QPm,O [1 + Apcepc J_'_ M3 + M4

Apc thm.pc thm.pc thlncomp
where Zy, .omp 18 the section modulus for the bottom fibre of the composite
cross-section. If the bottom fibre stress in load stage 5 is to remain less than

the stress limit £, , then Equation 9.7 can be rearranged to give:

APC( M3 + M4 _fct,tj

thm.pc thm.comp

P.o>

5

(9.8)

Q (abtm.pcepc + 1)

Equation 9.8, together with Equations 9.2, 9.3 and 9.5, can be used to
establish a suitable combination of P, ; and e,.. In some cases, the precast
section may be proportioned so that the prestress and eccentricity satisfy
all stress limits prior to composite action (i.e. Equations 9.2 through 9.5).
However, if when the additional requirement of Equation 9.8 is included,
no combination of P, and e, can be found to satisfy all the stress lim-
its, additional prestress may be applied to the composite member after the
in-situ slab is in place.

If cracking can be tolerated in the composite member under full service
loads, a cracked section analysis may be required to check for crack con-
trol and to determine the reduction of stiffness and its effect on deflection.
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Care must be taken in such an analysis to accurately model stresses in the
various parts of the cross-section and the stress discontinuity at the slab—
girder interface.

In many situations, cracking may be permitted under the full live load
but not under the permanent sustained load. In such a case, M, in Equation
9.8 can be replaced by the sustained part of the moment applied at load
stage 4 (M, ,,.) and the so-modified Equation 9.8 can be used to determine
the minimum level of prestress on a partially-prestressed composite section.

9.5 METHODS OF ANALYSIS AT SERVICE LOADS

9.5.1 Introductory remarks

After the size of the concrete elements and the quantity and disposition of
prestressing steel have been determined, the behaviour of the composite
member at service loads should be investigated to determine the deflection
(and shortening) at the various load stages (and times) and also to check
for the possibility of cracking. The short-term and time-dependent analy-
ses of uncracked composite cross-sections can be carried out conveniently
using procedures similar to those described in Sections 5.6.2 and 5.7.3 for
non-composite cross-sections. The approaches described here were also
presented by Gilbert and Ranzi [2].

Consider a cross-section made up of a precast, pretensioned girder (ele-
ment 1) and a cast in-situ reinforced concrete slab (element 2), as shown
in Figure 9.3. The concrete in each element has different deformation
characteristics. This particular cross-section contains four layers of non-
prestressed reinforcement and two layers of prestressing steel, although
any number of steel layers can be handled without added difficulty. As
was demonstrated in Tables 5.1 and 5.2, the presence of non-prestressed

y
ds(zuds(l)
dT [ I L e T
s(3) . . .| . . ° . \°__As(2)
o A
d dref 1 [ SS)
dya) p(1) * <1)|  Centroidal axis of in-situ
ds(4-) Centroidal axis of precast concrete deck (element 2),
concrete girder (element 1), Acy Loy Ecm(2)
Ac(l)’ Ic(l) Ecm(l) \‘
oolo o Ap(l)
0000|000 o01—4,
o o o0 0o o Ap(4)

Figure 9.3 Typical prestressed concrete composite cross-section.
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reinforcement may affect the time-dependent deformation of the section
significantly and cause a reduction of the compressive stresses in the con-
crete. In the following analyses, no slip is assumed to occur between the
two concrete elements or between the steel reinforcement and the concrete.

9.5.2 Short-term analysis

As outlined in Section 5.6.2, the constitutive relationships for each material
for use in the instantaneous analysis are (Equations 5.23 through 5.26):

Se(i)0 = Eem(i)0%0 (9.9)
S0 = Eqiyesing (9.10)
Sp(ino = Ep) (scp(,-),o + gp(i),init) if A, is bonded (9.11)
Op(i)o = Ep(i)Ep(iinic if A, is unbonded (9.12)

Similar to Equation 5.29, the internal actions carried by the i-th concrete
element (for inclusion in the equilibrium equations) can be expressed as:

Nc(i),O = ‘[ Gc(i),O dA = J Ecm(i),O (Sr,O - )’Ko)dA
Ac(i) Ac(i)

= Ac(i)Ecm(i),Ogr,O - Bc(i)Ecm(i),OKO (9'13)

M0 = I Yo odA= J ~Ecn(in0¥ (€00 —¥%0)d A

Ac(i) Aci)

= _Bc(i)Ecm(i),Ogr,O + Ic(i)Ecm(i),OKO (9'14)

and, as in Equation 5.40, the governing system of equilibrium equations is:

Lexo = Do€o + £ jnie (9.15)
where:
Nex
foo =| (9.16)
Mext,()

R “R
D, =| B0 (9.17)
—Rgp Ry
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£ = rf’(’} (9.18)
Ko

| A Ep(i)p(i)init | P
fPJ“":Z{ P }:Z[ P()(J 0.19)

i-1 yp(i)Ap(i)Ep(t)Sp(i),init i—1 yp(i) init|

Solving for the unknown strain variables gives (Equation 5.45):

€ = D61 (rext,O - fp,init) = FO (rext,O - fp,init) (9'20)
where:
R R
S S s U (9.21)
RA,ORI,O - RBO RB,O RA,O

The cross-sectional rigidities forming the D, and F, matrices are:

Ryo = izclAc(z‘)Ecm(i),O + lmzsl Ay Egiy + 2Ap(i)EP(i)
- i A Eenio + Ras + R (9.22)
P
me s Mp
Ry = ;Bch(i),o + Z,ysmf‘smEs(i) + ;yw)Ap(oEpm
=3 By Fg + Res + Ray (9.23)
=
Rip = 21 cfiyEeipo + 2%?»&@)&@) + 2%0)%)’%
=3 o+ R+ Ry (9.24)

i=1

where for convenience the following notation has been introduced for the
rigidities of the reinforcement and tendons:

s s s 5
Ras = ZAs(i)Es(i) Ry = Zys(i)As(i)Es(i) Ris = Zys(i)As(i)Es(i) (9.25)
i=1 i=1 i=1
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2
Ryp = ZAmep(f) Ry = Zypmf‘p(f)Ep(i) Ry, = Z%(f)“‘p(i)Ep(i) (9-26)
i=1 i=1 i=1

The stress distribution is calculated from Equations 9.9 through 9.12:
O(i0 = Eem(1,080 = Ecm(ipol1 = yl€o (9.27)
Oyin0 = Esiésino = Egil1 = ysnleo (9.28)
Soi0 = Enfiy (Seoitno + €y )

= Ey[1=ypaleo + Eyi€p(iinie  1f Ay is bonded (9.29)
Op(i)0 = Ep(i)Ep(ipinic if Ay is unbonded (9.30)
where g, = €, ,—yK, = [1 —y]e,.

9.5.3 Time-dependent analysis

For the analysis of stresses and deformations on a composite concrete—
concrete cross-section at time #, after a period of sustained loading,
the age-adjusted effective modulus method may be used, as outlined in
Sections 5.7.2 and 5.7.3. The stress—strain relationships for each con-
crete element and for each layer of reinforcement and tendons at ¢, are as
follows (Equations 5.68 through 5.72 renumbered here for convenience):

Concrete: o)1 = Ec (i) (ak - scs(i)’k) + F(,00c(i)0 (9.31)

Steel reinforcement: o)\ = Eqij&sik (9.32)
Pretensioned tendons or post-tensioned tendons bonded at ¢:

Sp(ink = Epi) (Scp(i),k + €p(i),init ~ Sp‘rel(i),k) (9.33)

Post-tensioned tendons unbonded at ¢,:

Bonded: Op(i)k = Ep(,') (gcp(i),k — Ecp(i),0 T Ep(i),init — Sp.rel(i),k) (9.34)

UIlbOl’ldCd: Gp(i),k = Ep(i) <8p(i),init — gp.rel(i),k) (935)
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In this case, the contribution of the i-th concrete component to the internal
axial force and moment can be determined as (similar to Equation 5.78):

Ny = I Ok dA = I |:Ec,cff(z‘),k (Sr,k — YKk ~ Ees(i)k ) + E:(i),OGc(i),O:|d A

Ac(i) Ac(i)

= A Ecetr(ipxErx = Befiy Eeeti(inn i = A Eoer(ikEes(ing + FioNe(ino

My = J. de J. E cst(; Srk—ka—S s(i )k )+Fe(i),00c(i),0:|dA

Aci)

= =B Eeett(iEek + Ic(z’)Ec,eff(i),kKk = B (s Ecet(kEestipk + EipoMe(ino

(9.37)
The equilibrium equations are (Equation 5.93):
rext,k = Dkak + fcr,k - fcs,k + fp,init - fp‘rel,k - fcp,() (9'38)
where:
Next,k (9 39)
Lexek = .
* Mext,k
R -R
D, =| B (9.40)
—Rgx Rk

i = {gr’k} (9.41)
oy _ Neino ey Aiero — Beio
fcr,k = ZE:(:‘),OI: } = ZFe(i),OEc(i),0|: (9.42)

me A X
(i) | =
foor = Z{—B .):|Ec,eff(i),k8cs(i),k (9.43)
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p P...
ullt(t)
£ inie = { } (9.44)
Z P 0

=1 | Vp(i)Linit

< Poie(i)®Ppii)
fprel,k = Z{ . ‘| (945)

P _yp(i)Pinit(i)(Pp(i)

and f

cp,0

o[ Ay Egio e,
fcp,o=2{ P } (9.46)

= VoA EniBeping

0
fep0 = {O} (9.47)

is given by either Equation 9.46 or 9.47:

As discussed in Section 5.7.3, for post-tensioned tendons that were unbonded
at t, and then bonded (grouted) soon after, Equation 9.46 applies, while
for pretensioned tendons or post-tensioned tendons that were bonded at
the time of the short-term analysis (¢,), Equation 9.47 applies. For a post-
tensioned member with all tendons unbonded throughout the time period
toto t,, Equation 9.47 also applies.

Solving Equation 9.38 gives the strain at time #,:

-1
&k = Dk (rext,k - fcr,k + fcs,k - fp,init + fp.rel,k + fcp,O)

= Fk (rext,k - fcr,k + fcs,k - fp,init + fpxel,k + fcp,O) (9.48)
where:
R R
Fk _ 1 . Lk B,k (949)
RajxRix —Rix | Rex  Rax

and the cross-sectional rigidities at ¢, are:

me s "p
Rux = z A Ecesi(ipx + Z Ao Eg) + Z Api)En(y)
i=1 i=1 i=1

LS

= ZAc(i)Ec,eff(i),k + RA,S + RA,p (950)

i=1
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RBk—ZB E. cti(i Z Zyp

M

= ZBc(i)Ec,eff(i),k +Rps + Rgp (9.51)
i=1
Ry = ZI Ee it Z Es) * Zy§<f>Ap< YEs(i)
i=1 i1
= Zlc(i)Ec,eff(i),k + Rl,s + Rl,p (952)

i=1

The stress distribution at time #, in each concrete element is given by
(Equation 5.103):

Ocink = Ecefi(i i (Sk - 8cs(i),k) + Fi(5,00¢(i).0

= Ec,eff(i),k {[1 _J’] &k — Scs(i),k} + Fe(i),OGc(i),O (9.53)

where g, =€, —yKy = [1 —y]sk. The stress in the non-prestressed rein-
forcement at time ¢, is given by (Equation 5.104):

Ok = Egiesink = Egi) [1 _ys(i):|8k (9.54)

and the stress in any pretensioned tendons, or any post-tensioned tendons
that were bonded to the concrete at the time of the short-term analysis (¢,), is:

Op(ipk = Ep(i) (gp(z’),k + €p(3i)inie ~ 8p4rel(i),k)
= Eyiy [ 1= Yo |8k + Epfiyp(iyinic = En(iEprei(ipi (9.55)

For bonded post-tensioned tendons (initially unbonded at #,), the stress at
time #, is:

Gp(i)k = Ep(,-) (Scpw,k ~ Eep(i),0 T Ep(i),init ~ gp.rel(i),k)
= Eyi [ 1= o J&k = Epi) [1= Yo |80 + Ep(in(iyinic — Ep(iEpratisc (9-56)
while for unbonded tendons:

Op(ipk = Epfi) (Sp(i),init - Sp.rel(i),k) (9.57)
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EXAMPLE 9.1

The cross-section of a composite footbridge consists of a precast, pre-
tensioned trough girder and a cast in-situ slab, as shown in Figure 9.4. The
precast section is cast and moist cured for 4 days prior to transfer. The cross-
section is subjected to the following load history.

At t = 4 days: The total prestressing force of 2000 kN is transferred
to the trough girder. The centroid of all the pretensioned strands is
located 100 mm above the bottom fibre, as shown. The moment on
the section caused by the self-weight of the girder M, = 320 kNm is
introduced at transfer. Shrinkage of the concrete also begins to develop
at this time.

At t = 40 days: The in-situ slab deck is cast and cured, and the moment
caused by the weight of the deck is applied to the precast section,
M4, =300 kNm.

At t = 60 days: A wearing surface is placed, and all other superimposed
dead loads are applied to the bridge, thereby introducing an additional
moment My, = 150 kNm.

At t > 60 days: The moment remains constant from 60 days to time
infinity.

Composite action gradually begins to develop as soon as the concrete in
the deck sets. Full composite action may not be achieved for several days.
However, it is assumed here that the in-situ deck and the precast section act

2400
l | 75
I I l
150
| [
150 150
6375 Ag(1)=3000 mm” 7 i
600
Centroidal axis of precast element (A ;) = 360,000 mm?; I(1)=18.39x 10° mm*?)
262.5 I, J AAAAAAAAAAA
100 150
i 2
A, =1500 mm
‘ 1200 ‘ P
I I

Figure 9.4 Details of composite cross-section of Example 9.1.
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compositely at all times after t = 40 days. The stress and strain distributions
on the composite cross-section are to be calculated:

(i) immediately after the application of the prestress at t = 4 days;
(i) just before the slab deck is cast at t = 40 days;
(iii) immediately after the slab deck is cast at t = 40 days;
(iv) just before the road surface is placed at t = 60 days;
(v) immediately after the road surface is placed at t = 60 days; and
(vi) at time infinity after all creep and shrinkage strains have developed.

For the precast section (element I): f,, = 40 MPa
Ecmqiya = Ecmy(4) = 25,000 MPa;  E_ ) 40 = 31,500 MPa;
E (60 = 33,000 MPa
Ecsyd0 ™ Ecs(y(40) = =150 X 1078 £ .y 4o = =200 x 1075;
Ecsiyoo = —500 % 107
©)(40,4) =0.9; ¢ ,(60,4) = 1.2; @;)(c0, 4) =2.4
X1y(40,4) = 0.8;  x,(60,4) = 0.7;  y(c0, 4) = 0.65
¢)(60,40) = 0.5;  @y(c0, 40) = 1.6; (o0, 60) = 1.2
X1y(60, 40) = 0.8;  x;y(co0, 40) = 0.65; (o0, 60) = 0.65
For the in-situ slab (element 2): f;, = 25 MPa
Ecmy40 = 18,000 MPa;  E ) 4o = 25,000 MPa
Ese0 = —120 % 1076 e, = —600 x 107
P)(60, 40) = 0.8;  @p(co, 40) = 3.0; @ y(c0, 60) = 2.0
X2(60, 40) = 0.8;  x)(c0, 40) = 0.65;  (5(c0, 60) = 0.65

To account for relaxation in the prestressing tendons, we take the creep
coefficient to be:

§,(40) = 0.01;  ,(60) = 0.015; ,(c0) = 0.025

and the elastic moduli for the reinforcement and tendons are E, = E =
200,000 MPa.
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(i) At t = 4 days

The reference x-axis is here taken as the centroidal axis of the precast cross-
section. The properties of the concrete part of the cross-section (with
respect to the x-axis) are:

Ay = Ay — A, = 360,000 - 1,500 = 358,500 mm?
Bey = Auye — Aoy, = 360,000 x 0 = 1,500 x (~162.5) = 243,750 mm?
Ly = ly= AJY» = 18.39 x 10° = 1500 x (~162.5)2 = 18.35 x 10° mm?*

For this member with bonded prestressing tendons, Equations 9.22 through
9.24 give the rigidities of the cross-section at first loading (age 4 days):

Ras = AEciya + AE,
= 358,500 x 25,000 + 1,500 x 200,000 = 9,263 x10° N
RB.4 = Bc(|)Ec(|)_4 Tr yPAPEP = 243, 750 x 25, 000 + |, 500 x (* | 625) X 200,000

=—42,660 x10° Nmm

Ria = leEcya + Y;ApEp
=18.35x10’ x 25,000 + (—162.5)> x 1,500 x 200,000

= 466.8x10'2 Nmm?

and from Equation 9.21:

| |: R4 Rsas :|
F4 S Dl
Ra4R.4 —Ras | Res4 Ras

B | 466.8x10” —42,660x10°
9,263 x10° x 466.8 x10'> — (—42,660 x10°)* | —42,660 x10° 9,263 x10°

108.0x107'> —9.870x10°"°
-9.870x107"® 2.143x107"

The vector of internal actions at first loading is (Equation 9.16):

Next,4 0 0
rext = = =
* I Moes | | Ms| |320%10° Nmm
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and the initial strain in the prestressing steel due to the initial prestressing
force is obtained as follows (Equation 5.27):

P _ 2,000x10°

= = 0.00667
AE, 1,500 x 200,000

Epinit =

The vector of internal actions caused by the initial prestress f ;..
Equation 9.19:

o[ R ] 2000 x10° [ 2000x10*N
PP P || ~(~162.5)x2000x10° | | 325x10° Nmm

and the strain vector at first loading €, containing the unknown strain vari-

is given by

ables is determined from Equation 9.20:

€4 = F4 (rext,4 - fp,init)
| 108.0x10"*  —9.870x107"* 0 | |2000xI0’
-9.870x107"°  2.143x107"® |||320x10°| | 325x10°
| —216.0x10°¢
0.00902 x10°¢
The strain at the reference axis and the curvature at first loading are therefore :

€4 =—216.0x10"¢ and x;,=+0.00902 x 10-¢ mm™"'

and the strains at the top fibre of the precast section (at y = +487.5 mm) and
at the bottom fibre (at y = —262.5 mm) are:

€(l)4(cop) = Era ~ 487.5 Xk, = (-216.0 — 487.5 x 0.00902) x 10~¢
=-2204 x 10-¢
E(1)4(brm) = Era ~ (7262.5) X K, = (-216.0 + 262.5 x 0.00902) x 10-¢
=-213.6 x [0-®
The strain in the bonded prestressing steel is:
€p4 = Epnic T (€ra — YpK4) = 0.00667

+(~216.0 — (—162.5) x 0.00902) x 10 = 0.00645
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The top and bottom fibre stresses in the concrete and the stress in the pre-
stressing steel are obtained from Equations 9.9 and 9.11, respectively:

Oc(1),4(top) = Ec(l),48(|),4(top) = 25,000 X (—2204 X |0_6) =-5.51MPa
Oc(l),4(btm) = Ec(l),48(|),4(btm) = 25, 000 x (—2 13.6 x |O_6) =-5.34 MPa

Gt = Eptps = 200,000 x 0.00645 = +1,290 MPa

The stress and strain distributions immediately after transfer at time t =
4 days are shown in Figure 9.5b.

(ii) At t = 40 days: (prior to casting the in-situ slab)

The age-adjusted effective modulus at this time is (Equation 5.57):

_ E.o 25,000

Ec,eff(l),40 = = = |4'535 MPa
I+ %0 (40,4)0()(40,4) 1+0.8x0.9

and from Equation 5.60:

_ 40,4 40,4) -1 _
oo = 90 (40.4) [0 (40.4) 1] _09x(08-10) _ 0
I+ %0 (40,4) ¢ (40,4)  1.0+0.8x0.9

With the properties of the concrete part of the section determined in part (i)
as A, = 358,500 mm?, B_ = 243,750 mm3 and /. = 18.35 x 10 mm*, the cross-
sectional rigidities are obtained from Equations 9.50 through 9.52:

Ras0 = A )Ec,eff(l)AO + AE,

=358,500 x 14,535 +1,500 x 200,000 = 5,51 [ x10° N

R 40 = Bc(I)Ec,eff(I)AO + ¥ Ak,
=243,750 x 14,535 + 1,500 x (—162.5) x 200,000

=-45210x10° Nmm

Ri40 = Ic(I)Ec,eff(l)AO + Y;ApEp
=18.35x10’ x 14,535 + (—162.5)* x 1,500 x 200,000

=274.7 x10'> Nmm?



Composite members 371

With e, =—-216.0 x [0-° and x, = +0.00902 x 10-¢ mm™', Equation 9.42 gives:

Acsr,O - BCKO :|

for(iyto = FeqyaEe4
=040 =TSO g e e,

=—0.1047 x 25,000

358,500 x (—2 16.0 x |0*") —243,750 x 0.00902 x 107°
X

—243,750 x (72 16.0 x |0'6) +18.35%10° x 0.00902 x107°

[ +202.6x10°N
| —0.5711x10° Nm

and from Equation 9.43:

flcs( 1)40 =

C A } 358,500 x 14,535 x (~150 10

_—Bcc Ec,eff(l),4o<‘3cs(|),4o =

243,750 x 14,535 x (—lso x |0*")

[ -781.6xI10°N
0.5314x10° Nmm

The vectors of initial prestressing actions and relaxation actions are given by
Equations 9.44 and 9.45, respectively:

| 2000x10* N
P 1325 %10 Nmm

f

p

[GP4AP%(4O) ] { 1290 x 1500 x 0.0 }
rel,40 = =

y,0sA 0 (40) | | —(~162.5)x1290x1500x 0.01

| 194xI10°N
3.14x10° Nmm
and Equation 9.49 gives:

| {Rmo Re 40 :|
F40 = 2
Ra40R40 — Rg 0 | Re.s0 Rao

_ | 274.7x10'* —45,210x10°
5,511x10° x274.7 x10'? — (—45,210x10°)* | —45,210 x10° 5,51 1x10°

| 18L7x107* N -29.90x107"* N"'mm™'
—29.90x107"* N"'mm™' 3.645x10™"* N"'mm™
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The vector of internal actions at 40 days before the casting of the slab is the
same as at age 4 days. That is:

Next,40 O 0
Fext,40 = = =
7 Mowso | | Ma| |320%10° Nmm

and the strain g,, at time t, = 40 days is determined using Equation 9.48:
€(1)40 = Fuo (rextAO - fcr(l),4o + fcs(l),4o - fp,inic + fp.re|,4o + fcp,o)

| 181.7x107"* —29.90x107"*
-29.90x107"* 3.645x10°"

| (0-202.6-781.6 2000 +19.40+ 0) x10’
(320+0.5711+0.5314 —325+3.14 + 0) x10°

| -5387x10°*

+0.0859 <107
The strain at the reference axis and the curvature at time t, = 40 days are
therefore €, 40=—538.7 X 10~¢and K, 4o = +0.0859 x 10~* mm~', respectively,

and the strains at the top fibre of the precast section (at y = +487.5 mm) and
at the bottom fibre (aty = —262.5 mm) are:

€1y40-(cop) = Ex(yso — 487.5 X K 40 = (~538.7 — (487.5 x 0.0859)) x 10-¢
= -580.6 x 106

€ 1y40-(oim) = Enyso = (~262.5) X k)40 = (~536.7 + 262.5 x 0.0859) x 10-¢
= -516.2 x 106

The concrete stress distribution at time t, = 40 days is calculated using
Equation 9.53:

O(1),40—(top) = Ec,eff(l)AO (8(|)407(t0p) - Scs(l),4o) + E(l)Ach(l)A(wp)
=14,535 x [~580.6 — (—150)] x 107 + (~0.1047) x (~5.51)
=-5.68 MPa

G(1),40—(btm) = Ec,eff(l).“vo (S(I)40—(btm) - Ecs(l),4o) + Fe(l),4o(7 (1),4(top)

=14,535x[~516.2 — (~150)] x 10 + (~0.1047) x (~5.34)
=476 MPa
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The final stress in the prestressing steel at time t, = 40 days is obtained from
Equation 9.55:

Gpa0- = Ep [(SMO — YpKa0) + Epjinic — sp_rew]
=200,000
x[(~538.7 — (~162.5) x 0.0859) + 0.00667 — 0.000065 | 10~*
=1,216 MPa

where the relaxation strain €, ., 4 is calculated as €, 40 = 6,4¢,(40)/E,.

The stress and strain distributions at t = 40 days before the in-situ slab is
cast are shown in Figure 9.5c. The increments of strain and stress that have
developed in the precast girder during the sustained load period from 4 to
40 days are therefore:

A&, (1) 4o-4) = Er(iya0 ~ Eriya = (7538.7 = (=216.0)) x 10~ = =322.7 x 10~¢
AK 1y (40-4) = K1y a0 ~ Kpya = (0.0859 = 0.00902) x 10-¢ mm™"'
=0.0769 x 10-¢ mm"™!
A€ 1y o-4y(cop) = E(1)40(top) — Elya(eop) = (—580.6 —(=220.4)) x 10-¢
=-360.2 x 106
A o-a)bem) = Eqydoem) T Eaem = (75162 =(=213.6)) x 107¢
=-302.6 x 10-¢
Ag, 40-4) = €40 ~ €, 4 = 0.00608 — 0.00645 = —0.00037
AG 1y 40-4)(cop) = Oc(l)40(cop) ~ Oc(l)d(top) = —2-68 = (=5.51) = —=0.17 MPa
AG_ 1y 40-4ybtm) = Oc(ly40bem) ~ Oc(lyapem) = —4-76 = (=5.34) = +0.58 MPa
AG, 40-4y = Opa0 ~ Opa = 1216 = 1290 = =74 MPa.
(iii) At t = 40 days (after casting the in-situ slab)

The increments of stress and strain caused by M,, = 300 kNm applied to the
precast section at age 40 days are calculated using the same procedure as
was outlined in part (i) of this example, except that the elastic modulus of the
precast concrete has now increased.

The short-term rigidities of the cross-section at age 40 days are:

Ras0 = Ac)Ecqiyao + AE,

= 358,500 x 3,1500 + 1,500 x 200,000 =1 1,593 x10° N
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RB,40 = Bc(|)Ec(|),4 + yPAPEP = 243, 750x3 I, 500 + I, 500 x (—I 625) X 200,000

=—4],072 x10° Nmm

Ri40 = lcyEcqiya0 + yﬁApEp
=18.35x10” x 31,500 + (-1 62.5)2 x 1,500 x 200,000

=586.1x10'* Nmm’
and from Equation 9.21:

| Ri40 Re 40
Fo=———"7— =
Ra40Ri40 —Rg40 | Reso  Raso

86.28x107'2  —6.047x107"®
—6.047x107"°  1.707x107"®

For the load increment applied at 40 days, the vector of internal actions is:

0 0
Fext,40 = =
7 My || 300%10° Nmm

and the vector of instantaneous strain caused by the application of M,, at age
40 days is:

—6.047x107"* 1,707 x107'° || 300x10°
| -1.8x10°¢
0.5120x107¢

The increment of instantaneous strain at the reference axis and the incre-

86.28x107'2  —6.047x107" 0
Agyg = F40rext,40 = {

ment of curvature caused by the application of M,, at age 40 days are
therefore:

Ag.,o=-1.8% 10 and Ak, =+0.512 % 10-¢ mm™!

and the increments of instantaneous strain at the top fibre of the precast
section (at y = +487.5 mm) and at the bottom fibre (at y = —262.5 mm) are:

A€ s00p) = Arao — 487.5 X Akyy = (—1.8 — 487.5 x 0.512) x 10

=-251.4 x [0



Composite members

375

A€ () 4obem) = AEp40 — (-262.5) X Akyo = (-1.8 +262.5 x 0.512) x 10-¢
=+]32.6 x 10-¢
The increment of top and bottom fibre stresses in the concrete and the

increment of stress in the prestressing steel are obtained from Equations 9.9
and 9.11, respectively:

Acc(l),"o(top) = Ec(|),40AS(|),40(tOP) =3 |,500 X (—25 1.4 x |076) =-7.92 MPa

AGC(I)AO(btm) = Ec(l),40A8(|),4O(btm) =3 |, 500 x (+| 32.6 x |076) =+4.18 MPa
AGPAO = EPASPAO = Ep(ASrAO - yPAK40)

=200,000 x| 1.8 — (—162.5) x0.512 |10
=+16 MPa

The extreme fibre concrete strains and stresses and the strain and stress in
the tendons in the precast girder immediately after placing the in-situ slab at

t = 40 days are obtained by summing the respective increments calculated in
parts (i), (ii) and (iii):

E(1)40+(cop) = E(eop) T AE(),40-4c0p) T AE() 40(cop)
= (-220.4 — 360.2 — 251.4) x |0-¢ = —832.0 x 10~

€(1)40+(btm) — E(1)4,(bem) T Ae(l),(40—4)(btm) i Ae(l),40(btm)

(-213.6 — 302.6 + 132.6) x 10-6=-383.6 x |10~¢

O (1),40+(top) — Oc(l)d(cop) T AGC(I).(40—4)(top) o AGC(I)AO(top)

=5.51 = 0.17 - 792 = -13.60 MPa

O (1),40+(btm) — Oc(l)4(bem) T Acc(l).(40—4)(bcm) w Aoc(l),40(bcm)

=-5.34 + 0.58 + 4.18 = -0.58 MPa
Cp40r = Opa + AC, 494y + AC, 40 = 1290 — 74 + 16 = 1232 MPa
The stress and strain distributions at age 40 days immediately after the in-situ

slab is cast are shown in Figure 9.5d. Stress levels in the precast girder are
satisfactory at all stages prior to and immediately after placing the in-situ slab.
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Cracking will not occur and compressive stress in the top fibre is not exces-
sive. However, with a sustained compressive stress of —13.60 MPa in the top
fibre, a relatively large subsequent creep differential will exist between the
precast and the in-situ elements.

(iv) At t = 60 days (prior to placement of the wearing surface)

The change of stress and strain during the time interval from t = 40 to 60 days
is to be calculated here. During this period, the precast section and the in-situ
slab are assumed to act compositely. The concrete stress increments in the
precast section, calculated in parts (i), (ii) and (iii) earlier, are applied at dif-
ferent times and are therefore associated with different creep coefficients.

For the stresses applied at t = 4 days in part (i), the creep coefficient for
this time interval is Ag,(60-40,4) = ¢,,(60,4) — ¢,(40,4) = 0.30, and from
Equations 5.57 and 5.60:

_ Ecys 25,000

Ecernso = - 20,161 MPa
I+ % (60,40)Ap) (60 — 40,4) 1+0.8x0.30

- Agy(60-40,4)[ 10 (60,40)~1] _030x(08-1.0)

e(1).60 = =—-0.0484
I+ 7% (60,40) A (60 — 40,4) 1.0 +0.8x0.30

The stress increment calculated in part (i), which is in fact gradually applied
between t = 4 and 40 days, may be accounted for by assuming that it is sud-
denly applied at t = 4 days and using the reduced creep coefficient given by
X1y40,4)[9,(60,4) — ¢,)(40,4)] = 0.24, and from Equations 5.57 and 5.60:

E. eff(1)60 = ﬂ =20,973MPa and
' 1+0.8x0.24
Fe(l)éo - w — _0.0403
' 1.0 +0.8%x0.24

For the stress increment calculated in part (jiii) (and caused by M,,), the
appropriate creep coefficient for the precast girder is ¢,,(60,40) = 0.5, and
from Equations 5.57 and 5.60:

_ 31,500
E =29 99 500MPa and
0 = | 0.8x0.5 a

2 05X(08-10)_ o,

1.0+0.8x0.5
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For the in-situ slab, the creep coefficient used in this time interval is
(2(60,40) = 0.8, and from Equations 5.57 and 5.60:

= 18,000

Eceff(z) ——=10,976 MPa and
|+08><08

E _08x(08-1.0) —0.0976

@7 10+408x08

The shrinkage strains that develop in the precast section and the in-situ slab
during this time interval are, respectively, €4 ~ = =50 x [07¢ and
o0 = —120 % 107¢.

The creep coefficient associated with this time interval for the prestressing
steel is @, 0 = @40 = 0.005.

The section properties of the concrete part of the precast girder

cs(l

(element 1) and the in-situ slab (element 2) with respect to the centroidal
axis of the precast girder are:

A = 358,500 mm2 B, = 243,750 mm?; I = 18.35 x 10° mm?
Ao = 357,000 mm? B, =200.8 x 106 mm?; I, = 113.6 x 10° mm*

To determine the internal actions required to restrain creep, shrinkage
and relaxation, the initial elastic strain distribution caused by each of the
previously calculated stress increments in each concrete element must be
determined.

In the in-situ slab:

€40 =0 and K54 =0 since the slab at t = 40 days is unloaded.

In the precast section:

For the stresses applied at 4 days, calculated in part (i): €,y 4 = =216.0 x 10¢;
K4 = +0.00902 x [0-¢ mm~'. For the stress increment calculated in part (ii)
and assumed to be applied at 4 days, the increments of instantaneous elastic
strain at the top and bottom of the precast section are Ag; ) 4op = AG() (40-4)(cop)
Ecy4 = —0.17/25,000 = —6.92 x 107° and A€, | 4btm) = AGc(1y 4o-4y(bem)/ Ecy4
+0.58/25,000 = 23.1 x [0-¢. Therefore, the increment of elastic curvature
is Ax; ) = [-(=6.92 x 107¢) + 23.1 x 107¢]/750 = +0.040 x [0-* mm~' and the
instantaneous strain at the reference axis is Ag; ) = +12.6 x 1074, For the
stress increment applied to the precast element at 40 days [part (jii)], Ae, () 4
=—1.8 x 10=¢ and Ax ;4 = +0.512 x 10=* mm~".
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The actions required to restrain creep due to these initial stresses are
obtained from Equation 9.42:

358,500 x (—216.0x107°) —243,750x0.00902 x10°*
f.. 0 = —0.0484 x 25,000 x
6

—243,750x(-216.0x107°) +18.35x10” x0.00902 x10"

358,500 x (+12.6 x107%) — 243,750 x 0.040 x10~*
—0.0403 x 25,000 x
6

—243,750 x (+12.6 x107¢) +18.35x10° x 0.040 x 10"

358,500 x (—1.8x107®) — 243,750 x 0.512 x 107
—0.0714 x 31,500 x

—243,750 x (—1.8x107°) +18.35x10° x 0.512x107®

90.88 x10° N
—22.14%10° Nmm

and the actions required to restrain shrinkage in each concrete element and
relaxation of the tendons during this time period are obtained from Equations
9.43 and 9.45, respectively:

[ 358,500x22,500 x (~50x10¢) +357,000 x 10,976 x (~120x10°%)
= 71 243,750 x 22,500 x (=50 x 107¢) ~200.8x10°x10,976 x (—120x10)

| -8735xI10°N
264.5x10° Nmm

9.7 x10° N
fp.rel,éO = 6
1.573 x10° Nmm

The cross-sectional rigidities of the composite cross-section for the period
40 to 60 days are obtained from Equations 9.50 through 9.52:

Raeo = 358,500 % 22,500 + 357,000 x 10,975 + 3,000 x 200,000
+1,500 x 200,000

=12,885x10¢ N

Reo = 243,750 x 22,500 + 200.8 x 10 x 10,975 + 562.5 x 3,000 x 200,000
+(~162.5) x 1,500 x 200,000

=2.498 x10'2 Nmm
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Rigo =18.35x10° x 22,500 +113.6 x10° x 10,975 + 562.5*x 3,000
%200,000 + (—162.5)* x 1,500 x 200,000

=1,857.9 x10'> Nmm?

and from Equation 9.49:

| |:RI,60 Ra 60 }
F60 = 2
RA.SORI,éo - RB,SO RB,60 RA,60
_{ 105.0x102 N"! 141.2x107'S N"mm"}

141.2x107"° N'mm™  0.728x107"°* N"'mm™

The vector of the change in strain that occurs between 40 and 60 days on the
composite section is obtained from Equation 9.48:

Aggo_40) = Feo (_fcr,60 +fo60 + prreI,GO)

_105.0x107"%  141.2x107"° || (-90.88 —873.5+9.7) x10°
141.2x107"°  0.728x107" || (+22.14 +264.5 +1.573) x10°

| -59.5x10°
0.0753x10°

The increment of strain at the reference axis and the increment of curvature
that occur between t, = 40 and 60 days are therefore Ag, o 49 = =59.5 X
107¢ and Ak 4o_49) = +0.0753 x 10~¢ mm~!, respectively, and the increments of
strains at the top fibre of the precast section (at y = +487.5 mm) and at the
bottom fibre (at y = —262.5 mm) are:

A€ 0 op = [-59.5 — (487.5 x 0.0753)] x 10-¢ = -96.2 x 10-¢

top)

A€ y50-(prmy = [759.5 + 262.5 x 0.0753] x 10-6 = =39.7 x |06

The increments of strain at the top fibre of the in-situ slab (at y = +637.5 mm)
and at the bottom fibre (at y = +487.5 mm) are:

A€ 60 op = [-59.5 — (637.5 x 0.0753)] x 10-6 = —107.5 x 10~

A€ py60-(pumy = [-59.5 — (487.5 x 0.0753)] x 10-¢ = =96.2 x 10-¢
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The increments of concrete stress that develop between t, = 40 and 60 days
are calculated using Equation 9.53. In the precast element:

AGC(I),GO*(wp) = Ec,eﬁ(l),éo (Ag(l).éof(top) - Agcs(l),60740) + E(I),SOG <(1),40+(top)
=22,500 x[-96.2 — (-50)] x| 0+ (—0.0714) x (—13.60)
=-0.07 MPa

AG(1),60-(btm) = Ec,eff(l),éo (Aa(l).éo—(btm) - Agcs(l),60—40) F (1).600 ¢(1),40+ (btm)
=22,500 x[-39.7 — (-50)] x| 0%+ (-0.0714) x (-0.58)
=+0.27 MPa

and in the in-situ slab:
AG(2),60-(top) = Ec,eff(Z),éO (AS(Z),éof(top) - AScs(Z),eo) + E(Z),eoG <(2):40+(top)

=10,976 x[~107.5 — (—120)] x 107 — 0.0976 x 0 = +0.14 MPa

AGC(Z),éO—(btm) = Ec,eff(2),60 (AS(Z),Sof(btm) - Agcs(Z),éO) +F, ¢(2),600 ¢(2),40+(btm)

=10,976 x[-96.2 — (—120)] x 107 — 0.0976 x 0 = +0.26 MPa

The increment of stress in the bonded prestressing steel that develops
between 40 and 60 days is:

AGP,GO* = EP(ASr.(éo,‘;o) - yPAK(Go,‘;o) - Agp,rel) =—15.9 MPa

and in the reinforcing steel in the in-situ slab:

AGS‘so, = Es(Agr,(60740) — ysAK(60740)) = —204 MPa

The total stresses and strains at age 60 days before the application of the
wearing surface are as follows.
In the precast girder:

€(1).60-(cop) = E(1)40+(top) T AE(1)e0-(copy = ~832.0 X 107¢ = 96.2 x 10-¢
=-9282x [0-¢

€(1),60-(btm) = E(1)a0+bem) T AE(ys0~(bem) = 4233 x 10
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O (1),60~(top) = Oc(l)40+(top) T AOc(1),60-rop) = —13-60 = 0.07 = —13.67 MPa
Oc(1),60-(bem) = Oc(l)40+(bem) T AOc(1)60-bem) = —0-31 MPa

Gpe0- = Opaor T AC, o = 1216 MPa

In the in-situ slab:

€(2).60-(top) = DE2)60-(top) = -107.5 x 10-¢
€(2).60-btm) = AERs0-(bem) = ~96.2 X 10-¢
G e(2).60-(top) = AOc(2)60-(top) = T0-14 MPa

Oc(2).60-(btm) = AOc(2),60-(bem) = T0.26 MPa

Gy 0- = AC, 4- = —20.4 MPa

The stress and strain distributions at age 60 days immediately before the
wearing surface is placed are shown in Figure 9.5e.

There is a complex interaction taking place between the two concrete
elements. The in-situ slab is shrinking at a faster rate than the precast ele-
ment and, if this were the only effect, the in-situ slab would suffer a ten-
sile restraining force and an equal and opposite compressive force would
be imposed on the precast girder. Because of the high initial compressive
stresses in the top fibres of the precast section, however, the precast con-
crete at the element interface is creeping more than the in-situ concrete
and, as a result, the in-situ slab is being compressed by the creep deforma-
tions in the precast girder, resulting in a decrease in the tension caused by
restrained shrinkage. In this example, the magnitude of the tensile force on
the in-situ slab as a result of restrained shrinkage is a little larger than the
magnitude of the compressive force due to the creep differential. The result
is that relatively small tensile stresses develop in the in-situ slab with time
and the magnitude of the compressive stress in the top fibre of the precast
girder increases slightly.

(v) At t = 60 days (immediately after placement of the wearing surface)

The instantaneous increments of stress and strain caused by M., = 150 kNm
applied to the composite section at age 60 days are calculated here. The short-term
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rigidities of the composite cross-section at age 60 days (with respect to the refer-
ence axis at the centroid of the precast element) are:

Rago = AEcyso + AcEce0 + AE, + AEs
=358,500x 33,000 + 357,000 x 25,000
+1,500 x 200,000 + 3,000 x 200,000

=21,660 x10° N
Re.60 = Bc(I)Ec(I),60 + Bc(z)Ec(z),éo + ypAPEP + ysAEs = 5317 x 10'> Nmm
Riso = leyEetiyeo + leyEceo + YRAE, + y2AE, = 3644 x10'> Nmm®

and from Equation 9.21:

F - | Reo  Rego | [71.96x 1072 10501072
® RagoRi60 — Ré,eo Rego  Raso 1050107 4276 x107"®

For the load increment applied at 60 days, the vector of internal actions is:

0 0
Fext,60 = =
7 M | 1150 x10° Nmm

and the vector of instantaneous strain caused by the application of M, at age
60 days is:

7196 %1072 10.50x107"2 0
Aggo = FéOrext,SO = {

10.50x107"2  42.76 107" || 150 x10°
| +157x107¢
0.0641x10°°
The increment of instantaneous strain at the reference axis and the increment
of curvature caused by the application of M,, at age 60 days are therefore:
Ag. o= +157 % 107 and Ak, = +0.0641 x [0-¢ mm™!

and the increment of strains at the top fibre of the precast section (at y =
+487.5 mm) and at the bottom fibre (at y = =262.5 mm) are:

A€ )60+ cop = (+15.7 — (487.5 x 0.0641)) x 106 = =15.5 x 10~
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and
A€ )60+ (bem) = (+15.7 + 262.5 x 0.0641) x 10-6 = +32.6 x 10-¢

The increment of strains at the top fibre of the in-situ slab (aty = +637.5 mm)
and at the bottom fibre (at y = +487.5 mm) are:

A€ 60+ (op) = (+15.7 = (637.5 x 0.0641)) x 10-¢ = —25.1 x 10-*
and
A€ 60+ (brm) = (+15.7 — (487.5 x 0.0641) x 10-¢ = —15.5 x [0

The increments of concrete stress that develop at t, = 60 days due to the
wearing surface are as follows.

In the precast girder:
AGC(I).60+(top) = Ec(l),60A8(|)60+(top) =-0.51 MPa
AG(1)60+(btm) = Ec(1),60A&(1)60+(brmy = +1.08 MPa
In the in-situ slab:
AG:(Z).60+(COP) = Ec(Z),60A8(2)60+(top) =-0.63 MPa

Acc(l),60+(btm) = EC(Z),60A8(2)60+(btm) =-0.39 MPa

The increment of stress in the bonded prestressing steel at t, = 60 days due
to the wearing surface is:

AG, g0+ = E; (A g0 — ¥pAigo) =5.2 MPa

and in the reinforcing steel in the in-situ slab:

A65,60+ = Es(Asr,éo > ysAKGO) = —4| MPa

The total stresses and strains at age 60 days after the application of the wear-
ing surface are as follows.

In the precast girder:

£(1)60+(cop) = E(1).60-(cop) T AE(1s0+(cop) = ~943.7 X 1076

€(1).60+(btm) = £(1).60-(btm) T AE(1ys0+(pem) = —390.7 % 10-¢
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O(1).60+(top) = Oc(1),60-(top) T AOc(1).60+(cop) = —14-18 MPa
Oc(1)60+(bem) = Oc(l)60-(bem) T AOc(1) 60+(pem) = T0.77 MPa

Gpe0+ = Opgo- + AG, ¢o. = 1241 MPa
In the in-situ slab:

€(2).60+(c0p) = E(2).60-(cop) T AE)60+(0p) = ~132.6 X 1076
€2)60+(btm) = €@)60-pem) T A€o+ (bemy = 1.7 % 10-¢
Oc(2),60-(top) = Oc(2),60-(top) T AOc(2),60-(copy = —0-49 MPa

G c(2),60+(btm) —Oc(2),60-(bem) T AO(2) 60+(bem) = —0-13 MPa

Gy 0+ = Ose0- + AC, g0 = —24.5 MPa

and the stress and strain distributions at age 60 days immediately after the
wearing surface has been placed are shown in Figure 9.5f.

(vi) At t = ©

The change of stress and strain on the composite cross-section during the
time interval from t = 60 days to t = oo is to be calculated here.

The relevant creep coefficients for each of the previously calculated stress
increments determined in parts (i) to (v), together with the corresponding
age-adjusted effective moduli and creep factors (from Equations 5.57 and
5.60) are as follows.

For the precast girder:

Part(i):  @)(c0 —60,4) = (0, 4) — ¢ (60,4) = 1.2

Ec(l),4 = 25, 000 MPa

. ~ Eciya 25,000
cefit)eo = 1 X (0,60)Agq (0 —60,4)  1+0.65x1.2
=14,045 MPa
o, = 12%(065-10)_ o0

1.0+0.65x1.2
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Part(ii): ) (40,4)[o()(,4) — ¢ (60,4)] = 0.96

Ecya =25,000MPa E 1y = 15,394 MPa

Fuqtyor = —0.2069

Part(iii):  @()(o0,40) — ¢ (60,40) =1

Ecy40 =31,500 MPa  E.¢)).c =18,367 MPa

Fe(yo =—0.2245

Part(iv): % (60,40)[¢,(=,40) — ¢ (60,40)] = 0.88

Eciya0 =31L500MPa  E. o). = 20,038 MPa

Futye = —0.1958

Part(v): @(,60) =12

Ecye0 = 33,000 MPa  E_ ¢y =18,539 MPa

Fe(l),oc =-0.236

For the in-situ slab:

Part(iv): %) (60,40)[9)(0,40) — 9(z) (60,40)] = 1.76
Ecs0 =18,000MPa  E. o). =8,396 MPa

Fo = —0.2873

Part(v):  @(e,60) =2.0

Ec)60 =25,000MPa  E_ 40 = 10,870 MPa

Faoyer = —0.3043
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Note that the stress increments calculated in parts (ii) and (iv) are accounted
for by assuming that they are suddenly applied at t = 40 and 60 days, respec-
tively, using the appropriate reduced creep coefficients.

The shrinkage strains that develop during the time period after
t = 60 days are:

Ecs(lyoo ~ Ecstiyao = —300 X 1076 and e, ~ Ecspy0 = ~480 X 1076

and the creep coefficient associated with this time interval for the prestress-
ing steel is @, ., = @, = 0.01.

To determine the internal actions required to restrain creep, shrinkage
and relaxation, the initial elastic strain distribution caused by each of the
previously calculated stress increments in each concrete element must be
determined. The elastic strains due to the stress increments applied in parts (i)
to (V) are:

Part(i): &4 =-216.0x107; 14 =+0.00902 %107 mm™'

Part(ii): Ag;, g4 =+12.6x107% Ak =+0.0402x10° mm™'

Part(iii): Ag 40 =—18x10"° and Ak =+0.512x10" mm"

Part(iv): Ag; ()40 = +4.9x 10 and AK;()40 = +0.0145 x107¢ mm™'
Ag, 2)40 = +36.9x107°  and

AK(3) 40 = +0.0459 %107 mm"'

Part(v): Ag e =+I57x10° and Ak =+0.0641x10" mm'
Ag, 260 = +157 <107 and

AKj(z)60 = +0.0641x 107 mm™'
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The actions required to restrain creep due to these initial stresses during the

period after t = 60 days are obtained from Equation 9.42:
358,500% (—216.0x107¢) — 243,750 % 0.00902 x 10~
f... =—0.2360 x 25,000 x

—243,750%(—216.0x107%) +18.35x10° x 0.00902 x10~*

358,500 % (+12.6 x107°) —243,750 x 0.0402 <10~
—0.2069 % 25,000 x

—243,750% (+12.6 x107*) +18.35x10” x 0.0402 x10*
358,500 x (—1.8x107)—243,750x0.512x10°¢

—0.2245x 31,500 x
| —243,750x(—~1.8x107°)+18.35x10° x0.512x10

_358, 500 x (+4.9x107%) —243,750x0.0145x10°
—0.1958x 31,500 x

| —243,750x(+4.9x10°) +18.35x10” x0.0145x10°

—0.2873x18,000 x

357,000 (+36.9x10) —200.8 x10° x 0.0459 10~ ]

_—200.8><I0" x(+36.9x107%) +113.6x10° x 0.0459x 107

358,500 x (+15.7 x107) — 243,750 x 0.064 110
~0.2360 x 33,000

| —243,750 (+15.7 x| 07%)+18.35x10° x0.0641x107°

—0.3043 % 25,000 x

357,000 (+15.7x10°¢) — 200.8 x10° x 0.0641x10° ]

| —200.8x10° x (+15.7x107) +113.6 x10° x0.0641x10°¢
419.0x10° N
) LIOZAXIO6 Nmm]
The actions required to restrain shrinkage in each concrete element and

relaxation of the tendons during this time period are obtained from Equations
9.43 and 9.45, respectively:

| 358,500 18,539 x (~300 x10™®) + 357,000 x 10,870 x (—480 x10*)
% | 243,750 18,539 x (=300 x 107¢) — 200.8 x 10° x 10,870 x (—480 x10~¢)

| -3,856.5x10° N
,049.1x 10 Nmm

19.4x10° N
fpArs:I,oo = 6
3.15x10° Nmm
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The cross-sectional rigidities of the composite cross-section for the period
t, = 60 days to time infinity are obtained from Equations 9.50 through 9.52:

Ra = 358,500 x18,539 + 357,000 x 10,870 + 3,000 x 200,000
+1,500 x 200,000

=11,427 x10° N

Rs.. = 243,750 x 18,539 +200.8 x10° x 10,870 + 562.5 x 3,000 x 200,000
+(~162.5) x 1,500 x 200,000

=2.476 x10'> Nmm

R, =18.35x10° x18,539 +113.6 x10° 10,870 + 562.5” x 3,000 x 200,000
+(—162.5)? x1,500 x 200,000

=1,773.2x10"* Nmm’
and from Equation 9.49:

F _ I Rl,oo RBoo
” RA,soRI,so - Ré,oo RB,oo RA,oc

1255x%107'  1752x107"®
1752x10™"®  0.8086 x107'"°

The vector of the change in strain that occurs after 60 days on the composite
section due to creep, shrinkage and relaxation is obtained from Equation 9.48:
Aﬁ(w-eo) = Fno (_fcr,oo + fcs,oo + fp.rel,ao)

~ {IZS.S x1072  1752x107"® H(—Mao —3856.5 +219.4) x10°

11752x107"* 08086 x107"% || (+102.4 +1049.1+3.15) x10°

_[-331.8x10°¢
0.1879x10°

The increment of strain at the reference axis and the increment of curvature
that occur between t, = 60 days and time infinity are Ae, ¢, = —331.8 x 10-¢
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and Ak _,, = +0.1879 x 10-® mm™!, respectively, and the increment of strains
at the top fibre of the precast section (at y = +487.5 mm) and at the bottom
fibre (aty = —=262.5 mm) are:

A€ weop = [-331.8 — (487.5 x 0.1879)] x 10-¢ = -423.4 x 10~
A€ coum = [-331.8 + 262.5 x 0.1879] x 10-6 = —282.4 x 10-¢

The increments of strains at the top fibre of the in-situ slab (aty = +637.5 mm)
and at the bottom fibre (at y = +487.5 mm) are:

A€y cagop = [-331.8 = (637.5 x 0.1879)] x 10-6 = =451.5 x 10~
A€y pumy = [-331.8 — (487.5 x 0.1879] x 106 = ~423.4 x |06

The increments of concrete stress that develop between t, = 60 days and
time infinity are calculated using Equation 9.53. In the precast element:
Acc(l),x(top) = Ec,eff(l),oc (A8(|),w(cop) - Aﬁcsu),w—so) + E(I),wcc(l),60+(top)
=18,539 x[-423.4 — (-300)] x107® + (-0.236) x (~14.18)
=+1.06 MPa

AGC(I),w(btm) = Ec,eff(l),oo (AS(I),oo(btm) - Agcs(l),w—éo) +F, e(1),00¢(1),60+(btm)

=18,539 x [-282.4 — (~=300)] x 10~ + (~0.236) x (+0.77)
= +0.15MPa

and in the in-situ slab:

AGC(Z),oo(top) = Ec,eff(2),oo (AS(Z),oo(cop) - ASCS(Z),OO*éO) +F, ¢(2),00¢(2),60+(top)

= 10,870 x [—451.5 — (—480)] x 107 — 0.3043 x (~0.49)
= +0.46 MPa

AG:(Z),oo(btm) = Ec,eff(?.),oo (Aﬁ(z),oo(bcm) - Agcs(z),m—éo) + Fe(z),aocc(Z),60+(btm)
=10870 x[—423.4 — (—480)] x 10¢ —0.3043 x (-0.13)
=+0.65 MPa
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The increment of stress in the bonded prestressing steel that develops
between 60 days and time infinity is:

Acp,oo = Ep(Asr,(oo760) - ypAK(oof6O) - AEpAreI,(oof60)) =-73.2 MPa
and in the reinforcing steel in the in-situ slab:
AGSM = Es(Agr,(w760) - ysAK(w,éo)) =-87.5 MPa

The total stresses and strains at time infinity are summarised as follows.
In the precast girder:

E(1)cofeop) = E(1).60+(c0p) T AE(1cofeop) = ~1367.1 X 107
E(l)o(bim) = E(1)60+(bem) + AE(1)o(ptm) = ~672.9 X 107¢
Oc(iyootcop) = Oc(1)60+(top) T A0c(i)eofeop) = ~13:12 MPa
Se(iyotbim) = Oc(t)60+(bem) T A(t)cooem) = T0.91 MPa

Opoo = Opgo+ T Ac, = 1147 MPa
In the in-situ slab:

E(2)00(c0p) = E(2).60+(00p) T AEQ)o(rop) = T584.2 X 1076
E)cofbim) = E@)60+(bim) + AER), aofpemy = ~533.1 X 1076
Oc(2),cofeop) = Oc(,60+(top) T A0c(2)co(top) = T0-03 MPa
Ge(2)o0(btm) = Oc@)60+(bem) T AOc(2)co(pem) = +0.53 MPa

Gy = Oy g0+ T Ac,, = I11.9 MPa

The stress and strain distributions at time infinity are shown in Figure 9.5g.
Note that the compressive stresses at the top of the precast member at
age 60 days after the wearing surface is placed are reduced with time, much

of the compression finding its way into the non-prestressed reinforcement
in the in-situ slab.
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Figure 9.5 Stresses and strains on the composite cross-section of Example 9.1.
(a) Cross-section. (b) At t = 4 days. (c) At t = 40 days (before casting
in-situ slab). (d) At t = 40 days (after casting in-situ slab). (e) At t =
60 days (before wearing surface). (f) At t = 60 days (after wearing
surface). (g) Att = co.
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9.6 FLEXURAL RESISTANCE

The flexural resistance of a composite cross-section may be determined
in accordance with the flexural strength theory outlined in Chapter 6.
If adequate provision is made to transfer the horizontal shear forces
that exist on the interface between the in-situ and precast components,
the design strength of a cross-section such as that shown in Figure 9.4
may be calculated in the same way as for an identical monolithic cross-
section with the same reinforcement quantities and material properties
(see Section 6.5). The calculations are based on the full effective flange
width and, in general, it is not necessary to account for variations in
concrete strengths between the two components. In practice, owing to
the typically wide effective compressive flange, the depth to the natural
axis at ultimate is relatively small, usually less than the thickness of the
in-situ slab. It is therefore appropriate to consider an idealised rectangu-
lar stress block based on the properties of the in-situ concrete rather than
the precast concrete. Even in situations where the depth of the compres-
sive zone exceeds the thickness of the slab, more complicated expressions
for strength based on more accurate modelling of concrete compressive
stresses are not generally necessary. As seen in Chapter 6, the flexural
resistance of any ductile section is primarily dependent on the quantity
and strength of the steel in the tensile zone and does not depend signifi-
cantly on the concrete strength.

The strain discontinuity that exists at the element interface at service
loads due to the construction sequence becomes less and less significant as
the moment level increases, and the discontinuity may be ignored in flex-
ural resistance calculations.

9.7 HORIZONTAL SHEAR TRANSFER

9.7.1 Discussion

The design procedures for composite members in shear and torsion are sim-
ilar to those outlined in Chapter 7 for non-composite members. As has been
emphasised in the previous sections, the ability of a composite member to
resist load depends on its ability to carry horizontal shear at the interface
between the two components. If the components are not effectively bonded
together, slip occurs at the interface, as shown in Figure 9.6a, and the two
components act as separate beams, each carrying its share of the external
loads by bending about its own centroidal axis. To ensure full composite
action, slip at the interface must be prevented, and for this, there must be
an effective means for transferring horizontal shear across the interface. If
slip is prevented, full composite action is assured (as shown in Figure 9.6b)
and the advantages of composite construction can be realised.
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Figure 9.6 Composite and non-composite action. (a) Non-composite action.
(b) Composite action.

In Section 9.2, various mechanisms for shear transfer were discussed.
Natural adhesion and friction are usually sufficient to prevent slip in com-
posite members with a wide interface between the components (such as the
cross-sections shown in Figure 9.1b through d). The contact surface of the
precast member is often roughened during manufacture to improve bond.
Where the contact area is smaller (as on the cross-section of Figures 9.1a, e
and 9.4), web reinforcement in the precast girder is often carried through
the interface and anchored in the in-situ slab, thus providing increased fric-
tional resistance (by clamping the contact surfaces together) and additional
shear resistance through dowel action.

The theorem of complementary shear stress indicates that on the cross-
section of an uncracked elastic composite member, the horizontal shear
stress vy, at the interface between the two components is equal to the verti-
cal shear stress at that point and is given by the well-known expression:

VS

T/h:Tbi

(9.58)

where V is that part of the shear force caused by loads applied after the
establishment of composite action; S is the first moment of the area of the
in-situ element about the centroidal axis of the composite cross-section;
I is the moment of inertia of the gross composite cross-section and b; is the
width of the contact surface (usually equal to the width of the top surface
of the precast member)

The distribution of shear stress and the direction of the horizontal shear
at the interface are shown in Figure 9.7.
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Figure 9.7 Shear stresses and actions in an elastic, uncracked, composite beam.
(a) Composite cross-section. (b) Shear stresses on an uncracked, elastic sec-
tion. (c) Shear on element interface.

9.7.2 Design provisions for horizontal shear

At overloads, concrete members crack and material behaviour becomes
non-linear and inelastic. In design, a simple average or nominal shear stress
is usually used for design strength calculations. According to EN 1992-1-1
[1], the design value of the shear stress at the interface in a composite sec-
tion is given by:

- (9.59)
2b;

where z is the lever arm between the compressive and tensile force resul-
tants (as shown in Figure 9.7c) and Vi, is the total transverse (vertical)
shear force obtained using the appropriate factored load combination
for the strength limit state (see Section 2.3.2). Vi, is calculated from the
total loads and not just the loads applied after the in-situ slab has hard-
ened, because at ultimate loads, flexural cracking can cross the interface
and horizontal shear resulting from all the applied load must be carried.
The term B in Equation 9.59 is the ratio of the longitudinal force in the
in-situ slab at the strength limit state and the total longitudinal force in
either the compressive or tensile zone of the section under consideration.
When the interface is located in the compression zone, B is the ratio of
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the compressive force in the in-situ slab, F_,, (i.e. the compressive force
between the extreme compressive fibre and the interface) and the total
compressive force on the cross-section F, i.e. f = F_,,/F.. When the inter-
face is located in the tensile zone, B is the ratio of the sum of the tensile
forces in the longitudinal reinforcement and tendons in the precast mem-
ber (F, + F, ) and the total tensile force on the cross-section F..

The design requirement in EN 1992-1-1 [1] is:

Vedi < Urdi (9.60)

The design shear resistance at the interface vy, depends on the clamping
effects produced by the shear reinforcement crossing the interface, dowel
action, aggregate interlock and the effects of any transverse pressure across
the interface and is given by:

Updi = Cfed + 16, + pfya(psino +cosa) < 0.5vf (9.61)

where:

¢ and p are factors that depend on the roughness of the interface (clas-
sified in EN 1992-1-1 [1] as either very smooth, smooth, rough or
indented). For very smooth interfaces (such as concrete cast against
steel, plastic or specially prepared wooden moulds), ¢ = 0.25 and
p = 0.5. For smooth interfaces (such as slip formed or extruded sur-
faces or a free surface left without further treatment after vibration),
¢=0.35 and p = 0.6. For rough interfaces (such as a concrete surface
roughened by exposing the aggregate, raking or other methods giv-
ing an equivalent behaviour), ¢ = 0.45 and p = 0.7. For an indented
surface (complying with Figure 9.8), ¢ = 0.5 and p = 0.9. The values
for ¢ specified earlier apply to static load conditions. Under dynamic
or fatigue loading, the values of ¢ should be halved.

f..q 1s the design tensile strength of the in-situ concrete (see Equation 4.12).

6, is the minimum normal stress on the interface caused by the mini-
mum normal force that can act simultaneously with the shear force
(positive for compression such that 6, < 0.6 f; and negative for ten-
sion). Note that when o, is tensile, the term ¢ [, in Equation 9.61
should be taken as zero.

p is the reinforcement ratio A/A;.

A, is the area of reinforcement crossing the interface that is adequately
anchored on each side of the interface.

A, is the area of the interface.

a is the angle between the plane of the interface and the reinforcement
crossing the interface, as shown in Figure 9.8.

v is the strength reduction factor equal to v, given in Equation 7.9.

If shear reinforcement (A, in Equation 9.61) is required (i.e. the concrete and
friction components in Equation 9.61 (cf, . + jic,) are insufficient on their own
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Figure 9.8 Indented interface between new and old concrete [I].

to satisfy Equation 9.60), the shear and torsional reinforcement that is already
provided, and which crosses the shear plane, may be taken into account for
this purpose, provided it is anchored so that it can develop its full strength at
the interface. The centre-to-centre spacing of this shear reinforcement should
not exceed about 3.5 times the thickness of the in-situ slab anchored by the
shear reinforcement. In addition, the average thickness of the structural com-
ponents on either side of the interface should not be less than about 50 mm.

EXAMPLE 9.2

The horizontal shear transfer requirements for a beam with cross-section
shown in Figure 9.4 are to be determined. The beam is simply-supported over
a span of 17.2 m and is subjected to the following loads:

Self-weight of precast trough girder: 8.64 kN/m
Self-weight of in-situ slab: 8.10 kN/m
Superimposed dead load: 4.05 kN/m
Transient live load: 9.60 kN/m

The behaviour of the cross-section at mid-span at service loads is calculated
in Example 9.1. The effective prestressing force calculated in Example 9.1 is
Pr: = Ay0, = 1720.5 kN and is assumed here to be constant along the beam.

Take f,, = 1860 MPa.

The factored load combination for the strength limit state (Equation 2.1) is:

1.35 x (8.64 + 8.10 + 4.05) + 1.5 x 9.6 = 42.5 kN/m.
The maximum shear force adjacent to each support is:

Veg = (42.5 x 17.2)/2 = 365 kN.
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At the ultimate limit state in bending, using the idealised rectangular com-
pressive stress block (see Section 6.3.2), we determine that the depth to
the neutral axis at the ultimate limit state is 81.2 mm, the tensile force in
the tendons is F ., = A,0,,4 = 2760 kN, the compressive force in the in-situ
concrete F 4 = 2599 kN and, with the non-prestressed reinforcement (A, )
in the in-situ slab just above the neutral axis, the compressive force in A, is
Fsay = 161 kN. The internal lever arm between the resultant compressive and
tensile forces on the cross-section is z = 765 mm.

The neutral axis lies in the in-situ slab, just below the non-prestressed
reinforcement, and so the interface between the in-situ slab and the precast
girder is in the tensile zone below the neutral axis and § = |.0.

From Equation 9.59, the design shear stress acting on the interface is:

_ 1.0x365x10°

Ves =———————— =1.59MPa
765 %300

where the width of the interface b, =2 x 150 = 300 mm.

The design shear strength at the interface vgy; is obtained from Equation
9.6l. If the top surface of the precast trough has been deliberately rough-
ened to facilitate shear transfer, EN 1992-1-1 [I] specifies ¢ = 0.45 and
p = 0.7. The permanent normal stress across the interface o, is caused by
the self-weight of the in-situ slab and the superimposed dead load and is
equal to (8.10 + 4.05)/b; = 0.0405 MPa. Any required shear reinforcement
will be at right angles to the interface, and so a = 90°. With f,, = 25 MPa and
fea = 1.2 MPa for the in-situ slab, and taking f, = 435 MPa, Equation 9.6l
gives the design resistance of the interface in terms of the area of shear
reinforcement per metre:

Vi = 0.45x1.2 + 0.7 x 0.0405 + A, x 435 x (0.7 x1.0 + 0) / (300 x 1000)

=057 +1.015x107 x A,

and from Equation 9.60:

A 1.59-0.57

e S EO =1005 mm?/m.
J X

If 2—12 mm bars (226 mm?) cross the shear interface, one in each web, the
required spacing s near each support is:

1000 x 226
SS————
1005

=225mm
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The spacing can be increased further into the span, as the shear force Vg,
decreases. It is important to ensure that these bars are fully anchored on
each side of the shear plane.

If the contact surface were not deliberately roughened, but screeded and
trowelled, ¢ = 0.25 and p = 0.5, and Equation 9.61 gives:

Vrar = 0.25x 1.2 + 0.5 x 0.0405 + A, x 435 x (0.5x 1.0 + 0) / (300 x 1000)

=0.32+0.725x107° x A,

From Equation 9.60:

S 1.59-0.32

5 X

S

and with 2—12 mm bars (226 mm?) cross the shear interface, one in each web,
the required spacing s near each support is:

< 1000 x 226
T1752

=129 mm
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Chapter 10

Design procedures
for determinate beams

10.1 INTRODUCTION

The variables that must be established in the design of a prestressed con-
crete beam are material properties and specifications, the shape and size
of the section, the amount and location of both the prestressed steel and
the non-prestressed reinforcement, and the magnitude of the prestressing
force. The designer is constrained by the various design requirements for
the strength, serviceability, stability and durability limit states.

The optimal design is a particular combination of design variables that
satisfy all the design constraints at a minimum cost. The cost of a particu-
lar design depends on local conditions at the time of construction, and vari-
ations in the costs of materials, formwork, construction expertise, labour,
plant hire, transportation, etc., can change the optimal design from one site
to another and also from one time to another.

It is difficult, therefore, to fix hard and fast rules to achieve the opti-
mal design. It is difficult even to determine confidently when prestressed
concrete becomes more economic than reinforced concrete or when pre-
stressed concrete that is cracked at service loads is a better solution than
uncracked prestressed concrete. However, it is possible to give some
broad guidelines to achieve feasible design solutions for both fully and
partially-prestressed members, i.e. for members that are either uncracked
or cracked at service loads. In this chapter, such guidelines are presented
and illustrated by examples.

10.2 TYPES OF SECTIONS

Many types of cross-sections are commonly used for prestressed girders.
The choice depends on the nature of the applied loads, the function or
usage of the member, the availability and cost of formwork, aesthetic con-
siderations and ease of construction. Some commonly used cross-sections
are shown in Figure 10.1.

399
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Solid

(OO0 000 O0)

Rectangular Hollow plank

—hr

Single tees Double tee
I-section Inverted tees Trough

) W

Box sections

Figure 10.I Some common prestressed concrete beam cross-sections.

Most in-situ prestressed concrete beam sections are rectangular (or tee-
sections with solid slab flanges and rectangular webs). Rectangular sections
are not particularly efficient in bending. The self-weight of a rectangular
section is larger than for an I- or T-section of equivalent stiffness, and the
prestress required to resist an external moment also tends to be larger. The
formwork costs for a rectangular section, however, are generally lower and
steel fixing is usually easier.

For precast prestressed concrete, where reusable formwork is available,
the more efficient flanged sections are commonly used. T-sections and dou-
ble T-sections are ideal for simply-supported members in situations where
the self-weight of the beam is a significant part of the total load. If the
moment at transfer due to self-weight (plus any other external load) is not
significant, care must be taken to avoid excessive compressive stresses in the
bottom fibres at transfer in T-shaped sections.
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Inverted T-sections can accommodate large initial compressive forces in
the lower fibres at transfer and, while being inefficient by themselves for
resisting positive moment, they are usually used with a cast in-situ com-
posite concrete deck. The resulting composite section is very efficient in
positive bending.

For continuous members, where both positive and negative moments
exist in different regions of the beam, I-sections and closed-box sections
are efficient. Box-shaped sections are laterally stable and have found wide
applications as medium- and long-span bridge girders. In addition, box
sections can carry efficiently the torsional moments caused by eccentric
traffic loading.

10.3 INITIAL TRIAL SECTION

10.3.1 Based on serviceability requirements

A reliable initial trial cross-section is required at the beginning of a design
in order to estimate self-weight accurately and to avoid too many design
iterations.

For a fully-prestressed member, i.e. a member in which tensile stress limits
are set in order to eliminate cracking at service loads, Equations 5.7 and 5.8
provide estimates of the minimum section moduli required to satisfy the
selected stress limits at the critical section both at transfer and under the
full service loads. If the time-dependent loss of prestress is assumed (usually
conservatively) to be 25%, Equation 5.7 simplifies to:

Mt -0.75M,

Ly 2 22200
™7 fue = 0.75F e

(10.1)

Recall that the compressive stress limit at transfer f_, in this expression is
a negative number.

For a member containing a parabolic cable profile, a further guide to the
selection of an initial trial section may be obtained by considering deflec-
tion requirements for the member. The mid-span deflection of an uncracked
prestressed beam under a uniformly distributed unbalanced load w,,,,; may
be approximated by:

unba

ll}unball4 ll/unbaksusl4
= +A 10.2
B Ecml B Ecml ( )

where w1 s 1S the sustained part of the unbalanced load, f is a deflection
coefficient, [ is the effective span of the beam, E_, is the elastic modulus
of concrete, I is the moment of inertia of the gross cross-section about its
centroidal axis and A is a long-term deflection multiplication factor, which
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should not be taken to be less than 3.0 for an uncracked prestressed mem-
ber. The deflection coefficient f is equal to 5/384 for a uniformly loaded
simply-supported member. For a continuous member, p depends on the
support conditions, the relative lengths of the adjacent spans and the load
pattern. When the variable part of the unbalanced load is not greater than
the sustained part, the deflection coefficients for a continuous beam with
equal adjacent spans may be taken as p = 2.75/384 for an end span and
B = 1.8/384 for an interior span.
Equation 10.2 can be re-expressed as:

Weoll*
= for 10.3
p E | (10.3)
where:
Wior = Wynbal + }‘wunbal.sus (104)

Ifv,,, is the maximum permissible total deflection, then from Equation 10.3,
the initial gross moment of inertia must satisfy the following:
4
[ pted (10.5)
EcnVimax

All the terms in Equation 10.5 are generally known at the start of a
design, except for an estimate of A (in Equation 10.4), which may be
taken initially to equal 3 for an uncracked member. Since self-weight
is usually part of the load being balanced by prestress, it does not form
part of w,,,.

For a cracked partially-prestressed member, A should be taken as not
more than 2, for the reasons discussed in Section 5.11.4. After cracking,
the effective moment of inertia I,; depends on the quantity of tensile steel
and the level of maximum moment. If I; is taken to be 0.51, which is usu-
ally conservative, an initial estimate of the gross moment of inertia of the
partially-prestressed section can be obtained from:

4
wtotl

1228 (10.6)

chmax

10.3.2 Based on strength requirements

An estimate of the section size for a prestressed member can be obtained
from the flexural strength requirements of the critical section. The ultimate
moment of a ductile rectangular section containing both non-prestressed
and prestressed tensile steel may be found using Equation 6.21. By taking
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moments of the internal tensile forces in the steel about the level of the resul-
tant compressive force in the concrete, the moment may be expressed as:

3 3
Mgy = Gputdy [dp - Z’C] + f0As [ds - Z’C] (10.7)

For preliminary design purposes, this expression can be simplified if the
design stress in the prestressing steel 6,4 is assumed (say 6,4 = 0.9f,./v,)
and the internal lever arm between the resultant tension and compression
forces is estimated (say 0.9d, where d is the effective depth to the resul-
tant tensile force at the ultimate limit state). With these simplifications,
Equation 10.7 becomes:

Mg = 0.9d (0.9 Ay Iy, + f4A,)

Dividing both sides by f.,6d?* gives:

MRd 209 0'9fpkﬁ+fyd AS
fcdbd2 ’ ’stcd bd fcd bd

and therefore:

bd? = M (10.8)
0.9fa(gp + gs)
where:
0.9F,, A

q, = ff"" v (10.9)
cod
Ay

q, = ?j ™ (10.10)

Knowing that the design resistance My, must exceed the factored design
moment My,, Equation 10.8 becomes:

bdz > MEd

> CE 10.11
0.9fa(qp + g5) ( )

The quantity g, + g, is the combined steel index, and a value of g, + g,
of about 0.3 will usually provide a ductile section. With this assumption,
Equation 10.11 may be simplified to:

bdz > MEd

> 10.12
0.27f. (1012)
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Equation 10.12 can be used to obtain preliminary dimensions for an ini-
tial trial section. The design moment Mg, in Equation 10.12 must include
an initial estimate of self-weight.

With the cross-sectional dimensions so determined, the initial prestress
and the area of prestressing steel can then be selected based on serviceability
requirements. Various criteria can be adopted. For example, the prestress
required to cause decompression (i.e. zero bottom fibre stress) at the section
of maximum moment under full dead load could be selected. Alternatively,
load balancing could be used to calculate the prestress required to produce
zero deflection under a selected portion of the external load. With the level
of prestress determined and the serviceability requirements for the mem-
ber satisfied, the amount of non-prestressed steel required for strength is
calculated.

The size of the web of a beam is frequently determined from shear strength
calculations. In arriving at a preliminary cross-section for a thin-webbed
member, preliminary checks in accordance with the procedures outlined in
Chapter 7 should be carried out to ensure that adequate shear strength can
be provided. In addition, the arrangement of the tendon anchorages at the
ends of the beam often determines the shape of the section in these regions.
Consideration must be given therefore to the anchorage zone requirements
(in accordance with the principles discussed in Chapter 8) even in the initial
stages of design.

10.4 DESIGN PROCEDURES: FULLY-PRESTRESSED
BEAMS

For the design of a fully-prestressed member, stress limits both at transfer
and under full loads must be selected to ensure that cracking under in-
service conditions does not occur at any stage. There are relatively few
situations that specifically require no cracking as a design requirement.
Depending on the span and load combinations, however, a fully-prestressed
design may well prove to be the most economical solution.

For long-span members, where self-weight is a major part of the design
load, relatively large prestressing forces are required to produce an economic
design and fully-prestressed members frequently result. Fully-prestressed
construction is also desirable if a crack-free or water-tight structure is
required or if the structure needs to possess high fatigue strength. In build-
ing structures, however, where the spans are generally small to medium,
full prestressing may lead to excessive camber, and partial prestressing,
where cracking may occur at service loads, is often a better solution.

When the critical sections have been proportioned so that the selected
stress limits are satisfied at all stages of loading, checks must be made on the
magnitude of the losses of prestress, the deflection and the flexural, shear
and torsional strengths. In addition, the anchorage zone must be designed.
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10.4.1 Beams with varying eccentricity

The following steps will usually lead to the satisfactory design of a stati-
cally determinate, fully-prestressed beam with a draped tendon profile.

10.

. Select the maximum permissible total deflection v

. Determine the loads on the beam both at transfer and under the

most severe load combination for the serviceability limit states. Next,
determine the moments at the critical section(s) both at transfer and
under the full service loads (M, and My, respectively). An initial esti-
mate of self-weight is required here.

. Make an initial selection of concrete strength and establish material

properties. Using Equation 10.1, choose an initial trial cross-section.
max caused by the
estimated unbalanced loads w,,,,. This is a second serviceability
requirement in addition to the no cracking requirement that prompted
the fully-prestressed design. Next use Equation 10.5 to check that the
gross moment of inertia of the section selected in Step 2 is adequate.

. Estimate the time-dependent losses of prestress (see Section 5.10.3),

and, using the procedure outlined in Section 5.4.1, determine the
prestressing force and eccentricity at the critical section(s). With due
consideration of the anchorage zone and other construction require-
ments, select the size and number of prestressing tendons.

. Establish suitable cable profile(s) by assuming the friction losses and

by obtaining bounds to the cable eccentricity using Equations 5.14
through 5.17.

. Calculate both the immediate and time-dependent losses of prestress.

Ensure that the calculated losses are less than those assumed in steps 4
and 5. Repeat steps 4 and 3, if necessary.

. Check the deflection at transfer and the final long-term deflection

under maximum and minimum loads. If necessary, consider the inclu-
sion of non-prestressed steel to reduce time-dependent deformations
(top steel in the span regions to reduce downward deflection, bot-
tom steel to reduce time-dependent camber). Adjust the section size
or the prestress level (or both), if the calculated deflection is excessive.
Where an accurate estimate of time-dependent deflection is required,
the time analysis described in Section 5.7 is recommended.

. Check the ultimate strength in bending at each critical section (in

accordance with the discussion in Chapter 6). If necessary, addi-
tional non-prestressed tensile reinforcement may be used to increase
strength. Add compressive reinforcement to improve ductility, as
required.

. Check the shear strength of the beam (and torsional strength if appli-

cable) in accordance with the provisions outlined in Chapter 7. Design
suitable shear reinforcement where required.
Design the anchorage zone using the procedures presented in Chapter 8.
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Note: Durability and fire protection requirements are usually satisfied by
an appropriate choice of concrete strength and cover to the tendons made
very early in the design procedure (usually at Step 2).

EXAMPLE 10.]1 FULLY-PRESTRESSED
POST-TENSIONED DESIGN (DRAPED TENDON)

A slab and beam floor system consists of post-tensioned, simply-supported
T-beams spanning 18.5 m and spaced 4 m apart. A 140 mm thick, continuous
reinforced concrete, one-way slab spans from beam to beam. An elevation
and a cross-section of a typical T-beam are shown in Figure 10.2. The beam is
to be designed as a fully-prestressed member. The floor supports a superim-
posed permanent dead load of 2 kPa and a live load of 3 kPa (of which | kPa
is considered permanent). Material properties are f,, = 35 MPa at 28 days and
25 MPa at transfer, f, = 1,860 MPa, E_, = 34,000 MPa at 28 days and E,, =
31,000 MPa at transfer and E, = 195,000 MPa. The maximum deflection of the
beam at mid-span is to be limited to span/500.

For this fully-prestressed design, the following stress limits have been
selected:

At transfer: f.. o= 1.25MPa and f.,=—12.5 MPa
After all losses: f,,, = I.5MPa and f,..=-16.0 MPa

_tJ_ iR Parabolic cable JT_
() I I
4000 mm
jc+ +
140 h
) oo

Figure 10.2 Beam details for Example 10.1. (a) Elevation. (b) Cross-section.
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(1) Mid-span moments:

Due to self-weight: To estimate the self-weight of the floor w,,, an initial trial
depth h = 1100 mm is assumed (about span/l7). If the concrete floor weighs
24 kN/m?:

W, =24 % [4 % 0.14 + 0.3 x (I.I = 0.14)] = 20.4 kN/m

and the mid-span moment due to self-weight is:

 20.4x18.5”

M,, =871kNm

Due to 2.0 kPa superimposed dead load:

2
we=2x4=8kN/m and MG=%:342kNm

Due to 3.0 kPa live load:

2
wo =3x4=I12kN/m and MQ:m:SBkNm
8

At transfer:

My =M., =871 kNm
Under full loads:

M =M, + Mg + My = 1726 kNm
(2) Trial section size:

From Equation 10.1:

(1726 —0.75x 871) x10°
1.5-0.75x (—12.5)

=98.6 x10° mm°

btm =

Choose the trial cross-section shown in Figure 10.3.
The revised self-weight is 20.7 kN/m and therefore the revised design
moments are M, = 886 kN m and M; = 1741 kN m.

Note: This section just satisfies the requirement for the effective width of
T-beam flanges in EN 1992-1-1 [I], namely that the overhanging part of the
effective flange width does not exceed the value given by Equation 6.33 or
half the clear distance to the next parallel beam.
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4000
A =863,000 mm?
y=2878.1 mm
I=91,680 x 10° mm* 140 Centroidal =
Zipem = 1044 x 105 mm? axis y
Zyop=337.2x10° mm?

fe—]

300

Figure 10.3 Trial cross-section (Example 10.1).

(3) Check deflection requirements:

For this particular floor, the maximum deflection v,

is limited to span/500 =
37 mm. If it is assumed that only the self-weight of the floor is balanced by
prestress, the unbalanced load is:

W,

unbal —

wg + wg = 20 kN/m

With one-third of the live load specified as permanent, the sustained unbal-
anced load is taken to be (refer Section 2.3.4):

Wub.sus = We i Y, WQ = 8 + 0333 X |2 = |2 kN/m
With the long-term deflection multiplier taken as A = 3, Equation 10.4 gives:

Weoe = 20 + 3 X [2 =56 kN/m

tot
and from Equation 10.5:

4
> > 36185000 _ (5 094 106 mm
384 34,000 x 37
The trial cross-section satisfies this requirement and excessive deflection is
unlikely.

(4) Determine the prestressing force and eccentricity required
at mid-span:

The procedure outlined in Section 5.4.1 is used for the satisfaction of the

selected stress limits. The section properties a,,, and «,,,, are given by:

top

Oliop = AlZ o, =0.00256 and oy = A/Zy,, = 0.00827
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and Equations 5.3 and 5.4 provide upper limits on the magnitude of prestress
at transfer:

P o< 863,000 x 1.25 + 0.00256 x 886 x10°  3.347 x10°
= 0.00256e -1 0.00256e -1

(10.1.1)

_ 863,000 x (~12.5) + 0.00827 x 886 x 10° _ 18.11x10°

P, -
0 0.00827e + | 0.00827e + |

(10.1.2)

Equations 5.5 and 5.6 provide lower limits on the prestress under full service
loads. If the time-dependent loss of prestress is assumed to be 20% (i.e. Q = 0.80),
then:

S —863,000 x 1.5 + 0.00827 x1741x10°  16.38x10°

Poo 2 = (10.1.3)
0.8 x(0.00827¢ + ) 0.00827e +1
. 6 6
b5 863,000x(-160) + 000256 xI741x10° _ ~1169x10 (10.14)
0.8 x (0.00256e — ) 0.00256e — |

Two cables are assumed with duct diameters of 80 mm and with a 40 mm
minimum cover to the ducts. The position of the ducts at mid-span and the
location of the resultant prestressing force P are illustrated in Figure 10.4.
The resultant force in each tendon is assumed to be located at one quarter
of the duct diameter below the top of the duct.

The maximum eccentricity to the resultant prestressing force is therefore:

€max = 878 — 155 =723 mm

_
I—

pP/2 I
S i N o
) 110 4 -

—» y 7
v 40

A

Figure 10.4 Cable locations and relevant dimensions at mid-span.
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With this eccentricity at mid-span, Equations 10.I.I through 10.1.4 give,
respectively:

Pro <3,935kN P <2,596 kN P, >2,347 kN P, >—13,743kN

and the minimum required prestressing force at mid-span that satisfies all
four equations is obtained from Equation 10.1.3:

P, = 2347 kN

If the immediate losses at mid-span are assumed to be 10%, then the required
jacking force is

P, = P,0/0.9 = 2608 kN

From Table 4.8, the cross-sectional area of a 12.5 mm diameter seven-wire
strand is 93.0 mm?, f,, = 1860 MPa and f, . = 1600 MPa. The maximum stress
in the tendon at jacking is the smaller of 0.8 f,, = 1488 MPa or 0.9 f,, =
1440 MPa (see Section 5.3). Therefore, the maximum jacking force per strand
is 1440 x 93 x [0-3 = 133.9 kN. The minimum number of seven-wire strands is
therefore 2608/133.9 = 19.5.

Try two cables each containing 10 strands, i.e. A,= 1860 mm? (or A, = 930 mm?/
cable) with a jacking force of 2608/20 = 130.4 kN/strand.

(5) Establish cable profiles:

Since the member is simply-supported and uniformly loaded, and because
the friction losses are only small, parabolic cable profiles with a sufficiently
small resultant eccentricity at each end and an eccentricity of 723 mm at mid-
span will satisfy the stress limits at every section along the beam. In order to
determine the zone in which the resultant prestressing force must be located
(see Figure 5.3), it is first necessary to estimate the prestress losses. The
cables are to be stressed from one end only. From preliminary calculations
(involving the determination of losses for a trial cable profile), the friction
losses between the jack and mid-span are assumed to be 6% (i.e. 12% from
the jack at one end of the beam to the dead end anchorage at the other), the
anchorage losses resulting from slip at the anchorages are assumed to be 14%
at the jack and 3% at mid-span, and the elastic deformation losses are taken
to be 1% along the beam. These assumptions will be checked subsequently.
If the time-dependent losses are assumed to be 20%, the prestressing
forces Py and P . at the ends, quarter-span and mid-span are as shown in
Table 10.1. Also tabulated are the moments at each section at transfer and
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Table 10.] Bounds on the eccentricity of prestress (Example 10.1)

Distance from jack (mm) 0 4625 9250 13,875 18,500
Estimated short-term losses (%) 15 13 10 10 13
P.o (kN) 2217 2269 2347 2,347 2,269
P.. (kN) 1774 1815 1878 1,878 1,815
M, (KNm) 0 664 886 664 0
M; (kNm) 0 1306 1741 1,306 0
€nax (MM) 468 747 813 718 454
€min (MM) -209 512 723 491 -207

272 272
532 \ /
N /

Cable 1 (upper)

——r——

Cable 2 (lower) 878

Permissible zone

Figure 10.5 Parabolic cable profiles (Example 10.1).

under full loads, the maximum eccentricity (determined in this case from
Equation 5.15) and the minimum eccentricity (determined from Equation 5.16
in this example).

The permissible zone, in which the resultant force in the prestressing steel
must be located, is shown in Figure 10.5. The individual cable profiles are also
shown. The cables are separated sufficiently at the ends of the beam to easily
accommodate the anchorages for the two cables.

(6) Check losses of prestress:

Immediate losses:

Elastic deformation: At mid-span, the initial prestress in each cable is P, =
2347/2 = 1174 kN. The upper cable is the first to be stressed and therefore
suffers elastic deformation losses when the second (lower) cable is subse-
quently stressed. The prestressing force in the lower cable causes an axial
compressive strain at the centroidal axis of cross-section at transfer of ¢, =
P.o/(AE..), and with the average value of P_, in the bottom cable taken to be
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1174 kN, &, = 43.9 x 10-5. The overall shortening of the member due to this
elastic strain causes a shortening of the unbonded top cable and an elastic
deformation loss of about:

Ac,A, = €E A, =439 x 1076 x [95,000 x 930 x 10~* = 8.0 kN

This is about 0.31% of the total jacking force. The loss of force in the lower
cable due to elastic shortening is zero.

Friction losses: The change in the slope of the tendon between the support
and mid-span is obtained using Equation |.6. For the upper cable, the drape is
668 mm and therefore the angular change between the support and mid-span is

 4x668

= =0.144 rad
18,500

With p = 0.19 and k = 0.013 (see Section 5.10.2.3), the friction loss at mid-
span is calculated using Equation 5.148:

AP =P (I _ e—O.I9(0.I44+0.OI3x9425)) = 0.049P
p — Fmax =\ max

Therefore, the friction loss at mid-span in the upper cable is therefore 4.9%.

In the lower cable, where the drape is only 518 mm, the friction loss at
mid-span is 4.3%. The average loss of the prestressing force at mid-span due
to friction is therefore 0.046 x 2608 = 120 kN. This loss is less than that
assumed in step 5.

Anchorage losses: The loss of prestress caused by A ;, = 6 mm at the wedges

slip
at the jacking end is calculated in accordance with the discussion in Section
5.10.2.4. With the average friction loss at mid-span of 4.6%, the slope of the

prestressing line (see Figure 5.25) is:

_ 0.046P,  0.046 x 2608 x10°
o 9250

B =13.0 N/mm

The length of beam L over which the anchorage slip affects the prestress is
found using Equation 5.150:

L :\/I95,000x2><930><6 12,940 rmm

13.0
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Equation 5.151 gives the immediate loss of prestress at the anchorage caused
by Aslip:

(APy), =2x13.0x12,940x 10 =336.4 kN (=12.9% loss)

and the anchorage loss at mid-span is:

(AP )ma = 2B(Las — 1/2) =2 x13.0x (12,940 — 9,250) x 103
=959 kN (=3.7%)

The anchorage losses are compatible with the assumptions made in step 5.

Jacking force: From step 4 and as listed in Table 10.1, the required prestress at
mid-span immediately after transfer is P, = 2347 kN. Adding the elastic short-
ening, friction and anchorage losses, the minimum force required at the jack is:

P,=2347 + 8.0 + 120 + 95.9 = 2571 kN = 1286 kN/cable

and this is close to the value assumed in steps 4 and 5. The minimum tendon
stress at the jack is:

P 1286xI10°

A 930

Gy = A =1383 MPa = 0.743f, = 0.864f,0.1«

p

which satisfies the maximum jacking stress requirements of EN 1992-1-1 [I].

Time-dependent losses:

An accurate time analysis of the cross-section at mid-span can be carried out
using the procedure outlined in Section 5.7.3 (and illustrated in Example 5.5).
In this example, the more approximate procedures discussed in Section 5.10.3
are used to check time-dependent losses. First, we need to estimate the
creep and shrinkage characteristics of the concrete, and to do this, we will
use the procedures specified in Sections 4.2.5.3 and 4.2.5.4.

The hypothetical thickness of the web of this beam is defined in Section
4.2.5.3 and is taken as:

2A. 2x300xI150

h: =
°" u " 2x(300+1150-140)

=263 mm
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Assuming cement class N, strength class C35/45, inside conditions (RH = 50%)
and the age at first loading (transfer) t, = 10 days, Figure 4.7 gives the final
creep coefficient @(oo, t;) = 2.4. The autogenous shrinkage and drying shrink-
age strains at time infinity are g_,(c0) = =63 X 10~¢ and g_4(c0) = =355 x 10~¢
(given by Equations 4.3 and 4.32, respectively), and, from Equation 4.29, the
final design shrinkage strain g (c0) = =418 x [0-¢.

With 6, = 6,n0 = Pno/A, = 1262 MPa for these post-tensioned low-
relaxation strands (Class 2), p = o,,/f,, = 0.68 and pq0 = 0.025, from Equation
4.35, after 30 years:

0.75(1-0.68)
Ay = {—0.66 X 2.5 x >0 (263’ ooo] x |051

1,000
x 1,262 = —38.6 MPa

The concrete stress at the level of the prestressing steel at mid-span (i.e.
at e = 723 mm) immediately after the application of the full sustained load
(32.7 kN/m) is:

Pro  Proe® | M€
Gc_QP - _ mo0 _ 'm0 + sus

A | )
3 3 2 6
:_2,347><I0 2,347 x10 ><7623 +I,399><I0 X7623:_5'07MP3
863,000 91,680 x10 91,680x10

The total time-dependent loss of steel stress at mid-span is approximated
using Equation 5.152:

—418x107° 195,000 + 0.8 x —38.6 + 195,000
34,000

A‘jp,c+s+r = >
PGS U00R] SOOI (NECE (00 %723 [140.8x2.4]
34,000 x 863,000 91,680 x10

x 2.4 x—5.07

=—150 MPa

which is 11.9% of the prestress immediately after transfer. This is smaller than
the time-dependent losses of 20% assumed in Steps 3, 4 and 5, and a slightly
smaller value of P, and hence P, could be selected. However, given the
approximate nature of these serviceability calculations, the original estimate
of P, is considered satisfactory. Should a more accurate estimate of the time-
dependent losses of prestress be required, the analysis procedure outlined in

Section 5.7.3 is recommended.
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(7) Deflection check:

At transfer: The average drape for the two cables is 593 mm, and the trans-
verse force exerted on the beam by the draped tendons at transfer is obtained
using Equation 1.7:

8Poe  8x2,347x10° x593

= =32.5 N/mm(kN/m) T
2 18,500 (i)

Note that the prestressing force at mid-span is taken as an average for the span.

The self-weight of the floor was calculated in Step 2 as w,, = 20.7 kN/m |.
Immediately after transfer, f,, = 25 MPa, and the elastic modulus of concrete at
this time is E_,, = 31,000 MPa. The mid-span deflection at transfer is therefore:

_ 4
5 (325-20.7)x18,500" _ 5 mm (1)

384 31,000x 91,680 x10°

0

For most structures, an upward deflection of this magnitude at transfer will
be satisfactory.

Under full loads: The effective prestress at mid-span after all losses is P, . =
2040 kN. The transverse load exerted on the beam by the tendons is
therefore:

8x 2,040 x10° x 593
18,5002

=28.3 N/mm(kN/m) T

The sustained gravity loads are w,,, = w,, + wg + y, wo = 32.7 kN/m (]), and
the short-term curvature and deflection at mid-span caused by all the sus-
tained loads are:

_ 2 _ 2
. (Wsus —Wp,)l _ (32.7 —28.3) 18,500 — 0.0604 10 mm""

8E../ 8x 34,000 x 91,680 x 10°

_ 4 _ 4
5 (e we 5 (27-283)x18500_,,
384 E.l 384 34,000 91,680 x10

sus,0 —

Under the sustained loads, the initial curvature is small on all sections, and
the short-term and long-term deflections will also be small.
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The creep-induced curvature may be approximated using Equation 5.183.
The member is uncracked, and with p = A /(b d,) = 0.0062, the factor « (= a,)
in Equation 5.185 is taken as 1.24:

. % x0.0604 x10 = 0.117 x 10 mm"™

With the creep-induced curvature at each end of the member equal to zero,
the creep deflection is obtained from Equation 5.165:

18,500”

” x(0+10x0.117x107° +0) = 4.2 mm (¥)

cc

From Equation 5.189, the shrinkage coefficient k. = 0.38 and an estimate
of the average shrinkage-induced curvature at mid-span is obtained from
Equation 5.187:

_0.38x(-418x10™)
1150

=0.138x10* mm™'

cs

At each support, the prestressing steel is located at or near the cen-
troidal axis and the shrinkage-induced curvature is zero. This positive
load-independent curvature at mid-span causes a downward deflection of
(Equation 5.165):

2
Ves = '8’520 x(0+10x0.138x107° +0) = 4.9 mm ({)

The final deflection due to the sustained load and shrinkage is therefore:

Vsus0 T Vee T Ves =113 mm (»L)

The deflection that occurs on application of the 2.0 kPa variable live load
(= 8 kN/m) is:

5 8xI8,500°
384 34,000 x 91,680 x 10°

=39 mm (¥)

Vvaro =

It is evident that the beam performs satisfactorily at service loads with a
maximum final deflection of v, = 11.3 + 3.9 = 15.2 mm (]) = span/I217. This
conclusion was foreshadowed in the preliminary deflection check in step 3.
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(8) Check resistance in bending at mid-span:

Using the load factors specified in Section 2.3.2 (Equation 2.1), the design
load is:

Weg = 1.35(w,,, + wg) + 1.5w5 = 56.75 kN/m
and the design moment at mid-span is:

2
My, = 56.75; 18.5" _ 2428 kNm

The cross-section at mid-span contains a total area of prestressing steel A, =
1860 mm? at an effective depth d, = 995 mm. The design moment resis-
tance is calculated using the procedure outlined in Section 6.3. With f, =
35 MPa, Equations 6.2 and 6.4 give, respectively, A = 0.8 and n = 1.0. Adopting
the conservative (Line 2) for the idealised design stress—strain diagram (see
Figure 4.12), we will initially assume 6,4 = f,4 = foo.u/Ys = 1391 MPa. If the neu-
tral axis lies within the slab flange, the depth to the neutral axis is:
_ frahe 1391x1860

= =34.7 mm
NfabA 1.0x23.33x4000x 0.8

which is in fact within the flange. For this section, the quantity of tensile steel
is only small and the member is very ductile. The strain in the prestress-
ing steel &,,4 is much greater than f /E, and therefore the assumption that
Goud = frq is reasonable.

By taking moments of the internal forces about any point on the cross-
section (for example, the level of the resultant compressive force located
Ax/2 below the top surface), the design resistance is:

=2538 kNm > Mg

Mgy :I860><I39I><(995—0’8X34'7J

Therefore, the cross-section at mid-span has adequate flexural strength
and no non-prestressed longitudinal steel is required. At least two non-
prestressed longitudinal reinforcement bars will be located at the top and
bottom of the web of the beam in the corners of the transverse stirrups that
are required for shear.

(9) Check shear strength:

As in step 8, wgy = 56.75 kN/m. The design shear resistance is here checked
at the cross-sections | m and 2 m from the support (at the end with the live-
end anchorage).
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Atx=1.0m,

Ve, = 4682 kN and My, = 496.6 kNm

The average depth of the prestressing steel below the centroidal axis of the
cross-section is y = e = 25| mm, the effective depth to the resultant tension
in the tendon is d, = 523 mm and the average slope of the tendons is y’ =
0.114 rad (refer to Figure 10.5). The prestress immediately after transfer at this
cross-section is P, = 2228 kN (see Table 10.1), and the total time-dependent
loss at this section (calculated using Equation 5.182) is 299.8 kN. The effective
prestress is therefore P, . = 1928 kN, and the vertical component of prestress
isP, =P, .y =220 kN.

Check whether the section has cracked in bending under the full design
bending moment:

Gbtm = — P;"\" - Pm"lﬁ + @ = 223-464+475=-2.12 MPa

and therefore the cross-section has not cracked. From Equation 7.4:

91,680 x 10° x (300 — 0.5 x 80
VRd.c: 6
115.7 %10

= 4805 kN > VEd

) J147) +1.0x223%147

Therefore, no calculated shear reinforcement is required at this cross-section.
Atx=2.0 m:

Veg =411.5kN and Mg, = 936.4 kNm

y=e=359mm, d,=63I mm, y =0.10lrad, P, =2239kN

P..=1938kN and P, =P,y =220kN

Now 6,,, = —0.0] MPa and therefore the cross-section has not cracked.
With Vq,.= 481.8 kN > V¢, no calculated shear reinforcement is required at
this cross-section.
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Equation 7.17 gives the minimum shear reinforcement requirements. If
10 mm closed stirrups are used (two vertical legs with A, = 157 mm? and
f,a = 435 MPa):

Agumin _ 0.08x 300 x 5in 90 x /35
s 435

=0.326

The stirrup spacing must satisfy the following: s < 157/0.326 = 482 mm.
Use 10 mm closed stirrups at 480 mm maximum centres throughout.

(10) Design anchorage zone:

The bearing plates at the end of each cable are 220 mm square as shown in
Figure 10.6. The centroid of each plate lies on the vertical axis of symmetry,
the upper plate being located on the centroidal axis of the cross-section and
the lower plate centred 260 mm below the centroidal axis, as shown.

The distribution of forces on the anchorage zone after the upper cable is
stressed is shown in Figure 10.7a, together with the bursting moments induced
within the anchorage zone. The depth of the symmetrical prism behind the
upper anchorage plate is 544 mm as shown. The transverse tension within
the symmetrical prism caused by the bursting moment behind the anchorage
plate (M, = 142.6 kNm) is:

6
Fo= Mo _1428x10° (65 5r50 kN
h./2 544/2
80 mm duct
-+ 162 | -
-+ ~ 272
@ 220 Y a
40~ — 260
220

40 220 40

Figure 10.6 End elevation showing size and location of bearing plates.
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162 1 I
> T
e
1286 kN [ | 5960 o184
220 > ) |l
- |- h, =544 mmi ] 142.8 KNm
vy | l
| e
e
] 0447
le] KN/mm
768 el
e
e
e
e
e
(@) Side elevation Bursting moments
7.955 kKN/mm
T
162 |
T | 9.998 kN/mm
1286 kN \
220 > |
|_ i« “0750
0= h,= 804 mm I« kN/mm
1286 kN | 285.0 KNm
220 : 469.4
T |
___________ a
508
1.855
» kKN/mm
(b) Side elevation Bursting moments

Figure 10.7 Forces and moments in anchorage zone. (a) Upper cable only stressed.
(b) Both cables stressed.

and the area of transverse steel required within a length of beam equal to
0.8h, = 435 mm is obtained from Equation 8.14:

_ 525.0x10°
300

A, =1750 mm?

Using 4—12 mm diameter vertical stirrup legs at each stirrup location (452 mm?),
the required spacing is (435 x 452)/1750 = 112 mm.
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The distribution of forces on the anchorage zone when both cables are
stressed is shown in Figure 10.7b. The maximum bursting moment is 285.0 kNm,
and the depth of the symmetrical prism behind the combined anchorage plates is
804 mm. The vertical tension and the required area of transverse steel (needed
within a length of beam equal to 0.8h, = 643 mm) are:

709 x 103

6
- 2850107 155 _ 709 kN and A, =T =363

* T 80412

The maximum spacing of the vertical stirrups (452 mm?/stirrup location) is
(643 x 452)/2363 = 123 mm.

Use two |12 mm diameter stirrups every 100 mm from the end face of the
beam to 800 mm therefrom.

The horizontal dispersion of prestress into the slab flange creates trans-
verse tension in the slab, as indicated in the plan in Figure 10.8. From Figure
10.7b, the total force in the flange is 1257 kN when both cables are stressed.
From the truss analogy shown, the transverse tension is 314.3 kN and the
required area of steel is:

A, = (314.3 x 10%/300 = 1048 mm?

Plan 1000
628.5 kN
A
~702.7 kN
1257 kN —| 3143 kN <+ |2000
~702.7 kN
< A 4
o A
628.5 kKN
804/2 2000 1000
A 4

Figure 10.8 ldealised horizontal truss within slab flange.
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9-12 mm stirrups (4 1egs)|10 mm stirrups (2 legs) 12 mm bars at 300 mm centres

|
| | at 100 mm centres | at 480 mm centres ! / |
5 N a a ¥ 3

[ | |

[ ~ [TT812 mm stirrups

A 2-20 mm bars
T Elevation Cross-section

Figure 10.9 Reinforcement details in the anchorage zone.

This steel must be placed horizontally in the slab within a length of 0.8 x
4000 = 3200 mm. Use 12 mm diameter bars at (3200 x 113/1048) = 345 mm
centres within 4 m of the free edge of the slab.

The reinforcement details within the anchorage zone are shown in the
elevation and cross-section in Figure 10.9.

10.4.2 Beams with constant eccentricity

The procedure described in Section 5.4.1 is a convenient technique for the
satisfaction of concrete stress limits at any section at any stage of loading.
However, the satisfaction of stress limits at one section does not guarantee
satisfaction at other sections. If P, and e are determined at the section of
maximum moment M, and if e is constant over the full length of the beam,
the stress limits £, , and f,, , may be exceeded in regions where the moment
is less than the maximum value.

In pretensioned construction, where it is most convenient to use straight
tendons at a constant eccentricity throughout the length of the member,
the eccentricity is usually determined from conditions at the support of
a simply-supported member where the moment is zero. In a simple pre-
tensioned beam of constant cross-section, the stress distributions at the
support and the section of maximum moment (M, at transfer and M-
under the maximum in-service loads) are shown in Figure 10.10. At trans-
fer, the maximum concrete tensile and compressive stresses both occur at
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—ProlA +Pio e/Ztnp Oc,top,0 = Pyl A+Pry e/Ztop

+

_ . _
—PpolA ~Prno €/ Ztm O btm,0= ~Pino/A=Pro €/ Zim
(@)
Oc,top,t = 7Pm,t/A+Pm,t e/Ztop

=P, /A +Pp ¢ e/Zmp 7/\/I~1-/Zwp 7MT/Ztop

+ _

+ + =
- +

Py /A ~Prnc €/ Zbem + M/ Zptrn ¢ btm,t = ~Lin,t/ A=Pryn, €/ Ziyim + M/ Ziyin

(b)

Figure 10.10 Concrete stresses in members with constant eccentricity of prestress.
(@) At the support, immediately after transfer. (b) At mid-span after all
losses and under full loads (P, = QP, ).

the support. To guard against unwanted cracking at the support, the top
fibre tensile stress must be less than the tensile stress limit £, , and the com-
pressive bottom fibre stress should also be limited by the compressive stress
limit £,. ,. Remembering that £, is negative:

Ci

PmO PmOe

O top,0 = _7"' 7 < ct,0 (10.13)
top
O
Gc,btm,O = _70 - 7 0¢ > fcc,O (10.14)
btm

By rearranging Equations 10.13 and 10.14 to express P, as a linear
function of e, the following design equations similar to Equations 5.3
and 5.4 (but with M, = 0) are obtained:

Py < Ao (10.15)
Olope — 1
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p,< Ao (10.16)
Opme + 1

where o, = A/Z,,, and o, = A/Z,,.

After all the time-dependent losses have taken place, the maximum
tensile stress occurs in the bottom concrete fibre at mid-span (o, in
Figure 10.10b) and, if cracking is to be avoided, must be limited to the
tensile stress limit £, :

O¢,btm,t =

_QPm() _ QPmoe " MT

< fae 10.17
A thm thm f ’ ( )

This may be rearranged to give the design equation (identical to Equation 5.5):

_Afct,t + (lbthT

P.o >
Qapme +1)

(10.18)

By selecting a value of P, that satisfies Equations 10.15, 10.16 and 10.18,
the selected stress limits will be satisfied both at the support at transfer and
at the critical section of maximum moment under the full service loads.
The compressive stress limit £, at the critical section is rarely of concern in
a pretensioned member of constant cross-section.

To find the minimum sized cross-section required to satisfy the selected
stress limits both at the support and at mid-span at all stages of loading,
Equation 10.14 may be substituted into Equation 10.17 to give:

My
chc,O + < ct,t

btm

and therefore:

M+

T > — T
" fct,t - QfCC,O

(10.19)

Equation 10.19 can be used to select an initial trial cross-section, and
then the required prestressing force and the maximum permissible eccen-
tricity can be determined using Equations 10.15, 10.16 and 10.18.

Note the difference between Equation 10.1 (where Q = 0.75) and Equation
10.19. The minimum section modulus obtained from Equation 10.1 is
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controlled by the incremental moment (M - QM,) since the satisfac-
tion of stress limits is considered only at the critical section. The stress
limits on all other sections are automatically satisfied by suitably varying
the eccentricity along the span. If the eccentricity varies such that P e is
numerically equal to the moment at transfer M,, at all sections, then only
the change in moment (M - QM,) places demands on the flexural rigid-
ity of the member. The moment QM, is balanced by the eccentricity of
prestress. However, for a beam with constant eccentricity, e is controlled
by the stress limits at the support (where M, is zero). It is therefore the
total moment at the critical section My that controls the minimum section
modulus, as indicated in Equation 10.19.

In order to avoid excessive concrete stresses at the supports at transfer,
tendons are often debonded near the ends of pretensioned members. In
this way, a constant eccentricity greater than the limit obtained from either
Equation 10.13 or 10.14 is possible.

For a simply-supported member containing straight tendons at a con-
stant eccentricity, the following design steps are appropriate:

1. Determine the loads on the beam both at transfer and under the most
severe load combination for the serviceability limit states. Hence,
determine the moments M, and M at the critical section (an initial
estimate of self-weight is required here).

2. Make an initial selection of concrete strength and establish mate-
rial properties. Using Equation 10.19, choose an initial trial
cross-section.

3. Estimate the time-dependent losses and use Equations 10.15, 10.16
and 10.18 to determine the prestressing force and eccentricity at the
critical section.

4. Calculate both the immediate and time-dependent losses. Ensure that
the calculated losses are less than those assumed in step 3. Repeat
step 3, if necessary.

5. Check the deflection at transfer and the final long-term deflection
under maximum and minimum loads. Consider the inclusion of non-
prestressed steel to reduce the long-term deformation, if necessary.
Adjust section size and/or prestress level, if necessary.

6. Check the design flexural resistance at the critical sections. Calculate
the quantities of non-prestressed reinforcement required for strength
and ductility.

7. Check the design shear resistance of the beam (and the design tor-
sional resistance, if applicable) in accordance with the provisions out-
lined in Chapter 7. Design suitable stirrups where required.

8. Design the anchorage zone using the procedures presented in
Chapter 8.
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EXAMPLE 10.2 FULLY-PRESTRESSED
PRETENSIONED DESIGN (STRAIGHT TENDONS)

Simply-supported, fully-prestressed planks, with a typical cross-section
shown in Figure 10.11, are to be designed to span 6.5 m. The planks are to
be placed side by side to form a precast floor and are to be pretensioned
with straight tendons at a constant eccentricity. The planks are assumed to
be long enough for the full prestress to develop at each support (although
this is frequently not the case in practice). The floor is to be subjected to
a superimposed dead load of 1.2 kPa and a live load of 3.0 kPa (of which
0.7 kPa may be considered to be permanent and the remainder transitory).
As in Example 10.1, material properties are f, = 35 MPa at 28 days and
25 MPa at transfer, f,, = 1,860 MPa, E_, = 34,000 MPa at 28 days and E_, =
31,000 MPa at transfer and E, = 195,000 MPa, and the selected stress limits
are f.o= 1.25MPa, f.., = —12.5 MPa, . = |.5 MPa and f,. .= —16.0 MPa.

(1) Mid-span moments

Due to self-weight: If the initial depth of the plank is assumed to be h = span/40 =
160 mm, and the plank is assumed to weigh 24 kN/m3, then w,,, =24 x 0.16 X
1.05 = 4.03 kN/m and at mid-span:

_ 4.03x6.5

M,, =2128 kNm

Due to superimposed dead and live load:

2

we =12x105=126 kN/m and Mg = I%% =6.65 kNm
2

wq =3x105=3.15kN/m and Mgy :¥2I6.64 kNm

1050

12.5 mm diameter strands

Figure 10.11 Cross-section of pretension plank (Example 10.2).
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At transfer:

M, =M, =21.28 kNm
Under full loads:

M =M, + Mg + Mg = 44.57 kNm
(2) Trial section size

From Equation 10.19:

4457 x10°

> = 4.098 x 10° mm?
1.5-0.75x (—12.5)

btm

and therefore:

[ 6
h> thm><6: 4.098 x10 X6:I53mm
b 1050

Try h = 160 mm as originally assumed.

(3) Determine the prestressing force and the eccentricity

With h = 160 mm, the section properties are A = 168 x 10°> mm?, | = 358.4 x
106 mm*, = Zym = 448 x 10 mm? and a,, = oy, = 0.0375. Substituting

top ~ “btm

into Equations 10.15 and 10.16 gives the upper limits to P, :

168,000x1.25 _ 210x10°
™ 00375%e—I  0.0375e-I

—168,000 x (—12.5) 2,100 x10°
0.0375¢ +| 0.0375e +1

P <

and substituting into Equation 10.18 gives the lower limit to P,

—168,000 x 1.5+ 0.0375x 44.57 x10° 1,893 x 10°

PmO 2 -
0.75x (0.0375¢ + 1) (0.0375¢ + 1)

By equating the maximum value of P, ,, from Equation 10.15 with the minimum

im0

value from Equation 10.18, we obtain the maximum eccentricity:

210x10°  1893x10°
0.0375€ 0 — 1 (003755, +1)

and solving gives e, = 33.4 mm.
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Taking e = 33 mm, the corresponding minimum prestress P, is obtained
from Equation 5.18:

Po> 183XI0T g
(0.0375x33+1)

Assuming 5% immediate losses at mid-span, the minimum jacking force is
P; = P,,,/0.95 = 891 kN. Using 12.5 mm diameter seven-wire strands each with
an area of 93.0 mm?(see Table 4.8), f,, = 1860 MPa and f,, , = 1600 MPa. The
maximum stress in the tendon at jacking is the smaller of 0.8f,, = 1488 MPa or
0.9f0.1x = 1440 MPa (see Section 5.3). Therefore, the maximum jacking force
per strand is 1440 x 93 x 10-3 = 133.9 kN. The minimum number of seven-
wire strands is therefore 891/133.9 = 6.7.

Use seven 12.5 mm diameter strands at e = 33 mm (i.e. A, =7 x 93.0 =
651 mm?, d, = 113 mm), with an initial jacking stress of o, = P/A, = 891 x
103/651 = 1369 MPa.

(4) Calculate losses of prestress

Immediate losses: For this pretensioned member with straight tendons, the
immediate loss of prestress is due to elastic shortening. The concrete stress
at the steel level at mid-span immediately after transfer is:

3 3 A ¢
846 x10° 846 x10° x33 +2I.28x|0 ><33:—5.65 MPa

168x10° 358.4x10° 358.4x10°

chAO =

and from Equation 5.146, the loss of prestress at mid-span due to elastic
shortening is:

195,000
31,000

3 x (~5.65)x 651x107° = —23.1 kN

Note that at the supports, where the moment caused by external loads is
zero, 6,0 = —7.61 MPa and AP, = -31.2 kN.

Jacking force: From step 3, the required minimum prestress at mid-span imme-
diately after transfer is P, = 846 kN and adding the elastic shortening losses,
the minimum force required at the jack is:

P, =846 + 23.1 = 869.1 kN = 124.2 kN/strand

With this jacking force, the stress in the strand at the jack is:

P 869.1x10°

A 651

Oy = Vi =1335 MPa = 0.718f,

p

which is less than 0.9 f., , and is therefore acceptable.
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In summary:

P, = 869.1 kN
P.o = 846 kN at mid-span (and P.,, = 838 kN at the supports)

Time-dependent losses: The hypothetical thickness of an isolated plank is
hy = 138.8 mm. Assuming cement class N, strength class C35/45, inside con-
ditions (RH = 50%) and that the age at first loading (transfer) is t, = 7 days,
Figure 4.7 gives the final creep coefficient (oo, t;) = 3.0. The autogenous
shrinkage and drying shrinkage strains at time infinity are g_,(c0) = =63 x 10~¢
and g_4(o0) = —424 x 10~¢ (given by Equations 4.3 and 4.32, respectively), and,
from Equation 4.29, the final design shrinkage strain g_(c0) = =487 x 10-¢.

With o, = P,/A, = 1369 MPa for the pretensioned low-relaxation strand
(Class 2), p = 0,/f, = 0.736 and p oo = 0.025, from Equation 4.35, after
30 years:

0.75(1-0.736)
Aoy, = [—0.66 x 2.5 x e 073 ( 265 000} x| 05}

1,000

x1369 = -55.2 MPa

The sustained load is w,,, = 6.03 kN/m, and the sustained moment at mid-
span is M, = 31.8 kNm. The concrete stress at the centroid of the prestress-
ing steel at mid-span (at e = 33 mm) immediately after the application of the

full sustained load is:
2
PmO _ PmOe /\/Isuse _

Gegp = ——™° + =468 MPa
.QP A I I

At the supports, where the moment caused by external loads is zero,
Geop =—7.53 MPa.

The total time-dependent loss of steel stress at mid-span is approximated
using Equation 5.152:

195,000

L)

x 332j[| +0.8x3.0]

—487 x107° 195,000 + 0.8 x —55.2 + x 3.0 x —4.68

AGp,c+s+r =

N 195,000 x 65 I+ 168,000
34,000 x 168,000 358.4x10°

=—197 MPa
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which is 15% of the prestress immediately after transfer. This is smaller than
the time-dependent losses of 25% assumed in step 3 and is therefore accept-
able. The total time-dependent loss at the supports is 24| MPa.

The prestressing force after all losses P, is at mid-span is:

Poe = Poo + ApAG,o.r = 846 —651x197 x10° =718 kN

and at the supports:

Poc = Poo + AAG,sr = 838 —651x 241x107 = 681 kN

(5) Deflection check
At transfer: The curvature immediately after transfer at each support is:

_ o 3
Koy = moe _ “8IBXIOD33 5 4g10¢
Ecmol 31,000 x358.4 %10
and at mid-span is:
_ 6 _ 3
Ko = Mo —Proe _ 21.28x10° —846 x10° x33 _ 0.598 x10"* mm""'

Ecmol 31,000 x 358.4 x10°

The corresponding deflection at mid-span may be calculated using Equation
5.165:

65007
96

[-2.49+10x (-0.598) —2.49 |x10* = —4.8 mm (T)

Vo

which is likely to be satisfactory in most practical situations.

Under full loads: The instantaneous curvature caused by the prestress at the
supports is:

—Pne  —682x10°x33

= =—1.85x10° mm™'
E.od] 34,000 x358.4x10°

Ksus,04s =

With p = 0.0055, Equation 5.185 gives o = 1.22 and the final creep-induced
curvature at the supports is estimated using Equation 5.183:

@(eto) __j g50° x 20 —454x10°¢ mm”
(04

Kees = Ksus0s
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The final load-dependent curvature at the supports is:

Ksuss = Ksus,OAs + Kees = _639 X |076 mm7|

The moment at mid-span caused by the sustained loads is M, = M, + Mg +
(0.7/3.0) Mg = 31.8 kNm, and the instantaneous curvature caused by the pre-
stress and the sustained moment is:

M, —P,e 31.8x10°-719x10°x33

Kosom = —— =0.663x10° mm™'
o Ecol 34,000 x 358.4 x 10

With a = 1.22, the final creep-induced curvature at mid-span is:

Keem = 0663107 x 32— | 64107 mm”!
1.22

The final load-dependent curvature at mid-span is:

—6 -1
Ksusm = Ksusom T Keem = 2.30x10™ mm

The moment at mid-span due to the variable part of the live load is (2.3/3.0)
M= 12.76 kNm and the corresponding curvature at mid-span is:

Ma 12.76 x10°
E. 34,000 358.4x10°

=1.05x107¢ mm™'

Kvar.m =

The shrinkage-induced curvature is constant along the span (since the bonded
steel is at a constant eccentricity). From Equation 5.189, the shrinkage coef-
ficient k.= 0.19, and, from Equation 5.187, the final shrinkage-induced curva-
ture at mid-span is:

-6
Kcs:o.|9><487><|0 :O_58><|076mm7|
160

The final curvatures at each end and at mid-span are the sum of the load-
dependent and shrinkage curvatures:

Ks = Kouss + Kes = —5.84 x I076 mm"

Ko = Koo + Koarrm + Kee = +3.93 %107 mm™
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From Equation 5.165, the final maximum mid-span deflection is:

65007
96

=+12.2 mm ({) = span/535

(-5.84+10%3.93-584)x10°

max

A deflection of this magnitude is probably satisfactory, provided that the floor
does not support any brittle partitions or finishes.

(6) Check resistance in bending at mid-span

Using the same procedure as outlined in step 8 of Example 8.1, the design
resistance in bending of the cross-section containing A, = 651 mm?atd,= 113 mm
is Mgy = 103.7 kNm, and this is greater than Mg, = 62.7 kNm. The flexural
resistance of the plank is adequate.

(7) Check shear resistance

For this wide shallow plank, the design shear force V., is much less than the
design resistance Vy, . on each cross-section and no transverse steel is required.

10.5 DESIGN PROCEDURES:
PARTIALLY-PRESTRESSED BEAMS

In the design of a partially-prestressed member, concrete stresses at transfer
should be checked to ensure undesirable cracking or excessive compressive
stresses do not occur during and immediately after the stressing operation.
However, under full service loads, cracking is permitted and so a smaller
level of prestress than that required for a fully-prestressed structure may
be adopted. It is often convenient to approach the design from a design
strength point of view in much the same way as for a conventionally rein-
forced member. Equations 10.6 and 10.12 can both be used to select an
initial section size in which tensile reinforcement (both prestressed and
non-prestressed) may be added to provide adequate strength and ductil-
ity. The various serviceability requirements can then be used to determine
the level of prestress. The designer may choose to limit tension under the
sustained load or some portion of it. Alternatively, the designer may select
a part of the total load to be balanced by the prestress. Under this balanced
load, the curvature induced on a cross-section by the eccentric prestress is
equal and opposite to the curvature caused by the load. Losses are calcu-
lated and the area of prestressing steel is determined.

It should be remembered that the cross-section obtained using Equation
10.12 is a trial section only. Serviceability requirements may indicate that



Design procedures for determinate beams 433

a larger section is needed or a smaller section would be satisfactory. If the
latter is the case, the strength and ductility requirements can usually still be
met by the inclusion of non-prestressed reinforcement, either compressive
or tensile or both.

After establishing the dimensions of the cross-section, and after the mag-
nitude of the prestressing force and the size and location of the prestressed
steel have been determined, the non-prestressed steel required to provide
the necessary additional strength and ductility is calculated. Checks are
made with regard to deflection and crack control, and finally, the shear
reinforcement and anchorage zones are designed.

The following steps usually lead to a satisfactory design.

1. Determine the loads on the beam including an initial estimate of
self-weight. Hence, determine the in-service moments at the critical
section, both at transfer M, and under the full loads M. Also calcu-
late the design moment My, at the critical section.

2. Make an initial selection of concrete strength and establish material
properties. Using Equation 10.12, determine suitable section dimen-
sions. Care should be taken when using Equation 10.12. If the neutral
axis at design resistance is outside the flange in a T-beam or I-beam,
the approximation of a rectangular compression zone may not be
acceptable. For long-span, lightly loaded members, deflection and not
strength will usually control the size of the section.

3. By selecting a suitable load to be balanced, the unbalanced load can
be calculated and Equation 10.6 can be used to check the initial trial
section selected in step 2. Adjust section dimensions, if necessary.

4. Determine the prestressing force, the area of prestressing steel and the
cable profile to suit the serviceability requirements. For example, no
tension may be required under a portion of the service load, such as
the dead load. Alternatively, the load at which deflection is zero may
be the design criterion.

5. Calculate the immediate and time-dependent losses of prestress and
ensure that the serviceability requirements adopted in step 4 and the
stress limits at transfer are satisfied.

6. To supplement the prestressing steel determined in step 4, calculate
the non-prestressed reinforcement (if any) required to provide ade-
quate flexural strength and ductility.

7. Check crack control and deflections both at transfer and under full
loads. A cracked section analysis is usually required to determine I;
and to check the increment of steel stress after cracking.

8. Design for shear (and torsion) at the critical sections in accordance
with the design provisions in Chapter 7.

9. Design the anchorage zone using the procedures outlined in
Chapter 8.
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Example 10.3 Partially-prestressed beam (draped tendon)

The fully-prestressed T-beam designed in Example 10.1 is redesigned here
as a partially-prestressed beam. A section and an elevation of the beam are
shown in Figure 10.2, and the material properties and floor loadings are as
described in Example 10.1. At transfer, the stress limits are f.., = 1.25 MPa
and f..o = —12.5 MPa.

(1) Mid-span moments

As in step | of Example 10.1, wg = 8 kN/m, wg = 12 kN/m, M; = 342 kNm
and Mg = 513 kNm.

Since the deflection of the fully-prestressed beam designed in Example 10.1
is only small, a section of similar size may be acceptable even after crack-
ing. The same section will be assumed here in the estimate of self-weight.
Therefore, w,,, = 20.7 kN/m, M,,, = 886 kNm and the moments at mid-span
at transfer and under full loads are as calculated previously:

M, =886 kNm and M; = 1741 kNm

The design moment resistance at mid-span is calculated as in Step 8 of
Example 10.1, i.e. M ¢4 = 2428 kNm.

(2) Trial section size based on strength considerations

From Equation 10.12:

&> 2428 x10°

> 2227 % _3855x10° mm’
0.27 x23.33

For b = 4000 mm, the required effective depth is d > 310.5 mm.
Clearly, strength and ductility are easily satisfied (as is evident in Step 8 of
Example 10.1). Deflection requirements will control the beam depth.

(3) Trial section size based on acceptable deflection

In Example 10.1, the balanced load was w,, = 28.3 kN/m (see Step 7). If
cracking is permitted, then less prestress will be provided than in Example
10.1. For this cracked, partially-prestressed member, we will adopt enough
prestress to balance a load of w,, = 20 kN/m. Therefore, the maximum

unbalanced load is w,

unbal = Wew T WG + Wo = Wy, = 20.7 kN/m and the sus-

= Wsw + WG + W2WQ - 20 = |27 kN/m
The choice of balanced load is somewhat arbitrary, with w,, = 28.6 kN/m

tained unbalanced load is w,

unbal.sus
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representing the balanced load for a fully-prestressed design (Example 10.1)
and w,, = 0 representing a reinforced concrete design (with zero prestress).

Anticipating the inclusion of some compression steel to limit long-term
deflection and hence taking A = 1.5, Equation 10.4 gives:

Weoe = 20.7 + 1.5 X 12.7 = 39.8 kN/m

tot

If the maximum total deflection v,,,, is to be limited to 50 mm (= span/370),
then from Equation 10.6, the initial gross moment of inertia must satisfy the
following:

5 _39.8x18,500*

[>2x —x

=71,420 x 10®* mm*
384 34,000 x 50

Choose the same trial section as was used for the fully-prestressed design
(as shown in Figure 10.3).

(4) Determine prestressing force and cable profile

A single prestressing cable is to be used, with sufficient prestress to balance
a load of 20 kN/m. The cable is to have a parabolic profile with zero eccen-
tricity at each support and e = 778 mm at mid-span (i.e. at mid-span, d, =
1050 mm and the duct has the same cover at mid-span as the lower cable
shown in Figure 10.5). The duct diameter is 80 mm with 40 mm concrete
cover to the duct.

The effective prestress required at mid-span to balance wy, = 20 kN/m is
calculated using Equation 1.7:

Wil 200185
8e  8x0.778

P =1,100 kN

Since the initial stress in the concrete at the steel level is lower than that in
Example 10.1, due to the reduced prestressing force, the creep losses will be
lower. The time-dependent losses are here assumed to be 8%. If the immedi-
ate losses at mid-span (friction plus anchorage draw-in) are assumed to be
10%, the prestressing force at mid-span immediately after transfer P, and the
required jacking force P, are:

Posc

PmO = PmO
0.92

=1196 kN and P =-—"-=1329 kN
0.9

From Table 4.8, the cross-sectional area of a 12.5 mm diameter seven-wire strand
is 93.0 mm? and the maximum stress in the tendon at jacking is 0.9f, , = 1440 MPa.
Therefore, the maximum jacking force per strand is 1440 x 93 x 10-3 = [33.9 kN.
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The minimum number of seven-wire strands is therefore 1329/133.9 = 99. Try ten
12.7 mm diameter ordinary seven-wire strands (A, = 930 mm?).

(5) Calculate losses of prestress

Immediate losses: With only one prestressing cable, elastic deformation losses
are zero. Using the same procedures as demonstrated in Example 10.1, the
friction loss between the jack and mid-span is 5.3% and the anchorage (draw-
in) loss at mid-span is 3.1%. The total immediate loss is therefore 8.4% and
this is less than the 10% assumed earlier.

Time-dependent losses: The concrete has the same shrinkage and creep char-
acteristics as in Example 10.1, i.e. the final creep coefficient @(co, t)) = 2.4
and the final design shrinkage strain g_(c0) = —418 x 10-¢. The hypothetical
thickness of the web is hy= 263 mm.

With 6, = 6,0 = Pno/A, = 1286 MPa for these post-tensioned low-
relaxation strands (Class 2), p = o,,/f, = 0.69 and p,q,, = 0.025, from Equation
4.35, after 30 years:

0.75(1-0.69)
s = -89 (22000 e

=—41.3MPa

Assuming that the concrete stress at the level of the prestressing steel at

mid-span (i.e. at e = 778 mm) immediately after the application of the full

sustained load (32.7 kN/m) is compressive:
PmO Pm0e2 + /\/Isuse

Oc. = -
P I I

__h196x10° L196x10°x778"  1,399x10°x778
863,000 91,680 x10° 91,680 x10°

= +2.59 MPa (tensile)

This means the concrete crack will open at the steel level under the full service
load and the stress in the concrete at the tendon level is zero, i.e. 6. op = 0.
The total time-dependent loss of steel stress at mid-span is approximated
using Equation 5.152:

41810 195,000 + 0.8 x —41.3 + 229000
34,000

chp,~:+s+r = *
funORIRCERY [y, BB L) %778 |[1+0.8x24]
34,000 x 863,000 91,680 10

x24x0

=—102.2 MPa
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This is 7.9% of the prestress immediately after transfer and is less than the
8% assumed in Step 4.

By comparison with the beam in Example 10.1 (that has almost double the
jacking force), the concrete stress limits at transfer are clearly satisfied.

(6) Design for flexural strength

As stated in Step |, the design moment at mid-span is Mg, = 2410 kNm. Using
the procedures outlined in Chapter 6 (and used in Example 10.1), the design
resistance of the cross-section containing A, = 930 mm?at d, = 1050 mm
is Mpyi = 1349 kN (with x = 17.3 mm). Clearly, additional non-prestressed
tensile steel is required to ensure adequate strength. If the depth of the non-
prestressed tensile reinforcement is d, = 1080 mm, then the required steel
area may be obtained from:

Mes —Mrar (2410 -1349)x10°

- = =2273 mm?*
foa(do —Ax/2)  435x (1080 —0.8x17.3/2)

'S

Try four 28 mm diameter bottom reinforcing bars (A, = 2464 mm?, f,,
500 MPa) in two layers, as shown in Figure 10.12.

Checking the strength of this cross-section gives F, .y = 1293 kN, F
1072 kN, x = 31.7 mm and Mg, = 2485 kNm > M_,. The proposed section at
mid-span shown in Figure 10.12 has adequate strength and ductility.

l 2-28 mm diam
1

f £ o — +

16 mm diam bars
140
3 L (side-face reinf)

1150 10 mm stirrups

9-12.5 mm strands

_m} 4-28 mm diam bars
e

300

Figure 10.12 Proposed steel layout at mid-span (Example 10.3).



438 Design of Prestressed Concrete to Eurocode 2

(7) Check deflection and crack control

The maximum moment at mid-span due to the full service load is M-
1741 kNm, and the moment at mid-span caused by the sustained load is
M, = 1399 kNm. After all losses, the prestressing force at mid-spanis P, . =
1100 kN. The design tensile strength of concrete is taken to be f,,, = 3.2 MPa,
and, with the web reinforcement ratios, p,, = (A, + A))/(b,,d) = (2464 + 930)/
(300 x 1063) = 0.0106 and p., = A./(b,d) = 1232/(300 % 1063) = 0.0039,
the tensile stress that develops in the bottom fibre due to shrinkage may be
approximated by Equation 5.179:

o - (2.5 x0.0106 — 0.8 x 0.0039

% 200,000 x 418 x107¢ | =128 MPa
I+50x0.0106

The cracking moment may be approximated using Equation 5.178:

1,100 x10°

M =[104.4x10°x| 32128+
863,000

j+|,|00><|03><778}><|06
=1,189 kNm

Cracking occurs at mid-span since the cracking moment is less than the sus-
tained moment. Using the cracked section analysis described in Section 5.8.2,
the response of the cracked section at mid-span to the full service moment
(M1 = 1741 kNm) is as follows:

* The top fibre stress and strain: 6, = =5.31 MPa and
Eoop) = 156 % 107¢.

* The depth to the neutral axis: d, = 164.3 mm.

* The stress in the bottom layer of non-prestressed steel:
Gyy0 = 177.0 MPa.

* The stress in the prestressed steel: ,, = 1411 MPa.

* The average moment of inertia: I,, = 36,370 x 10 mm*.

* The effective moment of inertia (using Equation 5.182 to account for
tension stiffening): I = 50,610 x 106 mm*.

Since the maximum stress in the non-prestressed steel is less than 200 MPa,
flexural crack control should be satisfactory. The 16 mm diameter side-face
reinforcement shown in Figure 10.12 should be included to control flexural
cracking in the web of the beam above the bottom steel.



Design procedures for determinate beams 439

The upward transverse force exerted by the prestress on the member is
Wpa = 20 kN/m, and the maximum gravity load is 40.7 kN/m. An estimate of
the maximum short-term deflection v, caused by the full service load is:

_ 4
:ix(40'7 20.0)><I8,5006 IS ()
384 34,000x50,610x10

Vo

Under the sustained loads, the loss of stiffness due to cracking will not be as
great. The cracks will partially close, and the depth of the compression zone
will increase as the variable live load is removed. For the calculation of the
short-term deflection due to the sustained loads (32.7 kN/m), the magnitude
of I¢ is higher than that used previously. However, using I, = 50,610 x 10® mm?*
will result in a conservative overestimate of deflection:

_ 4
5, (27-200)x18500° 0
384 34,000x50,61010

O.sus —

With the tensile web reinforcement ratios p = 0.0106 and the area of com-
pression reinforcement A, = 1232 mm?, Equations 5.184 and 5.185 give o, =
5.98 and a, = I.51. With the depth to the neutral axis on the cracked section
(ignoring prestress), d,, is determined as 98.8 mm, and Equation 5.186 gives
o = 2.83. The creep-induced deflection may be approximated by:

_ (0, 1) 24

Vee o Vosus = mXI 1.3=9.6 mm (i«)

At the supports, where the cross-section is uncracked and the prestressing
steel is located at the centroidal axis and p = A_/(b,d,) = 0.0075, Equation
5.189 gives k, = 0.22, and an estimate of the average shrinkage-induced cur-
vature is obtained from Equation 5.187:

022x(-418x10°)
1150

=0.080 %10 mm™'

cs.s T

At mid-span, where the cross-section has cracked and the prestressing cable
is near the bottom of the section, and p = 0.0106, Equations 5.188 and 5.190
give k., = 0.826 and k., = 0.390, and from Equation 5.191, k. = 0.65. An
estimate of the average shrinkage-induced curvature at mid-span is given by
Equation 5.187:

 0.65x(—418x10°)
1150

=0.236 %107 mm™'

cs,m —
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The shrinkage-induced deflection is obtained from Equation 5.165:

18,5002 76
Vo= (0080 +10x0236 +0080)x10°¢ =9.0 mm ({)

The maximum final deflection is therefore:
Vo + Ve + Vs =36.9 mm (»L) = span/501

Deflections of this order may be acceptable for most floor types and
occupancies.

The design for shear strength and the design of the anchorage zone for this
beam are similar to the procedures illustrated in steps 9 and 10 of Example 10.1.

It should be noted that the same cross-sectional dimensions are required for
both the fully-prestressed solution in Example 10.1 and the partially-
prestressed solution in Example 10.3, provided the deflection calculated
earlier is acceptable. Both satisfy strength and serviceability requirements.
With significantly less prestress, the partially-prestressed beam is most
likely to be the more economical solution.
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Chapter |1

Statically indeterminate
members

1. INTRODUCTION

The previous chapters have been concerned with the behaviour of
individual cross-sections and the analysis and design of statically determi-
nate members. In such members, the deformation of individual cross-sections
can take place without restraint being introduced at the supports, and reac-
tions and internal actions can be determined using only the principles of
statics. For any set of loads on a statically determinate structure, there is
one set of reactions and internal actions that satisfies equilibrium, i.e. there
is a single load path.

In this chapter, attention is turned towards the analysis and design of
statically indeterminate or continuous members, where the number of
unknown reactions is greater than the number of equilibrium equations
available from statics. The internal actions in a continuous member depend
on the relative stiffnesses of the individual regions and, in structural analy-
sis, consideration must be given to the material properties, the geometry
of the structure and geometric compatibility, as well as equilibrium. For
any set of loads applied to a statically indeterminate structure, there are an
infinite number of sets of reactions and internal actions that satisfy equi-
librium, but only one set that also satisfies geometric compatibility and
the stress—strain relationships for the constituent materials at each point
in the structure. Imposed deformations cause internal actions in statically
indeterminate members and methods for determining the internal actions
caused by both imposed loads and imposed deformations are required for
structural design.

By comparison with simply-supported members, continuous members
enjoy certain structural and aesthetic advantages. Maximum bending
moments are significantly smaller and deflections are substantially reduced
for a given span and load. The reduced demand on strength and the increase
in overall stiffness permit a shallower cross-section for an indeterminate
member for any given serviceability requirement, and this leads to greater
flexibility in sizing members for aesthetic considerations.

441
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In reinforced concrete structures, these advantages are often achieved
without an additional cost, since continuity is an easily achieved conse-
quence of in-situ construction. Prestressed concrete, on the other hand,
is very often not cast in-situ, but is precast, and continuity is not a natu-
rally achieved consequence. In precast construction, continuity is obtained
with extra expense and care in construction. When prestressed concrete is
cast in-situ, or when continuity can be achieved by stressing precast units
together over several supports, continuity can result in significant cost sav-
ings. By using single cables for several spans, the number of anchorages can
be reduced significantly, as can the labour costs associated with the stress-
ing operation.

Continuity provides increased resistance to transient loads and also to
progressive collapse resulting from wind, explosion or earthquake. In con-
tinuous structures, failure of one member or cross-section does not nec-
essarily jeopardise the entire structure, and a redistribution of internal
actions may occur. When overload of the structure or member in one area
occurs, a redistribution of forces may take place, provided that the struc-
ture is sufficiently ductile and an alternative load path is available.

In addition to the obvious advantages of continuous construction, there
are several notable disadvantages. Some of the disadvantages are common
to all continuous structures, and others are specific to the characteristics of
prestressed concrete. Among the disadvantages common to all continuous
beams and frames are: (1) the occurrence of a region of both high shear and
high moment adjacent to each internal support; (2) high localised moment
peaks over the internal supports; and (3) the possibility of high moments
and shears resulting from imposed deformations caused by foundation or
support settlement, temperature changes and restrained shrinkage.

In continuous beams of prestressed concrete, the quantity of prestressed
reinforcement can often be determined from conditions at mid-span, with
additional non-prestressed reinforcement included at each interior support
to provide the additional strength required in these regions. The length of
beam associated with the high local moment at each interior support is
relatively small, so that only short lengths of non-prestressed reinforcement
are usually required. In this way, economical partially-prestressed concrete
continuous structures can be proportioned.

When cables are stressed over several spans in a continuous member,
the loss of prestress caused by friction along the duct may be large. The
tendon profile usually follows the moment diagram and the tendon suffers
relatively large angular changes as the sign of the moment changes along
the member from span to span and the distance from the jacking end of
the tendon increases. In the design of long continuous members, the loss of
prestress that occurs during the stressing operation must therefore be care-
fully checked. Attention must also be given to the accommodation of the
axial deformation that takes place as the member is stressed. Prestressed
concrete members shorten as a result of the longitudinal prestress, and this
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can require special structural details at the supports of continuous mem-
bers to allow for this movement.

There are other disadvantages or potential problems that may arise as a
result of continuous construction. Often beams are built into columns or
walls in order to obtain continuity, thereby introducing large additional
lateral forces and moments in these supporting elements.

Perhaps the most significant difference between the behaviour of stati-
cally indeterminate and statically determinate prestressed concrete struc-
tures is the restraining actions that may develop in continuous structures
as a result of imposed deformations. As a statically indeterminate structure
is prestressed, the supports provide restraint to the deformations caused
by prestress (both axial shortening and curvature) and reactions may be
introduced at the supports. The supports also provide restraint to volume
changes of the concrete caused by temperature variations and shrinkage.
The reactions induced at the supports during the prestressing operation
are self-equilibrating and they introduce additional moments and shears
in a continuous member, called secondary moments and shears. These
secondary actions may or may not be significant in design. Methods for
determining the magnitudes of the secondary effects and their implica-
tions in the design for both strength and serviceability are discussed in
this chapter.

11.2 TENDON PROFILES

The tendon profile used in a continuous structure is selected primarily
to maximise the beneficial effects of prestress and to minimise the dis-
advantages discussed in Section 11.1. The shape of the profile may be
influenced by the techniques adopted for construction. Construction tech-
niques for prestressed concrete structures have changed considerably over
the past half century with many outstanding and innovative developments.
Continuity can be achieved in many ways. Some of the more common
construction techniques and the associated tendon profiles are briefly dis-
cussed here. The methods presented later in the chapter for the analysis
of continuous structures are not dependent, however, on the method of
construction.

Figure 11.1a represents the most basic tendon configuration for continu-
ous members and is used extensively in slabs and relatively short, lightly
loaded beams. Because of the straight soffit, simplicity of formwork is the main
advantage of this type of construction. The main disadvantage is the high
immediate loss of prestress caused by friction between the tendon and the
duct. With the tendon profile following the shape of the moment diagram,
the tendon undergoes relatively large angular changes over the length of the
member. Tensioning from both ends can be used to reduce the maximum
friction loss in long continuous members.
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Figure 11.] Representative tendon profiles. (a) Prismatic beam. (b) Haunched beam
with continuous tendon. () Haunched beam with overlapping tendons.
(d) Segmental beam construction. (e) Cantilever construction. (f) Portal frame.
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Figure 11.1b indicates an arrangement that has considerable use in longer
span structures subjected to heavy applied loads. By haunching the beam
as shown, large eccentricities of prestress can be obtained in the regions
of high negative moment. This arrangement permits the use of shallower
cross-sections in the mid-span region, and the reduced cable drape can lead
to smaller friction losses.

Techniques for overlapping tendons or providing cap cables are numer-
ous. Figure 11.1c shows a tendon layout where the regions of high negative
moment are provided with extra prestressing. Continuity of the structure
is maintained even though there may be considerable variation of prestress
along the member. This general technique can eliminate some of the disad-
vantages associated with the profiles shown in Figures 11.1a and b where
the prestressing force is gradually decreasing along the member. However,
any structural benefits that arise by tendon layouts of the type shown in
Figure 11.1c are gained at the expense of extra prestressing and additional
anchorages.

Many types of segmental construction are available and a typical case
is represented in Figure 11.1d. Precast or cast in-situ segments are stressed
together using prestress couplers to achieve continuity. The couplers and
hydraulic jacks are accommodated during the stressing operation within
cavities located in the end surface of the individual segments. The cavities
can later be filled with concrete, cement grout or other suitable compounds,
as necessary.

In large-span structures, such as bridges spanning highways, rivers and
valleys, construction techniques are required where falsework is restricted
to a minimum. The cantilever construction method permits the erection
of prestressed concrete segments without the need for major falsework sys-
tems. Figure 11.1e illustrates diagrammatically the tendon profiles for a
method of construction where precast elements are positioned alternatively
on either side of the pier and stressed against the previously placed ele-
ments, as shown. The structure is designed initially to sustain the erection
forces and construction loads as simple balanced cantilevers on each side of
the pier. When the structure is completed and the cantilevers from adjacent
piers are joined, the design service loads are resisted by the resulting con-
tinuous haunched girders. Construction and erection techniques, such as
balanced cantilevered construction, are continually evolving and consider-
able ingenuity is evident in the development of these applications.

Figure 11.1f shows a typical tendon profile for a prestressed concrete
portal frame. Prestressed concrete portal frames have generally not had
widespread use. With the sudden change of direction of the member axis at
each corner of the frame, it is difficult to prestress the columns and beams
in a continuous fashion. The horizontal beam and vertical columns are
therefore usually stressed separately, with the beam and column tendons
crossing at the frame corners and the anchorages positioned on the end and
top outside faces of the frame, as shown.
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11.3 CONTINUOUS BEAMS

11.3.1 Effects of prestress

As mentioned in Section 11.1, the deformation caused by prestress in a stat-
ically determinate member is free to take place without any restraint from
the supports. In statically indeterminate members, however, this is not
necessarily the case. The redundant supports impose additional geomet-
ric constraints, such as zero deflection at intermediate supports (or some
prescribed non-zero settlement) or zero slope at a built-in end. During the
stressing operation, the geometric constraints may cause additional reac-
tions to develop at the supports, which in turn change the distribution and
magnitude of the moments and shears in the member. The magnitudes of
these additional reactions (usually called hyperstatic reactions) depend on
the magnitude of the prestressing force, the support configuration and the
tendon profile. For a particular structure, a prestressing tendon with a pro-
file that does not cause hyperstatic reactions is called a concordant tendon.
Concordant tendons are discussed further in Section 11.3.2.

The moment induced by prestress on a particular cross-section in a stat-
ically indeterminate structure may be considered to be made up of two
components:

1. The first component is the product of the prestressing force P and its
eccentricity from the centroidal axis e. This is the moment that acts on
the concrete part of the cross-section when the geometric constraints
imposed by the redundant supports are removed. The moment Pe is
known as the primary moment; and

2. The second component is the moment caused by the hyperstatic reac-
tions, i.e. the additional moment required to achieve deformations
that are compatible with the support conditions of the indeterminate
structure. The moments caused by the hyperstatic reactions are the
secondary moments.

In a similar way, the shear force caused by prestress on a cross-section in
a statically indeterminate member can be divided into primary and second-
ary components. The primary shear force in the concrete is equal to the pre-
stressing force P times the slope 0 of the tendon at the cross-section under
consideration. For a member containing only horizontal tendons (6 = 0),
the primary shear force on each cross-section is zero. The secondary shear
force at a cross-section is caused by the hyperstatic reactions.

The resultant internal actions caused by prestress at any cross-section are
the algebraic sums of the primary and secondary effects.

Since the secondary effects are caused by hyperstatic reactions at the sup-
ports, it follows that the secondary moments always vary linearly between
the supports in a continuous prestressed concrete member and the second-
ary shear forces are constant in each span.
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11.3.2 Determination of secondary effects
using virtual work

In the design and analysis of continuous prestressed concrete members, it is
usual to make the following simplifying assumptions (none of which intro-
duce significant errors for normal applications):

1. concrete behaves in a linear-elastic manner within the range of stresses
considered;

2. plane sections remain plane throughout the full range of loading;

3. the effects of external loading and prestress on the member can be
calculated separately and added to obtain the final conditions, i.e. the
principle of superposition is valid; and

4. the magnitude of the eccentricity of prestress is small in comparison
with the member length, and hence the horizontal component of the
prestressing force is assumed to be equal to the prestressing force at
every cross-section.

Consider the two-span beam shown in Figure 11.2a with straight pre-
stressing tendons at a constant eccentricity e below the centroidal axis.
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(c) TRA l Ry ?Rc

Figure 11.2 Two-span prestressed beam with straight tendon (constant e). (a) Beam
elevation. (b) Unrestrained deflection due to primary moment (support B
removed). (c) Restrained deformation.
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Prior to prestressing, the beam rests on the three supports at A, B and C.
On each cross-section, prestress causes an axial force P on the concrete and
a negative primary moment Pe. If the support at B was removed, the hog-
ging curvature associated with the primary moment would cause the beam
to deflect upwards at B, as shown in Figure 11.2b. In the real beam, the
deflection at B is zero, as indicated in Figure 11.2c. To satisfy this geomet-
ric constraint, a downward reaction is induced at support B, together with
equilibrating upward reactions at supports A and C.

To determine the magnitude of these hyperstatic reactions, one of a num-
ber of different methods of structural analysis can be used. For one- or two-
fold indeterminate structures, the force method (or flexibility method) is a
convenient approach. For multiply redundant structures, a displacement
method (such as moment distribution) is more appropriate.

Moment-area methods can be used for estimating the deflection of beams
from known curvatures. The principle of virtual work can also be used and
is often more convenient. The principle is briefly outlined in the following
text. For a more comprehensive discussion of virtual work, the reader is
referred to text books on structural analysis, such as Reference [1].

The principle of virtual work states that if a structure is subjected to
an equilibrium force field (i.e. a force field in which the external forces
are in equilibrium with the internal actions) and a geometrically consistent
displacement field (i.e. a displacement field in which the external displace-
ments are compatible with the internal deformations and the boundary
conditions), then the external work product W of the two fields is equal
to the internal work product of the two fields U. The force field may be
entirely independent of the compatible displacement field.

In the applications discussed here, the compatible displacement field
is the actual strain and curvature on each cross-section caused by the
external loads and prestress, together with the corresponding external
displacements. The equilibrium force field consists of a unit external force
(or couple) applied to the structure at the point and in the direction of
the displacement being determined, together with any convenient set of
internal actions that are in equilibrium with this unit force (or couple).
The unit force is called a virtual force and is introduced at a particular
point in the structure to enable the rapid determination of the real dis-
placement at that point. The bending moments caused by the virtual force
are designated M.

To illustrate the principle of virtual work, consider again the two-span
beam of Figure 11.2. In order to determine the hyperstatic reaction at B,
it is first necessary to determine the upward deflection vy caused by the
primary moment when the support at B is removed (as illustrated in Figure
11.3a). If the prestress is assumed to be constant throughout the length
of the beam, the curvature caused by the primary moment is as shown in
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Figure 11.3 Virtual forces on a two-span beam. (a) Unrestrained deflection due to
primary moment (support B removed). (b) Curvature caused by primary
moment. (c) Virtual force at position of redundant support and virtual reac-
tions. (d) Virtual moment diagram M.

(d

Figure 11.3b. A unit virtual force is introduced at B in the direction of vy,
as indicated in Figure 11.3c, and the corresponding virtual moments are
illustrated in Figure 11.3d.

The external work is the product of the virtual forces and their corre-
sponding displacements:

W = Txug = v (11.1)

In this example, the internal work is the integral over the length of the
beam of the product of the virtual moments M and the real deformations
-Pe/EI

U:J.M[_Pejdx (11.2)
0

If the virtual force applied to a structure produces virtual axial forces N, in
addition to virtual bending moments, then internal work is also done by the
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virtual axial forces and the real axial deformation. For any length of beam,
Al, a more general expression for internal work is:

Al

I ( jdij( ]dx (11.3)

0

where M/(EI) and N/(EA) are the real curvature and axial strain, respec-
tively, and M and N are the virtual internal actions.
An integral of the form:

j F(x)F(x) dx (11.4)

may be considered as the volume of a solid of length AL whose plan is
the function F(x) and whose elevation is the function F(x). Consider the
two functions F(x) and F(x) illustrated in Figure 11.4 and the notation also
shown. The volume integral (Equation 11.4) can be evaluated exactly using
Simpson’s rule if the shape of the function F(x) is linear or parabolic and
the shape F(x) is linear. Thus:

Al

[ Fepen v = & (R +4Bu + B (11.5)

0

In the example considered here, the function F(x) is constant and equal
to —Pe/EI (i.e. F| = Fy; = Fg = —Pe/EI), and the function F(x) is the virtual
moment diagram M, which is also negative and varies linearly from A to B
and linearly from B to C, as shown in Figure 11.3d. Evaluating the internal
work in the spans AB and BC, Equation 11.2 gives:

]
U = Uy + Use =2XIM(_EPI€jdx (11.6)
0
F(x) Flx)
F. (_‘ Fy R F Fyu Fr
L Al J L Al J

Figure 11.4 Notation for volume integration.
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With F =0, By = —I/4 and Ky = —1/2, Equation 11.5 gives:
_ _ _ _ _ 2
U=2xtlfox=Pe ) [ax =t =Pe| [l =Pe) | Pel (11.7)
6 EI 4" EI 2 EI 2EI

The principle of virtual work states that:

W =U (11.8)
and substituting Equations 11.1 and 11.7 in Equation 11.8 gives:

3 Pel?
2EI

Up (11.9)

It is next necessary to calculate the magnitude of the redundant reac-
tion, Ry, required to restore compatibility at B, i.e. the value of Ry required
to produce a downward deflection at B equal in magnitude to the upward
deflection given in Equation 11.9. It is convenient to calculate the flex-
ibility coefficient f; associated with the released structure. The flexibility
coefficient f} is the deflection at B caused by a unit value of the redundant
reaction at B. The curvature diagram caused by a unit vertical force at B
has the same shape as the moment diagram shown in Figure 11.3d. That
is, the curvature diagram caused by a unit force at B (M/EI) and the vir-
tual moment diagram M have the same shape and the same sign. Using
the principle of virtual work and Equation 11.5 to evaluate the volume
integral, we get:

21 ;
fgzj.M(M)deZXl((4x_l><_lj+(_lx_ljj=l (11.10)
: EI 6EI 4 4 2 2 6EI

Compatibility requires that the deflection of the real beam at B is zero:

vp + fuRy = 0 (11.11)
and therefore:

2
R, __te__Pel’ GEL__3Pe

fs  2E P

(11.12)

The negative sign indicates that the hyperstatic reaction is downwards
(or opposite in direction to the unit virtual force at B). With the hyper-
static reactions thus calculated, the secondary moments and shears are
determined readily. The effects of prestress on the two-span beam under
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Figure 11.5 Effects of prestress. (a) Elevation of two-span beam with constant eccentric-
ity. (b) Primary moment diagram. (c) Hyperstatic reactions. (d) Secondary
moment diagram. (e) Total moment diagram caused by prestress (primary +
secondary). (f) The pressure line.

consideration are shown in Figure 11.5. In a statically determinate beam
under the action of prestress only, the resultant force on the concrete at a
particular cross-section is a compressive force F equal in magnitude to the
prestressing force and located at the position of the tendon. The distance
of the force F from the centroidal axis is therefore equal to the primary
moment divided by the prestressing force Pe/P = e. In a statically indeter-
minate member, if secondary moments exist at a section, the location of
F¢ does not coincide with the position of the tendon. The distance of F.
from the centroidal axis is the total moment due to prestress (primary plus
secondary) divided by the prestressing force.

For the beam shown in Figure 11.5a, the total moment due to prestress
is illustrated in Figure 11.5e. The position of the stress resultant F. varies
as the total moment varies along the beam. At the two exterior supports
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(ends A and C), F is located at the tendon level (i.e. a distance e below the
centroidal axis), since the secondary moment at each end is zero. At the
interior support B, the secondary moment is 3Pe/2, and F is located at /2
above the centroidal axis (or 3e/2 above the tendon level). In general, at
any section of a continuous beam, the distance of F. from the level of the
tendon is equal to the secondary moment divided by the prestressing force.
If the position of F at each section is plotted along the beam, a line known
as the pressure line is obtained. The pressure line for the beam of Figure
11.5a is shown in Figure 11.5f.

If the prestressing force produces hyperstatic reactions, and hence sec-
ondary moments, the pressure line does not coincide with the tendon pro-
file. If, however, the pressure line and the tendon profile do coincide at
every section along a beam, there are no secondary moments and the ten-
don profile is said to be concordant. In a statically determinate member, of
course, the pressure line and the tendon profile always coincide.

11.3.3 Linear transformation of a tendon profile

The two-span beam shown in Figure 11.6 is similar to the beam in Figure
11.2a (and Figure 11.5a), except that the eccentricity of the tendon is not
constant but varies linearly in each span. At the exterior supports, the eccen-
tricity is e (as in the previous examples) and at the interior support the
eccentricity is ke, where k is arbitrary. If the tendon is above the centroidal
axis at B, as shown, k& is negative.

v — ke v

Per—0H©o P b
(b) —Pke
N
(c) Pe(1 +2Kk)/2
—Pe — - —] —Pe
@ e

Figure 11.6 Moments induced by prestress in a two-span beam with linearly varying ten-
don profile. (a) Linear variation of tendon eccentricity. (b) Primary moment
diagram. (c) Secondary moment diagram. (d) Total moment diagram caused
by prestress.
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The primary moment at a section is the product of the prestressing force
and the tendon eccentricity and is shown in Figure 11.6b. If the support at
B is removed, the deflection at B (v) caused by the primary moment may be
calculated using the principle of virtual work. The virtual moment diagram
M is shown in Figure 11.3d.

Using Equation 11.5 to perform the required volume integration, we get:

2
vy =2x 4X‘lx(—1’e—PkeJ +(_1X(—Pke)j _ Pel [1+2kj

(11.13)

The flexibility coefficient associated with a release at support B is given
by Equation 11.10, and the compatibility condition of zero deflection at
the interior support is expressed by Equation 11.11. Substituting Equations
11.10 and 11.13 into Equation 11.11 gives the hyperstatic reaction at B:

Rg :—$(1+2k) (11.14)

The secondary moments produced by this downward reaction at B are
shown in Figure 11.6c. The secondary moment at the interior support is
(Ry x 21)/4 = Pe(1 + 2k)/2. Adding the primary and secondary moment dia-
grams gives the total moment diagram produced by prestress and is shown
in Figure 11.6d. This is identical with the total moment diagram shown in
Figure 11.5e for the beam with a constant eccentricity e throughout.

Evidently, the total moments induced by prestress are unaffected by
variations in the eccentricity at the interior support. The moments due to
prestress are produced entirely by the eccentricity of the prestress at each
end of the beam. If the tendon profile remains straight, variation of the
eccentricity at the interior support does not impose transverse loads on
the beam (except directly over the supports) and therefore does not change
the moments caused by prestress. It does change the magnitudes of both the
primary and secondary moments, however, but not their sum. If the value
of k in Figure 11.6 is =0.5 (i.e. the eccentricity of the tendon at support B
is e/2 above the centroidal axis), the secondary moments in Figure 11.6¢
disappear. The tendon profile is concordant and follows the pressure line
shown in Figure 11.5f.

A change in the tendon profile in any beam that does not involve a
change in the eccentricities at the free ends and does not change the ten-
don curvature at any point along a span will not affect the total moments
due to prestress. Such a change in the tendon profile is known as linear
transformation, since it involves a change in the tendon eccentricity at
each cross-section by an amount that is linearly proportional to the dis-
tance of the cross-section from the end of each span.
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Linear transformation can be used in any beam to reduce or eliminate sec-
ondary moments. For any statically indeterminate beam, the tendon profile in
each span can be made concordant by linearly transforming the profile so that
the total moment diagram and the primary moment diagram are the same.
The tendon profile and the pressure line for the beam will then coincide.

Stresses at any section in an uncracked structure due to the prestressing
force can be calculated as follows:

(11.15)

The term e* is the eccentricity of the pressure line from the centroidal axis of
the member, and not the actual eccentricity of the tendon (unless the tendon
is concordant and the pressure line and tendon profile coincide). The signifi-
cance of the pressure line is now apparent. It is the location of the concrete
stress resultant caused by the axial prestress, the moment caused by the ten-
don eccentricity and the moment caused by the hyperstatic support reactions.

11.3.4 Analysis using equivalent loads

In the previous section, the force method was used to determine the hyper-
static reaction in a onefold indeterminate structure. This method is useful
for simple structures, but is not practical for manual solution when the
number of redundants is greater than two or three.

A procedure more suited to determining the effects of prestress in highly
indeterminate structures is the equivalent load method. In this method, the
forces imposed on the concrete by the prestressing tendons are considered as
externally applied loads. The structure is then analysed under the action of
these equivalent loads using moment distribution or an alternative method
of structural analysis. The equivalent loads include the loads imposed on
the concrete at the tendon anchorage (which may include the axial pre-
stress, the shear force resulting from a sloping tendon and the moment due
to an eccentrically placed anchorage) and the transverse forces exerted on
the member wherever the tendon changes direction. Commonly occurring
tendon profiles and their equivalent loads are illustrated in Figure 11.7.

The total moment caused by prestress at any cross-section is obtained
by analysing the structure under the action of the equivalent loads in each
span. The moment due to prestress is caused only by moments applied at
each end of a member (due to an eccentrically located tendon anchorage)
and by transverse loads resulting from changes in the direction of the ten-
don anywhere between the supports. Changes in tendon direction at a sup-
port (such as at support B in Figure 11.6a) do not affect the moment caused
by prestress, since the transverse load passes directly into the support. This
is why the total moments caused by prestress in the beams of Figures 11.5a
and 11.6a are identical.
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Figure 11.7 Tendon profiles and equivalent loads.

The primary moment at any section is the product of the prestress and
its eccentricity Pe. The secondary moment may therefore be calculated
by subtracting the primary moment from the total moment caused by the
equivalent loads.

11.3.4.1 Moment distribution

Moment distribution is a relaxation procedure developed by Hardy Cross
[2] for the analysis of statically indeterminate beams and frames. It is a
displacement method of analysis that is ideally suited to manual calcula-
tion. Although the method has been replaced in many applications by other
analysis procedures implemented in computer programs, it remains a valu-
able tool for practising engineers because it is simple, easy to use and pro-
vides an insight into the physical behaviour of the structure.

Initially, the rotational stiffness of each member framing into each joint
in the structure is calculated. Joints in the structure are then locked against
rotation by the introduction of imaginary restraints. With the joints locked,
fixed-end moments (FEMs) develop at the ends of each loaded member. At a
locked joint, the imaginary restraint exerts a moment on the structure equal
to the unbalanced moment, which is the resultant of all the FEMs at the joint.
The joints are then released, one at a time, by applying a moment to the joint
equal and opposite to the unbalanced moment. This balancing moment is
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distributed to the members framing into the joint in proportion to their rota-
tional stiffnesses. After the unbalanced moment at a joint has been balanced,
the joint is relocked. The moment distributed to each member at a released
joint induces a carry-over moment at the far end of the member. These carry-
over moments are the source of new unbalanced moments at adjacent locked
joints. Each joint is unlocked, balanced and then relocked, in turn, and the
process is repeated until the unbalanced moments at every joint are negligible.
The final moment in a particular member at a joint is obtained by summing
the initial FEM and all the increments of distributed and carry-over moments.
With the moment at each end of a member thus calculated, the moments and
shears at any point along the member can be obtained from statics.

Consider the member AB shown in Figure 11.8a. When the couple M ,;
is applied to the rotationally released end at A, the member deforms as
shown and a moment My, is induced at the fixed support B at the far end
of the member. The relationships between the applied couple M, and the
rotation at A (0,) and between the couples at A and B may be expressed as:

Mg = kypOs (11.16)
and

My, = CM,yy (11.17)

where k,; is the stiffness coefficient for the member AB and the term C is
the carry-over factor. For a prismatic member, it is a simple matter (using
virtual work) to show that for the beam in Figure 11.8a:

kAB ZT (11.18)

C=0.5 (11.19)

Expressions for the stiffness coefficient and carry-over factor for members
with other support conditions are shown in Figure 11.8b through d. FEMs
for members carrying distributed and concentrated loads are shown in
Figure 11.8e through i.

The stiffness coefficient for each member framing into a joint in a continu-
ous beam or frame is calculated and summed to obtain the total rotational
stiffness of the joint k. The distribution factor for a member at the joint is the
fraction of the total balancing moment distributed to that particular member
each time the joint is released. Since each member meeting at a joint rotates by
the same amount, the distribution factor for member AB is k,/Zk. The sum
of the distribution factors for each member at a joint is therefore unity.

An example of moment distribution applied to a continuous beam is
given in the following example. For a more detailed description of moment
distribution, the reader is referred to textbooks on structural analysis such
as Reference [1].
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Figure 11.8 Stiffness coefficients, carry-over factors and fixed-end moments for pris-
matic members. (a) Propped cantilever with moment applied at simple sup-
port. (b) Simply-supported beam with moment at one end. (c) Cantilever with
moment at free end. (d) Cantilever with moment at fixed end. (e) Uniformly
loaded fixed-ended beam. (f) Uniformly loaded propped cantilever. (g) Fixed-
ended beam with concentrated load. (h) Propped cantilever with concen-
trated load. (i) Fixed-ended beam with part uniformly distributed load.

EXAMPLE I1I.1

CONTINUOUS BEAM

The continuous beam shown in Figure 11.9a has a rectangular cross-section

400 mm wide and 900 mm deep. If the prestressing force is assumed to be con-
stant along the length of the beam and equal to 1800 kN, calculate the bending
moment and shear force diagrams induced by prestress. The tendon profile shown
in Figure 11.9a is adopted for illustrative purposes only. In practice, a post-tensioned
tendon profile with sharp kinks or sudden changes in direction would not be used.
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Figure 11.9 Equivalent loads and actions induced by prestress (Example II.1).

(@) Beam elevation and idealised tendon profile. (b) Equivalent loads
exerted on concrete beam by tendon. (c) Total moment caused by pre-
stress, M, (kNm). (d) Primary moment, Pe (kNm). (e) Secondary moment,
M, = Pe (kNm). (f) Hyperstatic reactions caused by prestress (kN).

Relatively short lengths of more gradually curved tendons would be used instead of
the kinks shown at B, C and D. The results of an analysis using the idealised tendon
profile do, however, provide a reasonable approximation of the behaviour of a
more practical beam with continuous curved profiles at B, C and D.

In span AB, the shape of the parabolic tendon is y = 0.00575x2 — 0.1025 x +
0.1 and its slope is y’ = dy/dx = 0.0115x — 0.1025, where x is the distance (in
metres) along the beam from support A and y is the depth (in metres) of the
tendon above the centroidal axis. At support A (x = 0), the tendon is 100 mm
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above the centroidal axis (y = +0.1) and the corresponding moment applied
at the support is 180 kNm, as shown in Figure 11.9b.

The slope of the tendon at A is 6, = dy/dx = —0.1025 rad and the verti-
cal component of prestress is therefore 1800 x (—0.1025) = —184.5 kN (i.e.
downwards). The parabolic tendon exerts an upward uniformly distributed
load on span AB. With the cable drape being z, = 350 + [(100 + 350)/2] =
575 mm = 0.575 m, the equivalent load w, is:

Wy = 8Pzzd _8x1800 ;< 0.575 _ 20.7 kNim (1)
I 20
The slope of the parabolic tendon at B is 05, = dy/dx = +0.1275 rad and, in
span BD, the slope of the straight tendon at B is 8;c = —(0.35 + 0.35)/9 =
—0.0778 rad. The change of slope at B is therefore 0, — 65, = —0.205 rad, and
therefore the vertical downward force at B is 1800 % (=0.205) = —369.5 kN.

The slope of the tendon in CD is 85 = 0.0778 rad and the angular change at
Cis 0c = Ocp — Ogc = 0.0778 — (—0.0778) = 0.1556 rad. The upward equivalent
point load at C is therefore 1800 % 0.1556 = 280 kN. The slope of the tendon
in DE is O = —0.0375 rad and the change in tendon direction at D is therefore
Ope— Ocp =—0.0375 — 0.0778 = —0.1153 rad. The transverse equivalent point load
at D is therefore 1800 x (—0.1153) = —207.5 kN (downwards). At the free end E,
the equivalent couple is 1800 % 0.05 = 90 kNm and the vertical component of
the prestressing force is upwards and equal to PO = 1800 x 0.0375 = 67.5 kN.

All these equivalent loads are shown in Figure 11.9b. Note that the equiva-
lent loads are self-equilibrating. The vertical equivalent loads at A, B and
D are directly above the supports and do not affect the bending moments
induced in the member by prestress.

The continuous beam is analysed under the action of the equivalent loads
using moment distribution as outlined in Table I1.1.

The total moment diagram caused by prestress (as calculated in Table 11.1)
and the primary moments are illustrated in Figures |1.9c and d, respectively.
The secondary moment diagram in Figure |1.9e is obtained by subtracting
the primary moments from the total moments and the hyperstatic reactions
shown in Figure 11.9f are deduced from the secondary moment diagram.

The secondary shear force diagram corresponding to the hyperstatic reac-
tions is illustrated in Figure 11.10a. The total shear force diagram is obtained
from statics using the total moments calculated by moment distribution and
is given in Figure 11.10b. By subtracting the secondary shear force from the
total shear force at each section, the primary shear force diagram shown in
Figure 11.10c is obtained. Note that the primary shear force at any section is
the vertical component of prestress PO.



Statically indeterminate members 461

Table I1.I Moment distribution table (Example 11.1)

[
A 20 m A 18 m A 8m
A B D E
AB BA | BD DB | DE ED
: " 3EI | 4EI 3EI
Stiffness coefficients 50 | 18 18 0
Carry-over factor 0.5 0 |05 050
Distribution factor 0 0.403 [ 0.597 1.0 (0 0
FEM (kNm) -180 \+1035 -630 +630 | =630 +90
-90
-127 | -188
—— \
-94
L +94
+47
-19 | —28 —
-14
+14
+7
3| -4
Final moments (kNm) |-180 +796 | 796 +630 | -630  +90
A -8.3 B D E
+9.2
(@)
-237.8
-130.8

| I
+176 2|/ +149.2 +67.5

(b)
-229.5 140
A B C D E
L 1
+184.5 I +140 +o7s
()
Figure 11.10 Shear force components caused by prestress (Example I1.1). (a)

Secondary shear force diagram (kN). (b) Total shear force diagram
(kN). (c) Primary shear force diagram PO (kN).
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EXAMPLE 11.2 FIXED-END BEAMS

The beams shown in Figures |1.11a, I1.12 and 1